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The linear coupling of the various possible types of motions 
of thin-walled beams of equal angle-section, and their inter-action 
due to non-linear effects are studied. 	 - 
The theory proposed considers the displacements as comprising 
lateral, transverse and torsional motion of the bean as a whole, 
along with the deformation of the cross-section. 	The distortion 
shape function involved in the section deformation is assumed to 
be of that of a free-free beam having the shape and dimensions of the 
angle-section. 	In addition to the usual displacements in the axial 
direction, the second order effect is also introduced. 	By 
application of Hamilton's principle the differential equations of 
motion of the beam have been derived. 
For ascertaining the natural frequencies of small oscillations 
of the beam and for studying the linear coupling of the motions, 
only the linear parts of the differential equations are considered. 
The solution of these equations is expressed in the form of a quadratic 
equation in non-dimensional terms such as frequency factors, 
wave numbers and constants depending on the dimensions of the beams. 
The inter-action of two motions at a time are studied. This 
is done by ignoring cubic non-linearities in the differential 
equation, and writing pairs of coupled non-linear (quadratic) 
partial differential equations for the relevant dependable variables. 
Application of Galerkin's approximation gives a set of ordinary 
differential equations with periodic coefficients. 	The regions of 
instability are evaluated, and the region is expressed in non- 
dimensional terms. 
(iii) 
A series of beams were made varying one dimension at a time 
so that the effect of such variations on the natural frequencies, 
and on the regions of instability could be studied. Summary of 
the effects is presented in tabular form. 	Tests for the former 
investigation were conducted on beams with simulated free-free 
end conditions and with clamped-free end conditions, whereas tests 
for the later investigations were conducted only on cantilever 
beams. 
The experimental results are expressed in non--dimensional 
forth and are compared with the calculated values, in tabular and 
graphical form. Except for some disagreements which are as 
discussed in the text, the calculated and experimental values show 
fair agreement. 
The coupling between transverse vibration and cross-sectional 
distortion is clearly shown by experiment. Experiments also show 
that torsional and cross-sectional modes are parametrically 
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q column vector q1 1 8 
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t time 
u,v,w total displacements of any point of the. 
section in x,y,z direction respectively 
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= 2bd, Area of the cross-section 
with suffixes V, W,F,O 
coefficients of frequency equations 
shape function given by equation (A.9) 
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prescribed displacement of the support 
motion 
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N,N for, cantilever beams given in equation 
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The study of vibration of thin-walled teas of open cross-
section is of interest because such members are basic structural 
elements. They are frequently used in various engineering 
applications, specially when weight plays an important role, viz. 
aerospace and aircraft construction. 
Vlasov's book published in 1940 contains a comprehensive study 
of thin-walled bars [i]
* 
 . 	Equations for coupled torsional- 
flexural and longitudinal vibrations can be found in this book. 
Numerous references on the theory of thin-walled bars are also 
given in a survey article by Nowinski.[2], though only a few are on 
the vibration of thin-walled bars. 
Torsional vibrations of beams with cross-sections having two 
axes of symmetry (viz. I-beams and cross-shaped cross-sections, 
etc.) was studied by Gere [3]. 	In such sections the shear centre 
and the centroid coincide. 	In beams of this type the two bending 
(transverse and lateral) vibrations and torsional vibrations are 
independent of one another. 
Garland [4] and Timoshenko and Young [5] studied the vibrations 
of a channel beam. Such a section has one axis of symmetry and 
the centroid and shear centre do not coincide. This results in 
"double coupling" between bending (lateral)and the torsional 
vibrations. 
* Numbers in brackets [ ] designate references (pp-168 to 173) 
2 . 
Later Gere and Lin [6] generalised it to vibration of 
thin-walled beams of arbitrary open-section, whereas Federhoffer 
[7] solved a general case of a symmetrical cross-section. 
Aggarwal and Cranch [8] developed coupled bending-torsion theory 
for I-section beams eliminating the defects at short wave lengths, 
whereas Nei [9] used a finite element method for coupled vibrations 
of thin-walled beams of cross-sections with co-linear shear 
and centroid axes. A higher order theory including the shear 
strain effect induced by bending and warping of the bean was proposed 
by Tso [io]. Most. of the investigation was confined to thin-walled 
beans of monosymmetrid open section. 
The effect of local vibrations (cross-sectional distortion) 
on the bending frequencies of thin-walled beams, of rectangular section 
box beams was investigated by Budiansky and Pralich [ii]. The 
importance of cross-sectional distortion effect was shown in 
experimental investigation by Kordes and Kruszewski [12]. Similar 
study was extended to •thin monocoque beams [ 13 ] , [14]. 	All these 
beams had closed hollow sections. 
Experimental curves showing the presence of coupled bending 
cross-sectional modes for an open section beam (H and channel 
section) and a procedure for calculating frequencies has beenr 
briefly mentioned in reference [15]. 	Barr and Duthie [16] showed 
the importance of coupling which exists between the ordinary bending 
motion and the motion involving distortion of the cross-section in 
a beam of thin-walled H-section. Only the first mode of cross-
sectional motion which couples with bending was considered. Later 
the cross-section deformation effects in the vibration of thin-
walled beams of arc section were investigated by Hasan and Barr [17]. 
3. 
Coupling between overall bending and the higher modes of cross-
sectional distortion was also considered in this paper [17]. 
In all the earlier analyses [15, 16, and 171, the problem 
was made one-dimensional by assuming the form of the section 
distortion. A similar procedure is adopted, in the present 
investigation also to extend the analysis to thin-wall beams 
having a cross-section of uniform wall thickness in the shape of 
an angle. 
The dynamic stability of thin-walled beams is an important 
practical consideration due to severe oscillations that may ensue: 
as a result of non-linear coupling. 	The parametric stability 
studies on the vibrations of a bean under dynamic periodic loadings 
in the axial direction have been investigated by a number of 
authors. 	General references for work upto 1965 can be found in 
the book by Bolotin [is], and in the survey articles by Evan- 
Iwanowski [ig, 20]. 	In earlier works, Bolotin [18], and in 
later related works to date [21-33], only Popelar [27,33] 
discuss the dynamic stability of thin-walled rods. In both these 
works typical I and H sections were considered. 
The contribution in the axial displacement due to second order 
effects gives rise to a longitudinal inertia force, which must be 
taken into account during the derivation of the equations of 
motion. 	In the present work the contribution due to this 
shortening effect is included in the assumed displacements due to 
various motions possible for the beam section. Strain and kinetic 
energies calculated from these displacements lead by use of 
Hamilton's principle to the differential equations of coupled motion. 
4. 
Longitudinal vibrations influence the regions of dynamic 
instability [is, 301. 	The object of the present investigation 
was determination of regions of instability of angle-section 
cantilever thin-wall beam while the support was given a prescribed 
axial motion. The investigation was further extended to include 
the case where the support was given a prescribed transverse motion. 
Experimental tests were conducted to (a) show the existence 
of coupling between transverse vibration and cross-sectional 
distortion. (b) determine the instability regions of torsional 
and cross-sectional modes (n=2) under axial and transverse excitation. 
(c) effect on the natural frequencies of such beams and effect on 






In the vibration of thin-walled beams, besides the movements 
of section as a whole, cross.-sectional distortion also takes place. 
The movement of the section as a whole excluding distortion of the 
shape can comprise (a) lateral motion 
transverse motion 
torsional motion 
•Thus the rigid body displacements of the centroid of the section 
of the beam are V(lateral), w(transverse) along with the rotation 
(o) as indicated in Figure 2.1(a). 	With section distortion taking 
place the beam can vibrate with any number of waves in axial or 
cross-sectional directions. Some typical shapes being shown in 
Figure 2.1(b to e). 	The number of nodes along the cross-section 
of the beam (cross-sectional nodes) are denoted by ii, they are 
shown in Figure 2.1(b) and 2.1(c) for even and odd number of nodes 
respectively. The number of nodes along the length of the beam 
(axial nodes) are denoted by m, they are shown in Figures 2.1(d) and 
2.1(e) for end conditions free-free, and clamped-free (cantilever) 
respectively. 
For the purposes of the theory, the displacements are considered 
as comprising the lateral, transverse and torsional motion of the 
beam as a whole along with the deformation of the cross-section. 
The distortion shape function is assumed to be that of the free-
free beam of the same shape as the angle section. The second order 
effect of these displacements is to shorten the beam in the axial 
direction. 	Therefore in addition to the usual displacements in 




















Figure 2.1: Forms of Vibration of a thin-walled angle-section beam. 
I 
7. 
From these displacements, the strain components are obtained and 
hence the total strain and kinetic energy evaluated. By application 
of Hamilton's principle, the differential equations of motions of 
the beam can be derived. The differential equations thus obtained 
would contain the non-linearities of &quartic and cubic nature. 
For ascertaining the natural frequencies of small oscillation 
of the beam, only the linear parts of the differential equations 
need be considered. Thus one independent differential equation 
for longitudinal (axial) motion and two sets of coupled differential 
equations of motion are obtained, one set for coupling between 
torsional and lateral motion and the other set for coupling between 
cross-sectional distortion and transverse motion. 
Solution of these equations with shape functions approximately 
prescribed on a wave-length basis are easily obtained. The 
solution in each case is expressed in non-dimensional terms, such 
as frequency factors, wave-numbers and constants depending on the 
dimensions of the beam. 
For studying the parametric resonance of the beam under axial 
(u) or transverse (w) motion of the support of the cantilever beam, 
the cubic non-linearities in the differential equations are ignored. 
This is done on the basis of quadratic non-linearities being regarded 
as second order small quantities, while cubic nonlinearities are 
third order small. Thus pairs of coupled non-linear (quadratic) 
partial differential equations for the relevant dependable variables 
are obtained. 	Application of Galerkiii's approximation gives a set 
of ordinary differential equations with periodic coefficient in the 
form of well known Mathieu equation. The regions of parametric 
instability can now be evaluated. The region is expressed in 
non-dimensional terms. 
2.2 DISPLACEMENT COMPONENTS 
Let C be the centroid of the section at a distance h from 
the apex 0 of the angle—section shown in Figure 2.2. 	The origin 
of a fixed right—handed set of axes X, I, Z is positioned at the 
centroid C of the section. 	
/Z2 
H 	Yi 
Figure 2.2: Axis System 
Consider two right—handed set of axes z, j, z 1 and x2 , y21  z2 
for arm I and arm 2 respectively through the apex 0, so that 
axes x1 and x2 are coincident and are parallel to axis X. Axes 
and Y2
are along the mid—surface of arms 1 and arm 2 respectively, 
then axes z, and z 2 are perpendicular to arms 1 and 2 respectively 
as shown in the figure. 	If angle a. is considered positive clockwise 
and the co—ordinates x, y, z are the distances along x1 ,y1  901 (or 
x2 ,y21 22
)(the axial,cross—sectional and perpendicular directions 
respectively), the relationships between the various co—ordinates 
can be expressed as follows: 
X = x 
I = ysinc( - ZCOSO( 	
..(2.1) 
Z = ycosa + zsino - h 
or alternatively, 
9. 
x = X 
y = Ysinot + Zcosa + hcoso 
z = -Ycoso + Zsina + hsino 
It should be noted that by giving proper sign to the angle ot 
the relationship between co-ordinates of arm 1, arm 2 and the 
centroidal co-ordinates are given by equations (2.1) and (2.2). 
That is for arm 2 we write - a in place of oc in the equations 
given. 
The displacement components u, v, w in the x, y, z directions 
result from displacements due to the axial, lateral, transverse, 
cross-sectional deformation and torsional motions. Each displacement 
component is considered separately below. 
During the lateral (v) or transverse (w) vibrations, every 
section of the beam undergoes some longitudinal displacement. 
This displacement as given by Bolotin [ie] is of second order in 
comparison to the lateral or transverse deflection and is approximated 
by 
4j (n)2& and 4J (!L) 2 i respectively. It is assumed thatax 
this second order effect also takes place in the case of cross-
sectional deformation and torsional motions in a similar manner. 
2.2.1 Displacements due to Axial Motion 
The axial displacement of a point is assumed to be U(x,t), a 
function of yz and time t alone. 	It is usual to assume no displacement 
in the plane of the section due to axial motion. Therefore we 
can write 
u=U(x ,t) ; v=O. ; w=.O. 	. 
The suffix U in the displacement components in the equation 
(2.3) denotes displacement due to axial motion U. 
2.2.2 Displacements due to Lateral Motion 
With the co-ordinate origin at the centroid 0, it is assumed 
following the usual Bernoulli Euler bending theory that the 
section moves as a whole without distortion with displacements 
u=_n,;v=v(x,t) ;W=0 
10. 
where co-ordinate x preceded by "," denotes partial differentiation 
w.r.t. the co-ordinate x i.e. V,=ki) and V(x,t)  is assumed as a 
function of x and t while U, V, 1'! are component displacements in 
X, I, Zdirections respectively. 
Now transforming displacements, in equation (2.4) to 
displacement components u, v, w in x, y, z directions and taking into 
account the second order effect due to lateral motion, we get 
'Uy = - nix - ff Vdx ; v. = Ysinoc; w = - Vcos 
The suffix V in displacement components equation (2.5) denotes 
displacement due to lateral motion V. 
2.2.3 Displacements due to Transverse Notion 
Again with co-ordinate origin at the centroid 0 it is assumed 
that now the section moves as a whole without distortion and with 
displacements 
U = - ZW , ; V = 0 ; W = W(x,t) 
here W(x,t) is assumed to be a function of x and t alone. 
11. 
As before transforming to displacement componentsand taking into 
account the second order effect due to transverse motion, we get - 
xLW = -- 	; 	Wcosc; w = Wsino 	...(2.7) 
The suffix Win diSplacement components .in-equation:(2.7) denotes 
displacement due to transverse motion. 
2.2.4 Displacements due to Cross-sectional Distortion 
In addition to the overall motion of the section as a whole 
described above, the section of the beam distorts to one of the 
shapes in Figure 21.1 (b) or to a shape having any higher number of 
cross-sectional nodes W. Denoting w, as the perpendicular 
displacement of the middle surface in the plane of the section, then 
following simple plate theory the axial displacement of a point 
distant z, from the middle surface is given by - zT2x  (wp) and the 
displacement along the section in the plane of the section (in the 
y direction) is given by - z 4 (wF). The contribution in the 
axial displacement due to second order effect would be given by 
- ff (--) 2&x. Therefore we can now write the displacements in 
the plane of the section due to cross-sectional distortion as 
- zBF 1 - 4B2 J F , dx 
Vp = - zBF 
= B(y).F(x,t) 
where F is  function of x and t, and B is a shape function, 
depending on y alone.  
The suffix F in displacement components in equation(2.8) 
denotes displacement due to cross-sectional distortion. 
12. 
2.2.5 Displacements due to Torsional Motion 
Due to the symmetry of the section, the shear centre is 
coincident with apex 0. Further it is assumed that in torsional 
notion e(x,t), a function of x and t alone, the cross—section 
rotates bodily about the polar—axis without change of shape of the 
section. The contribution in the axial displacement due to the 
second order. effect would be given by jy2 fe,dx. Hence the 
displacement component can be written as: 
Ue =(y,z)O - 
j 2 1x0 2
dX 
V0 = - ze(x,t) 
we  = ye(x,t) 
where(y,Z) is the warping function for the section, depending on 
y and z alone. The suffix 0 in the displacement components in 
equation (2.9) denotes displacements due to torsional motion. 
It should be noted that with w 0 assumed ye in equation (2.9), 
the contribution due to the second order effect in the displacement 
component is given by 4-y2 J0dx. A similar expression has been 
used by Tso[ 26], calling it as a term due to "shortening effect". 
2.2.6 Total Distlacenent 
Now the total displacement is the sum of the displacement 
components due to axial, lateral, transverse, cross—sectional 
distortion and torsional motion, each one of which has already been 
discussed in the preceding paragraphs. 
Therefore 








	 ;7p = 	andie = f0 , x 	...(2.11) 
and from equations (2.3), (2.5), (2.7), (2.8), (2.9) and (2.10), 
we can write the total displacement as 
a U = (U - iv 
- ZW 
a 
- ZEF +O ) - +(q 	+ B21  + y228) 
v=Vsinu+WcOso'.- zB F- zO 
w = -Vcoscx. + Wsinoc + BF + ye 
2.3 STRAIN COMPONENTS 
The strains in a plate as function of displacements U, v, w 
can be expressed as follows: 
6 =u ;€ =v ; 	=w xx 	,x yy 	,y zz 	YZ 
...(2.13) 
Try 
= (u ,y + v x); Yyz = (v, + tr y); i = (w,x + 
Substituting the values of ii, v, w from equation (2.12) in equation 
(2.13) we obtain 
e=[(u -iv 	 , xx n -zw ,xx 
-zBl' 	-w'e 	) 
,  
- 4(v 
2 + w 2 + B2F 2 ~ 
a 
€ =-zB F 
yy 	,yy 
= zz 0  
[2zB F +(z 
- '1 
)e ,X  +BB Yxy =_ 
Y =0 yz 
Yzx = (1 + 
where Y,Z are given by equations (2.1). 
14. 
2.4 STRAIN ENERGY 
The total strain energy in terms of strain components is given 
by 
= 4-E' ffJ.Lc(c2 ~ 2 	2 + 2V(e e 	+ e e + € €xx ) xx yy zz 	xx 'y yy zz 	zz  
2 + 2  )dxds zx 
where E' = E/(1 -V2 ) = plate modulus. -. 
Substituting the values of Efli zz 	xy and y , y,  YZX
from equations (2.14) in equations (2.15) we get 
	
s = .r [s U 2 + 	 + 2Sve , n , n 	WW, JC VO + S x UU,x VV Vxx 
+ 2SW IWP xX  + 2S2 





56O20 ,x + 001 'xx 




- 5IJF U x  F x - UV 
* 	 2 	* 	2 
+ 	
W + s9w,e,] 
** 4 	** 4 ** 4 	** 4 
+ [+(sv, + s W, +: 5pp ' a + See Ox)WW 
** •2 2 	** v 
+ s v e 
2 	** 2 2 
IN + 	(s 	v, 	' X VF -+ s 	,1 ,x  ,x 
** 2 2 	** 2 2 	** 2 2 
+ 5W.11 ,x ,x + 5we WxO,x + 
a e,) 
..(2.is) 
** 2 	** 	 **.2 




Prom the order of equation (2.16) we can see that the strain 
energy expressions comprise of the variables and their derivatives 
of the second, third and fourth order. This in turn would give 
linear terms and terms with quadratic and cubic non-linearities 
respectively in the equations of motion. 
The combination of the suffixes U, V, W, P and e in the 
strain energy coefficients S in equation (2.15) indicate clearly 
the interactions of the various motions e.g. the coefficient S VV 
is due to V motion alone whereas S is due to V and 0, i.e. ave 
coupling between these motions exists. Further one star(*) on the 
coefficient represents the terms which would result in quadratic 
non-linearities and two stars (**) the cubic non-linearities in 
the final equations of motion, where the various strain energy 
coefficients are defined as follows: 
15. 
5mr =4E'IAdA =4E'A 
SVV = 4E 'A2 = -w 
SW _+EIAZdA =4FYIYY 
	
5FF1 = + E' IAZB 	= +E' Ab2 13a1 
= +E' f z2B2 dA = _LE
, (4)Pa, 
A 	 ,yy 
5FF4 
= 4v 1 E'j 4z2B2 dA = 4(4v 1 E'A)a4 A 	ty 
= yE JAZBByYdA = 4(2vE' A) a5 
= 4Ff fAT 2 dA 	= 4Ff P 
e02 = +VIE'JA[(z - 	+ 	+ 	= IV, E'K 
- 4E' 1ApYdA 	= 4i'rAb3 pcos VO 
SWFI = 4vE' 1Az,yydA = 4vE'Aa6sinc 
5WP2 = 4Ff JAZZL 	= 4E'Ab2 a,7sinu 
*1 
SUVI 
* =4E' JAdA =4FYa 
wI 
UF = 4' JBdA = 4E' As 
=IAYdA = agE' Ab2 
WF = 4E' JAZBdA = 4E 
Aba0cosc 
= 4Ff JAY2ZdA 









= 4E' fAB 	= +E'Aa3 
** 
















2 B 2  dA = 4-E'Aa9 
S 	= 4-v1E' JAB  BdA. = +V 1 E'Aa10gy 
It should be noted that the expression for strain energy in equation 
(2.16) is valid only for the cross—sectional distortion with an 
even number of nodes. For an odd number of nodes slight modification 
is required (See Appendix F) . 	The sectional constants are 
defined as follows: 
= dimensionless constant, relating thickness 
and width of the section 
= d2/12b2 
d = thickness of the section 
b = width of the section arm [see Figure 3.il. 
A = Area of the section = 2db 
zz = Second moment of area about axis ZZ 
=2 f 	 Y2dydz = Ab2 (-sin2a + pcos2a) 	 .. .(2.20) 
17. 
... (2.20) cont. 
= Second moment of area about axis fl 
21 	2 	2) b +d/2 Z2dydz = Ab (- cos a + sin o&  21 	= 12 
3 = polar second moment of area of the section 
b-i-d/2 	2 	2 
= 2J0Ld/2 
(37 + z ) Is 
h = distance between centroid and apé (or shear centre) 
b +d/2 
= ( 	 ycoscdydz)/fafd-A = 4-bcosa 2f01 d/2  
The constants K, P, Q and R related with warping are defined 
as follows: 
K = (p + Q + 2R) 
P = 21 fØ2dy dz 




R = 2f37J(YPt - z 7)dy dz 
r = warping constant (discussed later 
in 2.7.2) 
The constants P, Q and it for a thin rectangular section are 
evaluated in equations (2.48). The shape-function constants a0 




a1 = f0B dy 
a3 = b3fB , dy
yy 









1 b 2 2 
a9 = f0y B dy 
1 b 
B
2B  2 a10= tf0 ,7dy 
all = tjoyBB 7dy 
2.5 KINETIC ENERGY 
The kinetic energy at any instant is given by 
T ±PJAff (u, + v , + w , )dxdA 	 .:.(2.23) 
where u,v and w are total displacement components: in the x, y, z 
directions as listed in equations (2.12). 	Differentiation of 
these displacements with respect to time t and substitution in 
equation (2.23), gives 
= & [Tjju U +tT;VJT:-
ii;4V,t+ 2PvoV,te ,t 
+ 2T Val  V 0+ TwW,.+ T
gij1 W(+ 2T%JpW , F , 
.w2T 11 F 	+Tj, +TF 	,xt F2 WF1 ,xt ,xt 
++ 
* 	* 	* 	* 
+2[-T U,.t - TUW  Uj - TUF U,tF - TueU;je 
+ T W ,xjF + T;e 
** 2 	** 2 	** 2 ± TWIj F 11 + + Teee ) 
+ 	 + T;;gg.+ P 9 
** 	** 	* 
+ 	+ Twowe + TpFe)] dx  
where 
19. 
= J_ v, 	dx 
Wdx 
a ,x ,xt 
= f'o Fix 	
dx 
0dx 
a ,x ,xt- 
.(2.25) 
Here also the combination of the suffixes U, V, it, F and 0 
in the kinetic energy coefficients P in equations (2.24) shows 
the interaction of the various motions. As before coefficients 
without star represent those which give linear tens in the final 
equation of motions, one and two stars give quadratic/cubic non- 
linearities respectively. 
The various kinetic energy coefficients are defined asI follows: 
TUU 
VV = Ip fAdA=  
T WW 
• =+ z2B:)4A = 4pA(a1 + Pa4 ) 
Tee = 	+Pf(Y2 + z2)dA = 
= +PfAY2dA = +PIza 
-(2.26) .(2.26
TWW1 = = 4-pIn 
= 	+pfz2B2dA = 4-pAb2 a1 
T001 = + PfgP2dA = TPF 
Tv0 =--TPfA+ 
h)dA = 	pAbcos 	- • 




TWF1= +PIAZZBdA = 4pAb 2 fla7sino< 
1 
uvi 
* 1= +P1d4 = 4pA 
Tmi j 
Tu; 	fPfkB2dA = 4-PM1 
Tue = -f' pfZ . dA = tpAb 
= +pJZB dA = 4pAba0cosc 










TFF = 	PIAB = 4pAa5 
** 
Tee = 4 YPJA4dA = TpAa,, 
** 
Tve 




** = TPJsB a_k = 
T,, 
** 
TFO = 4PJAY2B2a-A = 4-pM9 
21. 
The various sectional constants, constants related to 
warping and the shape function constants occuring in these kinetic 
energy coefficients in equations (2.26), (2.27) and (2.28) have 
already been defined in equations (2.20), (2.21) and (2.22). 
2.6 DIFFERENTIAL EQUATIONS OF MOTION 
The Lagrangian function £ is the difference between the kinetic 
and potential (strain) energies i.e. i = (T - 5) 	 ...(2.2g) 
According to Hamilton's principle for 'vibration of a continuous 
system the time integral of the function  is stationary for the 
actual motion of the system and 
dt = 	ti (T - S)dt = 0 	 ...(2.30) to 	 to 
Substituting the values of S and P from equations (2.16) and (2.24) 
in equation (2.30), and writing 
(T - 5) = 	 ...(2.31) 
we get, 
f J H(F, U 1f  V,. W, , :F,, 	u,, v , w, , F,t , e,t, to 0 
VatsW,xt, F, 	e ,1 , V, xf W ,xx , F, 0 'xx)dxdt = 0...(2.32) 
N 
where in equation (2.32), the function has five dependent variables 
u(x,t), V(x,t), W(x,t), r(x,t), 0(x,t), x and t being the 
independent variables. 
The following set of five Euler Characteristic equations fonts 
the necessary conditions for the satisfaction of equation (2.30), 
22. 
9 3H 	a2  
'au 	'ax au 	 + 	au 	+ 	
o...(a)
Ox ,xt 
'a 	3H 	32 'd H 
'av 	'ax 'av 	'at av 	 ,xt + 'axatav 
+ 	 0... (b 
'aHH)2.i'aH) t? 2 aR 32 2H 
Z 	'ax aw t 13111 tt + 'ax'at3w ,xt 
2H2r3I{)(2H) a2 2H 22 aH 
F 	3x 'aF t 	F + axt2F ,xt + 
__ 22 2K  
'ae 3x ae 	'at 	axatae 	) 'ao 	)= O...(e
Ox at x 	ax 
Now from equations (2.16) and (2.24) 
H = 	 - 	+ (Tv + 2T0v,e, + 	xt 
+ 2TveV,xtO,xt - 	- 2 s 0ve , ) xt 
+ 2 TwpW 	+ TwiW,t + 
- 	-2S,jiW,F - 2 
+- 	- 	 - 5FF4,x - PA xx 
2 	2 	2 	2- 
+ T  eel 0,xt - see2e: ,x - seeie,nfl 
+ 
* 	 * 	 * 	 * 
[ 2 (_TuvtJtv - Tt%U , tw - PUFU,tF - TuoU , te) 
2 	* 	2 	* 	2 	* 	2 V + S 13 W + + ,x ,x 13W ,x ,z 
* 	* 	 * 	2 	* 	2 




** 	** 	** 
	
[ (T  vv 9  + 2T 9 \1 + 2T11 ±• 2Tvocve) 
* 4 	** ' 2 	** 2 2 	** 2 2 
4(sv, + 2Sw 	 0 VW + 2SVF +  2S 
**
V 
** 	** 	 ** 4 	** 2 	** 2 2 
+(Tww • 2.TIIFWcF + 2T0cc9) - -i-(sw ,  + 2SWFW + 2S0%(e1) 
** 	 4 	•** 2 2 +(Tg + 2Tc0) T +( 3F,X + 2SP , O , ) 
** 	 **2,* 4 	** 2 ± 2s01rq0) + (T09 .zs00o - 
Substituting H from equation (2.34) in equations (2.33),  dividing 
the resulting equations by 2 and re-arranging, we get the following 
differential equations of the system: 
From 2.33(a)... [-s 	u, 	+ TUTJU , tt]UU 
2 	* 2 	* 2 	* 2 
v , + sw + SurB',x 4 
* 	* 	* 	* 
- .(Tuvcy + Tjjq + 	 TUoo)] = 0 
From 2.33(b)... E(sv, 	+ TnV,tt - T.yiY,tt) + ve°,nn 
• T0e, 	- T  Vol  e,tt)] 
+[5 U XV ,X + 
** 2 	** 2 	2 	** 2 
- 	 [4(sv, + S_vww,x + SjjpF,ç + 
+ 	+ TVW gW + TVFtp 
+ 
Tvee)cvJ = 0 
From 2.33(c)...E(SMIW ,xxxx + T.NW,tt - TiW , t) + 
(s 2F 	+S  WA p 	 + T1wF,tt - T pi F tt )]xxxx 
+[4, 	
* 	 * 2 	* 2 
1J 11 ~ • P U + 4 	SigpF + 
a a UI 
*.  
- (T% g1 + 
* 
** 2 	** 2- ** 2 	** 2 
- jt4(sv , + ± 	+ s 10 o)w. 
24. 
From 2.33(c) cont. 
	
+ 	+ 	+ 	 = 
From 2.33(d)... [(SFF1F Ufl - SpnF Pxx + SFF3F + Ti' , tt TFplF fltt) 
+ (SwF2W xxn + 	 + TWFW,tt - TiW ,XXtt)]xx 
3 	* 	 * 	 * 	 * 
+TuttcF) - 	 + 
a 	** 2 	** 2 	** 2 	** 2 
- [+(sffv ,X + • 5FFF' ,x + SFOO ,)F ,X 




+ 2(SFF11F + s 01 q 0)S] = 0 
From 2.33(e)... 	 - 5ea?0,n + T 00 0 	-tt 
+ (SvoV,nxx ± Tx0V,.t - TvoiV ntt)] 
+ J[(SeU ,x0 ,x + Tu0U , ttSe) - ( eW ,xx0 , x + 
** 2 	** 2 	** 2 	** 2 
+  	GF,x  +S e )e_ 	( 0, W,x 5P{  08 ,x 	,x 
+ (T;;y +T11JI,+TFJF + T000) 0 
** - 	** 
+ s001q0Y9] = 0 FE) 
where a dot denotes differentiation with respect to time t i.e. 
()a/at and 
C_rXV dx 
fW , dx 
ç 
=Xp  dx F 	o ,x 
150 = j 0dx 
25. 
the energy constant, 
= S FF4 - 
= 4E'APa2 	 }. . 
.(2.37) 
where 	a2 = 2(2V1 a4 —'Va5 ) 
During substitution of equation (2.34) in equations (2.33) 
differentiation of g and 'i are required. Details of these 
operations are given in Appendix (B). 
2.7 LINEAR COUPLING : FREQUENCY EQUATIONS 
For determining the natural frequncies of the beam, to the first 
approximation, we need take only the linear terms of the differential 
equation of the system. The following differential operators are 
defined, 
DUU = (—SUU 	2 + T 	& 
DVV = (s 	- + T 	ç 2- vvi 'a x 232 
Dye = 	ev = 	ve 
2L4 
2 + Tve -32 -64 - Tvei i2at2) 
Dw 
-a4 
= (s 	- 	+ bX4 




DWF = D1 = 	wF2 	+ 	
+ T. 	- T1 
2at2 
= 	FF1 - Zx 
- 5FF2 ax 
+ 5FF3 + TFF 	2 - TFF1 '3 t 2at2 





Now writing only the linear terms of equations (2.35), we 
have 
From 2.35(a)... 4jU = o 	.. .(a) 
2.35(b)... DV + Dvee = 0 .. .(b) 
2.35(c)... DW + DWFF s 0 ...(c) 	 ..(2.39) 
2.35(d). .•. DW +DFFF = o ...(d) 
2.35(e) ... D0yV + DeeO = 0 ...(e) 
Thus we get from equations (2.39) one independent equation 
(a) and two sets of coupled equations((b),(e) and (c),(d)) of 
motion. 	These will be examined separately. 
2.7.1 Axial Motion 
Substituting the values of energy constants from equations (2.17) 
and 2.26) inthe equation of motion (2.39(a)), we get, 
= PU'tt  
This is the usual equation of motion for longitudinal (axial) 
vibration. 	By substituting the relevant boundary conditions, the 
longitudinal natural frequencies can be obtained in the usual 
manner, 
2.7.2 Lateral and Torsional Motion 
Since the section is symmetrical about the Z-axis coupling of 
torsional motion is only with the motion in Y-direction i.e. with 
lateral motion. The two equations which describe these motions 
are 2.39(b) and 2.39(e). 	Substituting the values of energy constants 
from equation (2.17) and (2.26) in the two equations of motion and 
simplifying we get, 
27. 
(E 'I zz ,nn V 	+ pAV tt - pIv 17 ) 
,xnx - pAhe tt + prAb2hPe,) = o.. (a) 
• (E'rAb2hpv xxxx - .pAhV 	+tt ,  
xxxx - I 
V E'KU ,xx ± p.Th 	
-. 	
= 0... (b) 
,  
For an "infinite"beam or a finite-beam with "simply-supported" 
ends a solution of equations (2.41) for vibration with frequency 
p and wavelength X can be obtained by taking the displacements V 
and 0 in the form 
V = V sin Mx sinpt 
(2.42) 
e = 8 sin Mx sinpt 
A 	 A 
where V and 0 are arbitrary constants, and 
1st = 2n/) 	 . . .(2.43) 
Substituting expressions for V and 0 from (2.42) in the 
equations (2.41) and defining the following 
E VV= E'I zzM4 - pAp2 - p1 zz p
2M2 	 ...(a) 	I 
	
• 	 I 
Evo= Eov = E'rAb2ht4 + pAhp2 + prAb2hpt2 ...(b) 	.(2.44) 




For the torsional vibration of a rectangular plate we can assume 
a warping function of the form 
ryz 	 ...(2.46) 
The value of the warping constant r for a thin rectangular 
section of sides d, 2b (d CC 2b) is assumed same as that for an 
ellipse of minor and major axis d and 2b respectively. 	The 
warping function of an elliptical cross-section can be calculated 
from equations (148) and (150) of Timoshenko and Goodier [3 5 ]. 
It is given by r = - ( b2 - + d2 )/(b2 + + a). 
This can be written in non-dimensional form as 
r 	Ci -3)/C1 +) 	 ...(2.47) 
For very thin sections P/0, therefore to considerable accuracy 
we can take r = - i , thus simplifying the equation (2.46) to 
r = - yz 	 ..(2.48) 
Now the constants K, P, Q and R related with warping as defined 
in equations (2.21) can be evaluated, giving 
+a/2 2 dz =4Ab4 P = 2Jf d/2 dy 
	





- z 7)dy dz =-Ab2 (4 - 
K=J+Q+2R=4Ab2 P 	and for 	C0,P/J=b2 . 
..(2.49) 








where constant k and shape factor 4 is as follows [37] 
00 




( 0 +-) 2 +( _1 
	+ 768 	1 	3taith(2i+1 )its/2 
	
1+S 2t 	7t6L_- (2i+1)6[ 	
(2i+1)/2 
'to 
+ taxt2(21+1)- 3]} 	...(2.51) 
where S(?i) is the side ratio (2b/d). 
In equation (2.51), fore >2, the series converges rapidly and 
by taking only the first term i = 0 the two constants k and 
4 can be found with sufficient accuracy. For a thin rectangular 
section it can be shown that (x9/jd) 2 	4' which can be written 
in non-dimensional form as follows: 
2 	2 
...(2.52) 
and k =4P/(4 + 
From the values of k and po from equations (2.52) it can be 
shown that the values of constants K and (P/3) obtained are the 
same as those evaluated in equation (2.49). 
Now introducing the following non-dimensional terms 
A = Wavelength factor or "Wave Number" 
=bN=2nb/.\ 
...(2.53) 
Q = Frequency Factor 
= bp/C O =bp TpIT 
we can write expressions in (2.44) as follows, 
30. 
= ()[ ~ - 02 (1 cyi2) 	 I 








)[(A4 +v/) - 
02 (1 
 + pa)] 
where 
C = I/b2A = (4 sinoc. + cos2o() 
'v 2 _6(1 .-v) 
It can be noted that in equations (2.45) the terms  E Val 
are coupling terms, i.e. if Eve = 	= 
0, V and 0 are 
independent and equations 2.45(a) reduces to E V = 0.VV 
Similarly equation (2.45(b)) reduces to E 00 0 = 0. 	Therefore 
from equation (2.54), we get 
• 	
- 	 +A2) = 0 
..(2.56) 
and 	(A4 +v2A) 
- 2( + 	= 0 ...(b) 
Q from equation (2.56(a)) would give the uncoupled—bending (lateral) 
frequency factors, whereas 0 for equation (2.56(b)) would give 
the uncoupled—torsional frequency factors)the terms otA2 in (a) 
and PA2  in (b) in equation (2.56) are those due to rotary inertia, 
and normally have insignificant effect on the frequency factors, 
(for reasonably long axial wavelengths). We now define 




where QV , Q9 and QV9 are termed the uncoupled-bending (lateral), 
uncoupled-torsional and coupling (lateral-torsional) frequency 
factors respectively. Substituting 4, Q and 4 from equations 
(2.57) in the expressions for E VVI Eve and E 0 from equations 
(2.54) and ignoring the rotary inertia effect, we have now, 
Evv = (b2v - 
02) 
Eve = Eev = - h('4) (4e 
- 	 92 ) 
E' A 
Eee = (-•-)(Q - Q2 ) 
For equations (2.45) to be satisfied the determinant of the 
A 	 A 
coefficients of V and e must be zero. 
.(2.58) 
i.e. (E  VV' 
 E0 
- Eve.Eev) = 0 
	 ...(2.59) 
SubstitUting the values of E, EGO, Eve' Eev from equations 
(2.56) and defining 
Ave = 0-o4g) 
Bye = (4 + 9 - 2ocgQ)  ve 
Cve = (4c~ 	g4) 
2 	2 
where c4 = 3h2/b = 008 a. 
The determinantal equation (2.59) can be written. 
.(2.Go) 
...(2.61) 
This is the "frequency equation". 	Equation (2.61) is similar 
in form to that given by Timoshenko [5] for "coupled frequencies" 
in a "double coupling" case. 	The tern A 0 corresponds to the 
notation (i/i0) of equation (22) of Gere and Lin [6]. 
33. 
where 	a1 = I/b2A = j cos 2& + sin2o 	 . . .(2.65) 
and as defined earlier the non-dimensional terms 
A = UT = 2ith/A 	 1 
(2.53) 





• 	Now, here, in equations (2.66) the texts EWF, E 1 are coupling 
terms, i.e. if E = EFW = 0, f and F are independent and equationsWF 




Substituting the values of F WW and E from equations (2.64) inFF 
the equations (2.67) we get 
0
1t02(1 +cx1A2 )=0 ...(a) 
...(2.68) 
+ a2A2 + a) - 02 (a1 + Pa1A2 + pa4) = 0 ...(b) 
Q from equation (2.68(a)) would give the uncoupled bending 
(transverse) frequency factors, whereas Q from equation (2.68(b)) 




92 	2 	2 WF = PA (a/ - a6)/c1& 	 . . .(2.69) 
4 = p(a1ti4 + a 	+ 
32. 
They have investigated the effect of coupling for various values 
of (1 0/i 	from 1.0 to 2.4. 
2.7.3 Transverse Notion and Cross-Sectional Distortion 
The two equations which describe these motions are 2.39(c) and 
(2.39(d). 	Substituting the values of energy constants from 
equation (2.17) and (2.26), in the two equations of motion and 
simplifying, gives 
• I! ,xxxx 	,t [E'I W 	+ pAN 	- PIW, rt] t 
+ 	 F'Xxxx  +va5, ) + pAa.(F,tt_Pb2F,tt)]sin0= 
 0 ... f a) 
E' 	 + 	7',tt Pb2W 	
)]sinc 	I
T xxxx 
[A(a7b2W 	+va ,xxtt 
+ [PE'A(aib2F ,xxxx - 2F,xx + 4) + (a1 + Pa 	tt 
- 	 I 
- pAb2PaiF,t 	= 0 .. .(b) 
Proceeding in similar manner as for equations (2.41), displacements 
It and F are taken in the form 
V = W sin Mx sin pt 
A 	 ..(2.63) 
F=F sin Mx sin pt 
A 	 A 	 - 
where  and F are arbitrary constants. Substituting these 
expressions for W and F from equations (2.63) in the equations (2.62), 
and defining the following 
= ()[ 	 - Q2 (1 + ciyA 
 
FVp = 	= (4)[(a~ - va6 )A2_Q2a7 (1+pA2 )]sino 	...(b) ..(2.64) 
= ()[(8.1ti4 + a2A2 + a) - Q2 (a1 +a 1 W\2 + a4 )] ...(c) 
34. 
where 
kW = 1 	
..(2.7o) 
kwF_ a7 (1 + t) 
k  =a1 (1 +A2)+a4 
The frequency factors 9 with subscripts can be described as 
follows: 
9w - uncoupled bending (transverse) frequency factor 
coupling (transverse-cross-sectional) frequency factor 
- uncoupled cross-sectional frequency factors 
The expressions t 	, E.qp and E 	 from FF equations (2.64) can now be 
written as 
Eww = kw (4 - 
= QWF 
- 0
2 )sino 	 }.(2.71) 
EFFF(QF (2 ) 
For equations (2.66) to be satisfied the determinant of the 
A 	 A 
coefficients W and F must be zero 
i.e. 	 (ENJipp - Eyjp .E j) = 0 	 ...(2.72) 
Substituting the values of 
K"
19 E and FrF from equation 
(2.71) in the determinantal equation (2.72), we get 
AQ4 - 	
Q2 + 	= a 	 ...(2.73) 
 CWP 
where 	AWF = (k.k - k sin) 
BWF = k1.k(4 +4) - 24,4 sin2o 	 ..(2.74) 
CWF 
S k.k(4.4) - 
k (4 	2 s in O( 
35. 
The frequency equation (2.73) is of similar form to that derived 
for the vibration of thin-walled beams of arc-section [17]. 	This 
equation is a quadratià in 	 giving two real values of frequency 
for any given wave-length for a particular value of n. 
The terms kWV k. and k   can be further simplified by ignoring 
the effect of rotary inertia. 	The terms can then be written simply 
as 
kVO =1 
kWFO = a7 	 . . .(2.75) 
k 	= a +FO 
Substituting the approximate values of kwj, kWFO and 'FO  for 
equations (2.75) in equations (2.74) we get 
AWFO 	
22 	 1 ..a7sinc I 
22 	2 + 4) - 2a7 sin cx 	 .n(2.76)IF 
=(4.4) - 44 sin 
In order to include the shear deformation effects when considering 
higher orders of vibration the term - ZW 'I  in the displacement U 
(see equation (2.7)), should be replaced by an independent function 
-p(x,t). Such an indpendent function was purposely not introduced 
in the general theory in order to keep the general theory in simpler 
form. However, in Appendix (c), the frequency equation (of 
coupled bending and cross-sectional motion) is derived including the 
effect of shear deformation. 
36. 
2.7.4 Frequency Equations 
From equations (2.61) and (2.73) we see that the linear 
coupling gives a frequency equation of the form 
I A04 -BQ2 +C=0 
where coefficients A, B and C depend upon the coupling of the two 
motions considered. 	For coupling between lateral and torsional 
motions, V and 0, the coefficients are Avet Bye and  eve  as defined 
in equation (2.60). 	For coupling between transverse motion and 
cross-sectional distortion, W and F; the coefficients are A WPI  B, 
and CWF 
 as defined in equations (2.74). Neglecting the effect of 
rotary inertia these coefficients take the values given in equations 
(2.76) (when shear deformation taken into account the coefficients 
are as defined in equations (c.13)). 	In Appendix F, frequency 
equation similar to equation (2.77) is derived for coupling 
between lateral motion V and odd nodes cross-sectional deformation P. 
2.8 NON-LINEAR COUPLING : INSTABILITY REGIONS 
The oscillation of the bean can be influenced by the inter-
action of two motions due to non-linear couplings. Considering, 
at present, only the quadratic non-linear terms in the equations 
of motion (2.35), we have 
From 2.35(a) 
* 2 	* 2 	* 2 	* 2 
UU [ D u]+[4t (S V + S 1d + SpF + UV ,x 1JW,x 
* • 	* • 	* • 	*. 
4 	 + TUFF + Tuee)] = 0UW 
From 2.35(b) 	 I 















) - 	+ Twee)] = 0 .. .(c) 
From 2.35(d) 
* 	* [nw + D 1F] + 	[(SupU xF x + Tup uttF) 
(2.78) 
3 	* 	 * - (si,, W F 	+ P 	w,Xtt•F)] 	= o ...(a) F ,xx ,x 
From 2.35(e) 
DOVV + D880] + 	[(? U 8 + T 8  u,c0) 
	
UG ,x ,x 
	tt 
- J;E (s 	w, El 	 + TWO w8)i = 0 ...(e)fxx 
From equations (2.78) it can be seen that there are the 
following two inter—actions of motion (at this level, i.e. quadratic), 
notion U interacts with motions V, W, F and $ 
motion Id interacts with motions P and 8 
Now if motion U or V is some prescribed motion then a time—
dependent variable appears in the differential equation relating 
to the motion, with which this prescribed motion interacts. The 
resulting vibration is termed "Parametric Vibration". 	It is a 
general term for the oscillatory type of motion which can occur in 
a system having time dependent (usually periodic) variation of its 
parameter such as its inertia or stiffness. Explicit time 
dependence implies the existence of an external energy source, thus 
there is a possibility of unstable behaviour in such vibrations. 
38. 
In ordinary vibration, resonance occurs when the natural and 
exciting frequencies are equal. Whereas the primary characteristics 
of the parametric resonance is that the principal form of resonance 
occurs when the exciting frequency is equal to double the frequency 
of free vibrations, i.e. to=2p,where to is the excitation frequency 
and Pj  is the natural frequency of the ith mode. Though the 
theory also indicates that higher order instability ±egions are to 
be found in the vicinity of 	= 4,4-, +,...etc., these 
instabilities are rarely of any importance. All these forms of 
resonance are termed as Parametric resonance of the "first kind", 
and we can write that they occur when 
.1 	r=1,2 
where r = 1 is generally of principal importance. 
Parametric resonance of the "second kind" is said to occur 
when 
•1 	, 	it j 
where r is again a natural number. 
In this "kind" of resonance also the situation where r=1 
is generally the only one of practical importance. Appearance 
of resonance when to/I r - 	
= is much less common than the one 
with the + sign. ValeeV [38]  has discussed fully the criteria 
involved. 
Usually the parametric resonance of the "first kind" is just 
termed as parametric resonance, whereas the "second kind" is termed 
as "combination resonance il, because the "second kind" involves two 
different frequencies. 
39. 
Each of these resonances which occur due to the two methods 
of excitation are studied separately. 
2.8.1 Axial Excitation 
In the vibration of thin-walled beams of circular-arc section, 
the coupling of linear terms affects the natural frequencies near 
the transition points only [ii]. 	The coupled frequencies away 
from these points have nearly the same value as uncoupled frequencies. 
Similar results have been obtained for the present section also 
( see 5.1 ). 	Further it has been shown that the torsional 
frequencies are hardly affected by the coupling due to the lateral 
motion. 	Therefore, while solving for parametric resonance, the 
effects of coupling is not taken into account. 
When the beam is excited in axial (longitudinal) direction, 
and the interaction of this motion on other motions i.e. V,W,F 
and e are to be studied, the linear coupling terms of V and 0, 
l'l and F are omitted while re-writing equations (2.78). 	Further 
in equations (2.78) (c), (d) and (e), the non-linear coupling of 
W and F, W and 0 are of second order, hence omitted while inter-action 
of U with other motions are to be studied. Now we can write 
equation (2.78) as follows: 
* 2 	* 2 	* 2 	* 2 
[(D.u) + +(sv, + SDWW,x + SupF, + 
- CT; +• T 11, + T* F + T 00)]= o ...(a) 
(D V)+ 7 (s. U XV + t u)] = o ...(b) 
c (Dww)+ :x 	,x ,X 
	
* 	 * 
(5 U W +TwU,tttw)]=O  ...(c) 
• 	(* 	* +—S U F +.TUFU,ttSF)]=O ...(d) EC 	) x UF ,x ,x 
[(D000) + 	x0,x + Tue U,S0)] = o ...(e) 
(2.79) 
40. 
For studying the parametric vibratiofl under axial excitation 
two coupled differential equations have to be solved. One of 
them will be 2.79(a), which would consist of termsassociated with 
U and terms associated with the motion which is parametrically 
excited. The solution of the system of equations thus obtained 
present severe difficulties. 	As Bolotin [18] suggests, we can 
neglect for a first approximation the non-linear terms in equation 
2.79(a). 	Therefore now the equation will contain only U(x,t) and 
can be solved independently from the other relevant equation. 
Since the experiments were performed on cantilever by 
giving a prescribed motion to the end support, we will consider a 
solution of equation 
-S U 	+ Ttm Utt P o 	 ... (2.80)UU 
with the following boundary conditions 
ii (o,t) = Ccoswt 1 .-(2.81)  = o 
where Ccosc.ut is the prescribed displacement of the end support, 
with frequency u. Now assuming U(x,t) of the form 
U(x,t) = ( c Ui cos),ix  x + Cu25i%&c)c 05 	 . . .( 2.82) 
where C and C 	 are arbitrary constants. Substituting theul 
assumed U(x,t) from equation (2.82) in boundary conditions (2.81) 
give the following 
o =0 ul 	 ..(2.83) 
and 	- \iu1 
sin), u L - 02 cos\L). = o 
from equation (2.83) we get, 
41. 
C u2 t=C tan N U L 
	 .(2.84) 
Therefore the solution 
u(*,t) = c(cosAx + c.asinxu x)coswt 
Corresponds to the steady—state condition where 
Cu =tan(AL) 	 - 
and 	AL = characteristic roots for longitudinal vibration . .(2.86) 
= (21— 1),t/2 	(i = 1, 2,3, ...) 
	
For 1 = 1,2,3,... C becomes infinite. 	This corresponds to the 
resonance of the longitudinal vibration. 
pu = Longitudinal frequency (circular) 
=Coxu 
CO = "bar velocity" 
ATI—P • ..(2.87) 
YU = Ratio of excitation frequency to and 
longitudinal frequency p 
= 
From (2.66) and 2.87), we can write 
? L =(2i - 1) 
U 
for i = 1, i.e. for lowest natural frequency 
...(2.88) 
From equation (2.88), we can seethat fo Y U  
tanXL —b-cc i.e. U(x,t) .. oc 
hence,if for 	L)in equation (2.85) t Tu is substituted, the 
resulting U(x,t) is still a valid solution for equation (2.80). 
42. 
Equations (2.79), b to e can conveniently be written in the following 
general form 
D+f
* 	 * 
S U ~ T 	u 	 ...(2.89) U ,x ,x 	U ,tt 
From equation (2.89), we see that if is replaced by V, W, P or 
e we get equations (2.79) b, c, d, or e respectively. 
Taking in the form of a series expansion in texts of the 
normal modes of vibration of the cantilever, we write 
(x,t) 
	 ...(2.00) 
Carrying out the Galerkin process over a limited number of 
modes i=n, the equation (2.89) becomes 
Vt 
E {[q, ±qi] 6ij 	 + ]q1coswt} = 
1.: I 
for i=j 
where 	S 13 = Kronecker Delta = io for 1 4 j 
...(2.91) 
= uncoupled circular frequency of ith mode 
defined in equation (D.17) and (D.21) foras V,W, 
F and e in Appendix D. 
a = acceleration of the support motion 
= Non—dimensional excitation factor 
2 22 
0 
U - '2 
	U1 ± 
= (!'i) U0 + U1 
U0 , U1 and U2 are defined in equations (D.14) in 
Appendix(D). 
r=2i—1, i=1,2,3,... 
= 2m + 1 ; m = number of axial nodes for cantilever 
beams 
Derivation of equation (2.91 1 is given in Appendix(D). 
43. 
The non-dimensional factors 6 U  and  u  depend on the values of 
i, j and y, they are also given in detail in Appendix (D). It 
should be noted that n in the above equations is not a notation 
for number of cross-sectional nodes. 
The derived differential equation system (2.91) has the matrix 
form 
	
q + [F - Scosoit]j = 0 	 . ..(2.93) 
where 
q is the column vector of the q.'s 
2 	2 	2. P diag 	 as the frequency 
matrix 
..(2.94) 
The nm matrix Q has elements 
Qi .,= 
='c`() = parametric (axial: amplitude. 
Once in equations (2.94) is replaced by the desired mode of 
vibration, for any beam the quantities p 11. j pi and Q.are  constant 
for ith mode. 	However the differential equation (2.93) will 
still have a periodic coefficient (coswt). 	Equation (2.93) is 
a matrix form of the well-known Mathieu equation. The stability 
of the solution of the single Mathieu equation is also well 
known (see Bolotin [is] or McLachlan [44]). 	It is most 
conveniently expressed in terms of stable or unstable regions in 
the parameter space (strutt.-Ince Stability Chart) 
(a) Parametric Resonance: For small values of parametric 
amplitude the boundary of the principal region of instability is 
found by expressing equation (2.93) in the similar form to 
Bolotin's equation (14.22). 
44. 
This is achieved by setting 
C and 	= B 
we obtain 
+ EE - pBaoscot]q = 0 	 . . .(2.95) 
where C is a diagonal matrix 
with elements [1/+p] 	/ 




Then finding the regions of instability reduces to the 
determination of conditions under which the differential equation 
(2.95) of the system has periodic solutions with period 2,t/w or 
4,i/o,. For principal region which is a half subharmonic, we are 
looking for a solution periodic with + that of the forcing 
frequency i.e. 47t/esi. 	On boundary of such a region the solution 
is entirely periodic. Assuming the solution in the form of 
the series 
q(t) = 	(1ksin4kwt +bkcos+kwt) 	 ...(2.97) 
where 	and b are vectors independent of time. 
Substitution of assumed form of q(t) from equation (2.97) in 
the differential equation system (2.95) and comparison of coefficients 
of sine and cosine term, give the condition for the existence of 






By restricting the terms in k to a definite number, the zero 
of the resulting determinant in the (, 	plane can be found 
by direct evaluation. 	Or as suggested by Barr and ?Icwhannel [41], 
it is possible to recast the problem as an eigenvalue problem. 
However, it is often sufficient to consider only k = 1, thus 
reducing equation (2.98) to its first leading diagonal term 
i .e. 
E±4paB4W2C=0 	 ...(2.99) 
Therefore for ith mode, equation (2.99) can be written as 
(co/21p1) =/1 ±4-p B.. 	 ...(2.100) u xi 
Equation (2.100) gives the principal region of instability for 
ith mode. 
(b) Combination Resonance: By application of perturbation [39]9 or 
averaging procedures 	[18, 401, the unstable regions of combination 
resonance can be found approximately. However, to first order,  
from equation (2.93) 
.. 	r 
q + LF - pqcoswt]q = 0 
the combination instability near w = p + p has upper and lower 
boundaries given by relation [41], 
46.. 
"U Ili = 	+ p ) 
Qij 





. . .(2.1o2) 
we can re—write equation (2.101) as 
/(p1 +4) = I ++l1(#a) 	 ...(2.1o3) 
The approximate region given by equation (2.103) seems applicable 
to parametric resonance also for p a , the parametric amplitude, 
having small values. 	Equations (2.100) can be written to first 
approximation as 
(w/2p1 ) = 1 	 ...(2.104) 
In equation (2.104) while omitting the prefix in Ipi , it should 
be kept in mind that the values of p 1 and 	are from the same 
mode of vibration. For example while evaluating the instability 
region fortorsional mode, p represents the frequency of ith mode 
and p represents the parametric amplitude or excitation parameter 
as given by equations (2.92). 	In equation (2.102) for i = j 
ippi + 4pj = 2p1 
2 	
...(2.105) 
ij and 	 1 . 	-• 
Substituting these values from (2.105) in equation (2.103), we 
get the approximate instability region for parametric resonance as 
Q. 
= 1 ±4-(—), same as equation (2.104)... 
47. 
Hence we can now write that the instability region for parametric 
resonance (first or second kind) is given by 
) = i ± 4p ( 1) 	 ...(2.loG) 
2.8.2 Transverse Excitation 
When the beam is excited in transverse direction, the 
interaction of this motion is only on two motions viz. F and e. 
This signifies that while it is possible to excite parametrically 
in V, 1'!, F and 0 mode of vibration under longitudinal motion of 
the support, only F and 0 mode of vibration is excited 
parametrically under transverse motion of the support. Writing 
only the relevant terms from equations (2.78) c, d, e, we have 
[Dv] 
'a 	Z* 2 	* 2 
t (s 1F + - 	+ Tweo)] = 0 . . . (a)fx 
[D$] - 	(swF, + TW,XtF) = 0 . . . (b) 
[D000] - 	(4oW,xxO,x + (0W,t0) =0 ...(c) 
...(2.1o7) 
For a first approximation we can neglect non-linear terms in 
equation (2.107(a)), and seeking solution for DmjW = 0 with the 
following boundary conditions 
w(o,t) 	= Ccosot 
w(o,t) 	= 0 
= 0 
W;(L,t) = 0 
Pxxx 
here Ccoswt is the prescribed motion of the end support in 




Assuming W(x,t) of the form CW(x)coswt we have 
W(x,t) = C(CwicoshAwx + C2cosXx + Cw3sinhXwx + Cw4sin7 x)cosoJt 
..(2.1o9) 
where C1 , C2 0W3 and C j4 are arbitrary constants. 
Substituting the assumed W(x,t) from equation (2.109) in 
the boundary conditions equations (2.108), we get 
W11W2. 	 =1 
=0 
C1coshAIII, - Cw2cos?L + Cw3sinhAwL - cw4sin?wL = 0 
C11 sinh\L + 	sinhN + Cw3cOshiL - 4 coshNL = 0 
Defining 
F1 = Sin) Lsinh?wL 
14 = I + cos?Lcosh?L 
17 = sin?L + siith?çL  
19 = cos)L + cosh)L 
- 	 Fio= cos?\L - cosh?L 
For convenience notation in equations (2.111) are kept same as 
Bishop and Johnson's [42] notations. Now the arbitrary constants 
can be found from equation (2.110) and (2.111) 
F 
= 4-(i + 14 
W21 2t) 14 
C 	
W 3 4( 	
IF 
n - 19) 
- 17 1417 - 
Now the solution W(x,t) = dW(x)coswt corresponds to the steady-
state condition, where 
.(2.112) 
49 
= (c1 coshA11x + cw2cos?%wx + CW3 sinh:X wx + Ct1J4SlflXTgX) 
is the usual characteristic function for a cantilever (clamped—
free) beam, and 7\wL  are characteristic roots for flexural 
vibration. 
Prom equations (2.112) we can see that when F = 0,W(x,t) = cc, 
which is a condition for natural resonance. 
Hence the characteristic equation-is 
F4 = cos?wL coshAL +1 = 0 	 .(2.113) 
Equation (2.107) has (AwL)2 = 3.51602 as its first root. 
Defining y as Ratio of excitation frequency w to the fundamental 
flexural (transverse) frequency 1)1 we have 
= ((Y/p1 ) 	 . ..(Ml4) 
and we can write 
(AL)2 = 3•51602w 	 ...(2.115) 
From equation (2.115) we see that y W = 1 i.e. the beam excited at 
its fundamental frequency, (AWL)2 = 3.51602, which satisfies 
characteristic equation (2.112) therefore the beam vibrates at its 
natural flexural frequency for 
YW = 1, 6.27, 17.55, 34.39, 56.84 . ...... ... (a) 	•1 
hither critical yW can be calculated [42]  
(2i-1)12 for i) 5 ...(b) 	 I 3.75 
Equations. (2.107) (b) and (Ic) can now be written in the following 
general form 
. 	* * 
D11 — -j(s w4 + TWWXttS& = 0 	 .. 
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The frequencies away from the "coupling region"Qré given 
approximately by the uncoupled frequencies (see section s.i), 
therefore in. equation (2.117) the linear coupling terms are 
ignored, this equation is of similar form as the equation (2.69) 
for axial excitation. 	Here also if is replaced by F or 0, 
we get equations (2.107)(b) or (c) respectively. 	Taking in 
the form of series expansion as in equation (2.90) 
q(t)X(x) 
and assumingx(x) of the form as in equation (D.5).i.e. 
= sin1t( 2')() and carrying out the Galerkin process over 
• limited, number of modes i=n, the equation (2.117) reduces to 
• similar form to that of equatiqn (2.91) viz. 
+ i]qjcosot} =0 	...(2.118) 
where, 6ij' 	
and a have been already defined in equations 
it 'i
(2 . 92 ),&w+t EW and K are defined in equations (E.9) and (E.11). 
Derivation of equation (2.118) is given in Appendix (E). 
Equation (2.118) can be written in matrix form .similar to the 
equation (2.93) for axial excitation by replacing the suffix U 
to suffix W, then we have 
.. 	r 
q + 5 - pQcoswt]q = 0  
,ab 
here p1 = 
and xx x n matrix Q has elements Q1 =(ix0E 1. +:V w)ij  
(a) Parametric Resonance: 
Again by setting F71 = C and 	= 'B we obtain, 
51. 
cj+ [ - p 7Ccosut]q = 0 	 ...(2.121) 
hence for ith mode the principal region of instability is given 
by 
(w/2 p) 	 • . .(2.122) 
(b) Combination Resonance: As discussed in section (2.8.1)(b), 
here the instability region for combination resonance will be 
given by (equation 2.119 being of similar form to that of equation 
2.93): 
+ 1) = 1 	 ...(2.123) 
13 
Now for transverse excitation we can write that the instability 
region for parametric resonance (first or second kind) is given 
by 
C Wi 	=i± ' ) 
Pj±Pj 13 
...(2.124) 
here p. and Qij are given by equation (2.120) and P 5 has already 
been defined in equation (2.102) 
2.8.3 Instability Regions 
From equations (2.106) and (2.124), it is seen that the 
equations are of similar form. 	The subscript U and W denote 
the type of excitation. 	Hence both the equations can be 
written as 




w = excitation frequency (circular) 
p1 , p = natural frequencies (circular) of the beam for 
ith and jth mode respectively 
P u = 	+ 
p = excitation parameter 
for axial excitation: g pU = ocur,(a/L) 
(defined in equations D.17 and D.21) 
for transverse excitation: p = p =cxw4,(ab/L2 ) 
(defined in equations E.9 and Lii) 
Qij = p0 € + %5 
for axial excitation: E = E U and 1f 
= 
(defined in equations 2.91) 
for transverse excitation E = ~ W and S = 
I5 










The experimental work done can be divided into two main parts, 
viz. 
(a)-Determination of natural frequencies 
(b) Determination of regions of instability 
Tests were conducted on 32 beams, 14 of these beams were 
supported at each end on rectangular blocks of sponge rubber thus 
simulating "free—free" beam. 	The rest of the 18 beams had one end 
clamped to a metal block and the other end left free thus 
simulating a cantilever. The natural frequencies of vibration 
were determined for all the beams, however the tests for the 
instability regions were limited to the 18 cantilever beams only. 
The procedure adopted for determining the natural frequencies of 
the "free—free" beams was similar to the one adopted in earlier 
work on the vibration of thin—walled circular arc section beams [43], 
therefore, they are discussed only briefly. 	The tests on the 
cantilever beams are described in detail. 
3.2 DETAILS OF THE BEANS 
The main dimensions of the beam shown in Figure 3.1 are axial 
length L, wall thickness d, breadth of one am b and the included 
angle 20(. A series of beams were made varying one dimension at a 
time so that the effect of such variations on natural frequencies 
and regions of instability could be studied. For ease of reference, 
each beam was given a number, the details of the section and the end 
conditions corresponding to each beam number being shown in Table 
3.1. 
54. 
T A B L E 	3.1 
* * * * * * * * * * * * DETAILS OF THE BEAMS* 	* * * * * .t * * * * 
BEAM ANGLE WIDTH THICKNESS LENGTH 3 END CONDITIONS 
2a b d L pxl0 
NO: DEGREES INCHES INCHES INCHES 
1 90 2.0 0.030 32 0.018750 CLAMPED-FREE 
2 90 1.5 0.030 32 0.033333 CLAMPED-FREE 
3 90 1.0 09030 32 0.075000 CLAMPED-FREE 
4 120 2.0 00030 32 0.018150 CLAMPED-FREE 
5 120 1.5 0.030 32 09033333 CLAMPED-FREE 
6 120 100 0.030 32 0.075000 CLAMPED-FREE 
7 150 290 0.030 32 - 0.018750 CLAMPED-FREE 
8 150 1.5 0.030 32 0.033333 CLAMPED-FREE 
9 150 1.0 0.030 32 0.015000 CLAMPED-FREE 
10 60 2.0 0.030 32 0.018750 CLAMPED-FREE 
11 60 1.5 0.030 32 0.033333 CLAMPED-FREE 
12 60 100 0.030 32 0.075000 CLAMPED-FREE 
13 go 2.0 0.060 32 0.075000 CLAMPED-FREE 
14 90 290 0.050 32 0.052083 CLAMPED-FREE 
15 90 2.0 0.030 30 0.018750 CLAMPED-FREE 
16 90 2.0 0.030 25 0.018750 CLAMPED-FREE 
17 cc) 260 00030 20 0.018750 CLAMPED-FREE 
18 90 2.0 0.030 15 0.018750 CLAMPED-FREE 
*** *** 
21 90 3.0 0.250 24 0.578703 FREE-FREE 
22 90 3.0 0.187 24 0.323787 FREE-FREE 
23 90 3.0 0.125 24 0.144676 FREE-FREE 
24 90 3.0 0.063 24 0.036750 FREE-FREE 
25 90 2.0 0.250 36 1.302082 FREE-FREE 
26 90 1.5 0.250 24 2.314813 FREE-FREE 
27 90 2.0 0.187 24 0.728520 FREE-FREE 
28 105 3.0 0.125 24 0.144676 FREE-FREE 
29 120 3.0 0.125 24 0.144676 FREE-FREE 
30 135 3.0 0.125 24 0.144676 FREE-FREE 
31 150 3.0 0.125 24 0.144676 FREE-FREE 
32 - 	 165 3.0 0.125 24 0.144676 FREE-FREE 
33 90 2.0 0.250 30 1.302082 FREE-FREE 




Figure 3.1 : Dimensions of the beam. 
55. 
As can he seen from Table 3.1 , Beam Numbers 1 - 18 have 
"clamped-free" end conditions and 21-34 have " free—free " end 
conditions. All the cantilever beams were made from thin 
galvanized steel sheets by cutting into 2b x L strips and then 
bending to the required included angle 2cc The sheet usedwas 
of 0.030 inch thickness except for beams 13 and 14. For beams 
13 and 14 the sheet used had thickness 0.060"and 0.050"respectively. 
The effect of the variation of breadth was studied for four 
different included angles (2o&= 60 ° , 90° , 120° and 1500), by keeping 
the wall thickness (d = .030") and beam length (L = 32.0") the 
same for all the beams (Beam Nos. 1 - 12). 	Further from Beam Nos. 
1 - 12, the effect of variation of included angle for various 
breadths can also be studied. Beams 13 and 14 in conjunction with 
Bean No. I permits the study of the effect of varying the thickness 
Cd = 0.060; 0.050'; 0.030D while keeping the included angle (2o&= 90), 
breadth (b = 2.0") and length (L = 32.0") constant. By reducing 
the length of 90° beam with breadth 2.0" (Beam No. i) to 30" and 
then in steps of 5", four more beams of different lengths (L = 30, 
25, 20 and 15 ins) were obtained, in order to permit a study of the 
effect of change of this dimension. 
The free-free beams (Nos. 21-27 and 33, 34) which had 90° 
as included angle were all cut from standard angle sections whereas 
beams (1(05. 28 - 32) which had included angles other than 900 were 
made from galvanized steel sheets of 1/8" thickness. 	Strips of 
G"x 24" were cut and bent to the required included, angle 2cc. Effect 
of variation of thickness (1/4 11 , 3/16 11 , 1/8 11 , 1/16 11 ) for constant 
angle (90°), breadth (3.0") and length (24") can be studied from 
beams 21 to 24. 
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Two sets of beams 21, 34, 26 and 22, 27 enable the study of the 
effect of varying breadth for thicknesses 1/4" and 3/16 " respectively 
for constant angle (2ok = go° ) and length CL = 24") in each case. By 
reducing the length (L = 36") of the 90 0 beam (Beam No. 25) in steps 
of 6 11 , two other lengths (30, 24 ins) were obtained in order to 
permit a study of the effect of change of this dimension. 	As can 
be seen Beam Nos. 23 and 28 - 32 have the same breadth (b = 3.0), 
thickness (d = 0.125) and length (L = 24"), but different included 
angles (2(x= 900, 1050, 120 ° , 1350 , 150° and 165° ). 
Thus in both cases the dimensions of the beams were so chosen 
that a study of the effect of varying one dimension at a time was 
possible. 
3.3 END CONDITIONS FOR THE BFLA}IS 
The three normal types of end support commonly used in 
experiments are 
clamped (or fixed) 
pinned (or simply-supported) 
free 
For an open-section beam practical realisation of a pinned 
end is difficult, because an elaborate support system would be 
required to ensure the requisite condition that all displacements, 
including those involving distortion of the section should be zero 
at such an end. Though for very thin beams simulation of fixed-
end can be achieved to some degree of success by clamping the walls 
of the section on a rigid metal block, for thicker beams to simulate 
the fixed end condition would mean either that the beams should be 
machined from a large solid block or that machined end clamps of 
massive section should be provided 
57. 
Therefoi'e, only very thin-walled beams (Nos. 1 to 18) had end 
conditions as "clamped-free", and for the rest of the beams (Nos. 
21 to 34), simulation of free-free end conditions was decided upon. 
However it should be mentioned that previous experience has 
indicated that particularly at higher frequencies due to the inherent 
elasticity of the support the end conditions change from pinned or 
fixed to something between these and the free-case. 	For the 
simulation of "free-free " end conditions, the beams, shallow 
surface facing upwards, were supported at each end on 1.5" x I" x 1" 
rectangular blocks of very low stiffness sponge ribbon. To prevent 
the movement of rubber blocks, they were glued by "Bostik" to two 
metal plates which in turn clamped to the keyway of a large lathe 
bed. 
For the simulation of "clamped-free" end conditions, one end 
of the beam was attached to a Dural block by means of screws. 
Clamping a 4" length of the beam at six places on each arm of the 
beam was considered sufficient. The other end was of course left 
free. For every different included angle of the beam, a separate 
clamping was machined to suit the angle, thus 4 clamping blocks 
were made, for included angles 60, 90, 120 and 1500. 
3.4 TESTS ON FREE-FREE BEANS 
A block diagram for tests on the "Free-Free" beams is shown 
in Figure 3.2. 	The set up is essentially the same as the one for 
the experiments in the vibration of thin-walled circular are 
section beams E431. 	The beams were excited by attaching a small 
Goodman's vibrator (V47/g). The vibrator was fed alternating 
current of variable frequency from an audio-frequency oscillator 
(Advance Type 11-1) and a high fidelity power amplifier (Pye, Type 
HP 25), through an on/off: switch. 
58. 
OSCILLATOR I 	hUNING FORK 
OSCILLATOR 
Details of Equipments 
No Equipment Maker's Name Type Serial No: 
1 Vibrator Goodman V47/9 - 
2 Pre-Amplifier lye HF25 F-178o63 
3 Oscillator kdvance 11-1 41111 
4 Oscilloscope Cossor 1035 Ili - 
5 Amplifier - - - 
6 Pick-up G.E.C.(Piezo-electric gauge) SP 1100 - 
7 Tuning Pork Muirhead D-630-0 - 
8 Decade Oscillator Muirhe ad -Wigan D-650-B - 
Figure 3.2: Block Diagram for tests on Free-Free beams. 
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Since the Advance Oscillator had coarse graduation on the frequency 
dial, exact frequencies were determined with the help of an 	- 
accurate Decade Oscnlator(Muirhead-Wigan type D-650-B), by 
observing Lissajous figure on the double-beam oscilloscope (Cossor-. 
model 1035 mark ilA). 	Occasional checks of Nuirhead oscillator 
were done using a Muirhead valve maintained tuning fork(Type 1-630-
c), which is a frequency standard, accurate to about 20 parts in one 
million. 
A pick-up using a barium titanate piezo-electric transducer 
(a.E.G. type SP.1100) already existed and this pick-up was considered 
suitable for detecting the response of the vibrating bean. 	The 
pick-up was placed at one end so that the probe was in contact with 
the beam. The input frequency was increased very slowly, and 
the resonant frequency was determined by observing the signal on 
the oscilloscope from the pick-up. The maximum trace corresponded 
to the resonant frequency. At the low frequencies for which the 
pick-up was ineffective (up to about 500 cps.), the resonant 
frequencies were detected by watching the bouncing of the sand or 
glass powder particles,. A frequency at which the bouncing was a 
maximum was considered as a resonance frequency. The modal 
configuration of the beam at a resonant frequency was ascertained 
by locating the nodal points on the beam and by finding the number 
of cross-sectional and axial nodes (n and m respectively). The 
pick-up was held in the hand lightly touching the surface of the 
beam and was moved slowly along the surface. At nodal point the 
amplitude of pick-up signal fell to zero and further traversing of 
the pick-up showed a 180 ° change in the relative phase of the two 
traces. 
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Noting the change of phase is considered as a better criterion for 
determining the nodal points. For the axial number of nodes (m), 
the pick-up was traversed along the length of the beam and nodal 
points noted, whereas for the number of cross-sectional nodes (n), 
the pick-up was traversed across the breadth of the beam, preferably 
in an area away from the positions of the axial nodes. •The 
internodal distances measured along the length were used to calculate 
the average axial wavelength (A). 
Normally a set of parallel nodal lines, perpendicular to the 
longitudinal axis, were obtained for the pure flexural form of 
vibration. Traversing the pick-up along the periphery indicated 
no phase change (i.e. n--O), for flexural modes. For forms of 
vibration other than flexural there were one or more nodal lines 
running approximately longitudinally alèng the beam i.e. n_-1,2,3,---- 
In order to distinguish the various modes of vibration, they are 
termed "bending" modes for n=O,"torsional"modes for n=1 ,"cross-
sectional" modes for n=2,3,4,5,---- The associated frequencies are 
termed "bending frequency", "torsional frequency" and cross-sectional 
frequency" respectively. For cross-sectional node with n, odd 
one of the longitudinal nodal lines is situated on the 
centre line of the cross-section (i.e. apex). Due to the symmetry 
of the beam section, the frequencies associated with an odd number 
of nodes (n=3,5,...) in the cross-sectional modes of vibration are 
coupled with lateral motion (see Appendix F). 	Since in the present 
investigations the interest lay more in the coupling with transverse 
bending, hence the symmetric cross-sectional modes are discussed in 
detail, whereas the anti-symmetric ones are dealt with briefly later 
in the report. 
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Hence unless otherwise specified cross-sectional modes refer to 
those corresponding to even number of nodes i.e. n=2,4,6,8,.... 
For the end conditions Of beam under experiment i.e. all the four 
edges free, the minimum possibile number of axial nodes (m) for 
the bending mode (n=O) is two, for the torsional (n=i) one and 
four the cross-sectional (n=2,3,4,5,....) two. 	The cross-sectional 
(n=20,4,5,..jfrequencies where m--O, are referred to as the 
"cut off" frequencies. 	In most cases these could be excited easily. 
By sprinkling fine grain dry sand or glass powder on the surface 
of the vibrating beam, nodal patterns or Chiadni figures were 
obtained. Pick-up was used to confirm the phase changes. When, 
due, to the inclination of the sides, the pattern could not be 
obtained by just sprinkling the dry sand, sketches of the nodal 
pattern were made by finding the nodal points by the use of the pick-
up.? The analysis of patterns for determining the modes of vibration 
for a particular frequency was carried out in similar manner as to 
that described in earlier work on thin-wailed beams of circular 
are section [43]. 
Some longitudinal frequencies were also picked up during the 
experiments. 	The frequencies were used to assess the value of bar 
velocity C = jE /p (see section 5.2). 
3.5 TESTS ON CLMIPED-FREE (CANILEVER) BEAMS 
In Figure 3.3 the block diagram shows the set up for tests on 
cantilever beams. The beam was clamped on one end to a Dural 
block. This block was in turn bolted to the header of a trunnion 
mounted, air-cooled Pye-Ling Shaker (model V1006), having an 
available thrust Sine Vector of 700 lb. 
62. 
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Details of Equipments 
No. Equipment Maker's Name 
-r 
 Type -- Serial No: 
1 Shaker Pye-Ling V 1006 2411 
2 Stab Pye-Ling 	 . 4 2410 
3 Amplifier Pye-Ling PP1/2P 2387 
4 Decade Oscillator Muirhead-Wigan D-890-A 339625 
5 Oscilloscope Hewlett-Packard 140-A 1-747-00975 
6 Probe Wayne-Kerr ME-152  
T Vibration meter Wayne-Kerr 	 . 731-B 785 
8 Filter Wayne-Kerr 	.. 	. . 731-A 230 
9 L-F Analyser L'Iuirhead D-788-A 346723 
TO Frequency meter Vernier 	. 	. TSA 3336/2 M-8964 
Li Accelerometer Bniel & Kjaer 4329 	98739 
12 Voltmeter Phil: ips GM 6012 	1 D-4289 C 
Figure 3.3: Block Diagram for Cantilever beam tests. 
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The output from the vibration meter was fed to the other channel 
of the h.p. Oscilloscope through a filter (Y731A), thus the wave 
form displayed on the oscilloscope represented the response of 
the beam. 	The probe was mounted in position relative to the beam 
by means of a clamp round the metal sleeve of the probe. 	The clamp 
was in turn mounted on a sliding block. This arrangement enabled 
the probe to be traversed along the length of the beam so that the 
probe face was parallel to the surface of the beam. 
The beam at first was mounted in a manner such that the shaker 
moved the support in transverse direction. The input frequency was 
increased slowly from a low value (io Hz). The natural frequencies 
for various modes of vibration were ascertained in a similar manner 
to that discussed in section 3.4. 	Tests were carried out up to 
3.5 kHz (operating frequency range for the shaker was 5kHz). 
For many beams this value could not be reached because oscillation 
of the beam with excitation frequency above 2 kHz could not be 
detected, in such cases experiments were discontinued earlier. It 
was not possible to detect all the natural frequencies of the beam 
within the frequency range of the test. Later on when the beam was 
excited in the axial direction, many of the remaining natural 
frequencies were detected. Most of the natural frequencies obtained 
earlier during transverse excitation were confirmed while vibrating 
the beam axially. For determination of the mode of vibration the 
probe mounted in a clamp was held in the hand so that the probe was 
very near to the surface of the beam, but not touching. 	The probe 
was, then moved carefully in the direction required for ascertaining 
the node of vibration. 	Sand patterns supplemented and confirmed 
the observations made with the probe. 
63.. 
A Pye-Ling power amplifier (model Pn /2P) was used as the shaker 
power supply. 	This amplifier is designed to give an output of 
IKVA, over a frequency range of 20 to 5000 Hz. 	The shaker field 
current is stabilised against voltage variations by a' Pye-Ling 
Stab unit (model 4). 	Alternating current of variable frequency was 
fed to the power amplifier from a Muirhead-Wigan Decade Oscillator 
(D-890-A), through a variable potentiometer. 	This potentiometer 
enabled a finer control of output from the Decade Oscillator. 
According to the manufacturers of the Muirhead Decade Oscillator 
the frequency accuracy in the Xl range is ± 0.2% or + 0.6 Hz, 
whichever is greater and in the XI  range is ± 0.4% (above 10 kHz), 
the hourly frequency stability is ± 0.02% over most of range after 
a warming up period of 5 minutes to 1 hour (depending on frequency). 
Thus the frequencies were measured very accurately. The output 
signal from the oscillator was displayed on one channel of a double-
beam Hewlett Packard Oscilloscope, thus representing the excitation 
input signal. 	The oscilloscope used was hp Model 140A general 
purpose plug-in type with model 1401A dual trace amplifier and model 
1421A time base plug-in units. 
The piezo-electric tranducer pick-up used while testing the 
free-free beams (No. 21 to 34) operated when the probe was put in 
contact with the vibrating beam. Being light in construction, the 
presence of this pick-up did not seem to have any adverse effect on 
the vibration of the beam when "free-free" end conditions were 
simulated. However, marked changes were observed when the same 
piók-up was used for detecting the resonance of cantilever beams. 
Therefore, a Wayne Kerr probe (Type MEl - 52) with a vibration meter 
(Type B731 - B) was used. When the probe connected to the instrument 
is brought into proximity with the metallic surface of the beams 
under test the capacitance so formed is displayed in terms of distance 
and peak to peak vibration amplitude on the meters of the instrument. 
65. 
Determination of regions of Instability A Bruel and ICjaer 
accelerometer (type 4329), was mounted on the clamping block for 
measuring the acceleration of the support motion. 	The axis of the 
accelerometer was aligned to coincide with the direction of the 
motion of the support, as shown in Figure 3.3. 	The R.M.S. electrical 
signal from the accelerometer was measured in mull-volts with 
an electronic voltmeter (Phulips:Type CM 6012). 	The sensitivity 
of the accelerometer (serial No: 98739), used was 14.5 mV/C. 
Calibration chart for this accelerometer supplied by Bruel and Kjaer 
is shown in Figure ).4.(Icbe±ow) together with tneir remrics; 
Sensitivity = 14.5 mv/g (g = acceleration of gravity = 981 cm/sec 2 ) 
Leakage Resistance >IO MQ 










0.2 	0.5 	1.0 	2.0 	5.0 	10.0 	20.0 	50.0 kHz 
Figure 3.4: Calibration chart for Accelerometer 4329 (io. 98739) 
(As supplied by Bruel and Kjaer, Copenhagen). 
Now the response of the beam was observed on the oscilloscope by 
slowly varying the frequency input from the Decade Oscillator while 
adjusting the power input throffgh the potentiometer, to the Pye-
Ling amplifier so that the support has the required acceleration. 
As soon as a resonance occurs, a waveform appears as  response. 
For natural resonance the basic wave form of the response is 
identical to that of the excitation wave form, whereas for parametric 
resonance, the wave form is different from the excitation wave form. 
66. 
The wave form for the parametric resonance of the "first kind" has 
half the number of waves of the excitation wave form per unit time, 
where the response for the parametric resonance of the "second 
kind" (combination resonance), has a complex waveform. 	This 
waveform is the resultant of the two combining frequencies. 	To 
ascertain the value of the two combining frequencies and their mode 
of vibration, the signal from the probe through the vibration meter 
and filter was now fed to a Muirhead Low Frequency Analyser (D-788..A) 
with a frequency range of 3-3000 Hz. The output from the L—F 
analyser was connected to a Vernier Frequency and Time Measuring 
Digital equipment ( Type TSA 3336), from which the frequency 
components of the wave form could be read very easily. At each 
combining frequency, the mode of vibration was determined by finding 
the number of axial nodes. This was done by traversing the probe 
in axial direction and counting the number of times the needle went 
to minimum value on meter voltage scale. For this purpose the 
attenuatim was set to a low dB scale. Throughout the test the 
selector switch was on the normal mark. The determination of the 
frequency and the number of axial nodes at that frequency together 
with the knowledge of the mode of vibration at various frequencies 
from previous tests helped to find the value of n for that 
particular frequency. Once a parametric resonance of either kind 
was located, the instability range for various values of acceleration 
was found, by using the L.F. analyser as a tuned voltmeter. 	This 
is described as follows: 
The Frequency CIS Control and Frequency range Switch of the 
L.P. analyser was set to one of the frequency components of the 
parametric resonance. (In the case of first kind, this was naturally 
half the value of excitation frequency). 
67. 
The meter voltage scale was set to a low dB value. 	For the 
lower instability boundary, the frequency was very slowly increased 
maintaining the support acceleration constant and watching the 
needle on the meter voltage scale. The beginning of the 
instability range was marked by a sudden increase in the dB level. 
At this value of the frequency, the response waveform of the 
parametric resonance also appeared on the second channel of the 
oscilloscope. 	The procedure was repeated for other required 
support acceleration values. For the upper boundary of instability 
a similar procedure as above was followed except that instead of 
increasing the frequency, it was varied slowly by decreasing its 
value from stable conditions above the unstable region. The 




4.1 NATURAL FREQUENCIES 
The observed natural frequencies (f) in Hz for all the beams 
are given in tabular form (Tables 5.1 to 5.27). 	The corresponding 
values of average axial wavelength (X) in inches are also given 
in these tables. 	For the end conditions (clamped-free and free- 
free), of the beam during the test the measurement of wavelengths 
for m=O and 1 is not possible, this is indicated by crosses in the 
relevant columns. Further for beams 21 to 34, which have end 
conditions as free-free, axial nodes m=O, 1 for n=O (i.e. transverse 
bending modes with none and one axial node), are also not possible. 
These are also indicated by crosses in the relevant columns of the 
table. All the other modes which were theoretically possible but 
could not be excited are indicated by asterixes. 
The maximum number of cross-sectional nodes (n) recorded for 
cantilever beams was n=4 (for Beam No. 1) whereas for free-free 
beams was n=9 (Beam No. 24). The plot of all the natural frequencies 
(n0,1,2,3,4 for Bean No. I and n=0,1,...,9 for Beam No. 24) against 
the number of axial nodes (m=34 for Beam No. 1 and m=30 for Beam 
No. 24) are shown in Figure 4.1 and 4.2 respectively. 	The observed 
natural frequencies (f) plotted against the number of axial nodes (m) 
are shown in Figures 4.3 to 4.22. 	Instead of plotting f against 
m for all the values of n for a beam on the same Figure (see Figures 
4.1 and 4.2), natural frequencies for torsional, coupled (transverse 
bending and cross-sectional-even number of n) and cross-sectional 
modes (odd number of n), are plotted separately. 
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Number of axial nodes, m 
69. 
Figure 4'.i: Cantilever Beam. Natural Frequencies (Experimental values) 
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Further (see Figures 4.3 to 4.22) in each Figure, the beams are 
grouped in such a manner that the effect of change of one of the 
dimensions of the beam on the natural frequencies, while the other 
beam dimensions are kept const&nt, can be studied. Wherever 
possible such grouping of the beams is also done in presenting the 
results in tabular form. 
4.1.1 Torsional Frequencies (n=1 ) 
All the torsional frequencies for the beams are given in 
tables 5.1 to 5.8. 	In the case of cantilever beams (Beam Nos: 
I to 12), for different angles, but same width thickness and length, 
frequencies are given in tables 5.1 to 5.3. 	One table for each 
width (b=2.0f, 1.5 i.d) tested. 	The average of the natural 
frequencies (f) for various angles, but same widths are plotted 
against the axial number of nodes (in) in Figure 4.3. Also in this 
Figure the results of Beam Nos. 13 and 14 are shown (For results 
see also table 5.4). 	The natural frequencies (f) and corresponding 
wavelengths (N) for various lengths of the beams (Beam Nos. 15 to 
18) are given in tables 5.5 and 5.6. 
In Figure 4.4, for these beams (Beam Nos. 15 to is), f is 
plotted against in. 
In the case of the free—free beams the torsional frequencies 
for all the beams could not be observed, so the results of only four 
beams (Beam Nos. 21, 23, 24 and 27) with the same included angle 
(2(x = 96) and length (L = 24 11 ) are given in Table 5.7 and for 
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Plot of f against m for these two sets of results from free-free 
beam tests are given in Figures 4.5 and 4.6 respectively. 
4.1.2. Coupled Frequencies (n--O and even n) 
In tables 5.9 to 5.27, the frequencies are given in columns 
of spectra. Only one spectrum (comprising transverse bending and 
nr2) is given in tables 5.9 to 5.15 for cantilever beams. 	Very 
few frequencies of the second and higher spectra were picked up during 
the test. 	However, in Figures 4.7 to 4.14, showing the plot of 
f (coupled modes), against m for cantilever beams, besides the 
frequencies of the first spectrum, the few frequencies obtained 
for higher spectra are also shown. (See pp. 75 to 78) 
The natural frequencies for at least two spectra were observed 
during tests on free-free beams, for some beams natural frequencies 
of the fifth spectrum were also observed. 	The results (see 
tables 5.16 to 5.27) are given for each beam in a separate table, 
however the beams are grouped in Figures 4.15 to 4.20, for plotting 
I against m. (see pp. 79 to 81) 
4.1 .3 Cross-sectional Frequencies (n odd) 
Cross-sectional frequencies (n odd) could be picked up for only 
a few beams. A plot of f against m for cantilever and free-free 
beams are shown in Figures 4.21 and 4.22 respectively. (see p.  82) 
4.1 .4 Longitudinal Frequencies 
Longitudinal frequencies for nine beams for axial nodes (in) 
up to 6 are given in tables 4.1 
	
A plot of f against m/2L is 
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symbol Beam 	Length 
No: 
14 	
-e---o—e-- 	25 	36" 
-o---o---o- 	33 30" 
Combination of common - 









Beam 21 22 23 25 26 27 28 33 34 
Lengt1 24" 24" 24" 36" 24" 24" 24" 30" 24" 
m=1 4219 4194 4250 2813 4179 4186 4250 3395 419E 
2 8508 8470 - - 556 8493 8479 - - 8473 
3 !.2625 
- 
12583 - 8414 12672 12652 - - 2638 
4 - 16787 - 11290 16880 16820 - - 6698 
5 - - - 14060 - - - - -: 
6 - - - 16780  
Table 4.1: Longitudnal Frequency 
t 
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4.2 INSTABILITY REGIONS 
The frequencies at which a parametric or combination resonance 
occurred were determined for support accelerations corresponding 
to 20mV to 1 80mST in steps of 20mV for ascending and descending 
frequencies. (For calibration chart see Figure 3.4). For each 
resonance the frequencies (r) were plotted against the voltmeber 
reading my. 	Typical plot for a beam (No. 2 - vibrated axially) 
for a few resonances are shown in Figures 4.24 to 4.26. 	The lines 
joining these frequencies form the boundaries for the instability 
region. 	The instability region is shown shaded in the Figures. 
Each region is marked signifying the mode of vibration. Thus 
2cm/n region indicates, the principal region (parametric resonance) 
with in axial nodes and n cross-sectional nodes. Similarly 
+ m2/n region indicate the combination region (combination 
resonance) with combining frequencies as f 	 and fm2/n• 
Most of these regions were well separated from each other and 
the apex of the wedge was at zero mV. The natural frequency at 
the apex is termed the parametric or combination frequency for 
parametric and combination resonance respectively. These frequencies 
for various axial nodes for torsional mode (n=1) and cross-sectional 
mode (n=2) are given under the "parametric frequency" and 
"combination frequency" in the results Tables (Nos. 5.28 to 5.74).* 
The values of the parametric frequencies thus determined for various 
regions were almost equal to the value of twice the natural 
frequency for that mode of vibration observed earlier. 	Not all the 
regions could be determined, specially for the lower values of 
axial nodes. In such cases the value of parametric frequency has 
been taken as twice the natural frequency and entered under the 
column "parametric frequency"in the results tables. 
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Figure 4.26: Instability Region under axial excitation for Beam no: 2. 
87. 
In order to compare the instability regions for various modes 
of vibration. 	The unstable frequencies (lower and upper) for a 
constant value of support acceleration (12.49) which corresponds 
to 180 my voltmeter reading are given in the results tables. 
Many of the regions overlapped. When the overlapping was near 
the higher values of acceleration, enough number of points of the 
graph were there to extend the boundary line to find the frequency 
values at 180 mV. 	In some cases it was not possible to do so 
due to the lack of number of points; in such cases, asterisk marks 
areput under the unstable frequency columns in the result tables. 
Asterisk marks will also be found in the unstable frequency columns, 
where the regions could not be determined at all. 
It is interesting to note that in some cases the successive 
overlapping of the regions continued for many regions (see Figure 
4.26). 	For example in this case for a support acce;.lertion value 
corresponding to mV >120, the beam will have no stable frequency 
between 1577 and 1714 Hz, i.e. between these two frequencies the 
beam will have a parametric resonance of one or other kind. In 
this particular instance between these two frequencies the beam 
passes through 12 different unstable regions. In the overlapped 
zone it is not possible to assign a name to the region due-to the 
inconsistency in the response 
Combination resonance combining frequenpies of two different 
modes of vibration such as 	+ 'm2/1 	''m1/i + f12
) were
M1 /0 
also observed. 	The wedges were in most cases very narrow, 
therefore they were not considered important and hence not recorded. 
CHAPTER 5 
DISCUSSION OF RESULTS 
5.1 FREQUENCY SPECTRA AND COUPLED FREQUENCIES 
A beam can vibrate with a combination of any number of 
axial nodes (m) and cross-sectional nodes (n), subject to the 
limitation due to the end conditions of the beam (see Figure 
2.1). However, within the frequency range of the experiments 
a maximum number of nodes up to only n=9 and m=30 were recorded 
(see Figure 4.2:Ten spectra of natural frequencies can be counted). 
This was for a beam (No. 24) which had the lowest value of P in 
the set of free-free beans. As the value of 0 increased, the 
number of cross-sectional nodes that could be detected decreased. 
In most of the cantilever beams (except Beam No. 1, see Figure 
4.1), jnaximum n was only 2. 	Besides the torsional frequencies 
spectrum, there are at least two spectra of natural frequencies 
for all the beams tested. 	The coupled frequency equation (2.77) 
is a quadratic equation, and Eor any value of A(hence m) two 
values of P (hence f) are obtained. 	It has been shown in 
Chapter 2, that two different types of coupling are possible, 
depending on the coupling motions considered. Here each of 
them are discussed separately. 
5.1.1 	Coupling of Transverse Notion and Symmetrical Cross- 
Sectional Distortion (even number of nodes) 
The existence of coupling of the motion can be best illustrated 
by plotting the uncoupled and coupled frequency factors (Q = 2nbf/ 
a) against the wave numbers (A= 2nb/%). 
89. 
Figure 5.1 shows such a plot for 2c= 900  and for various values 
of P x 10 varying from 0.01 to 2.50. 	Q and Q., the uncoupled 
transverse bending(n=0) and the uncoupled cross-sectional (n=2) 
frequency factors respectively were calculated from equations 
(2.69). 	For 3 ZCl, 9W 
 is not dependent on P at all, hence one 
curve for all values of P is drawn in the figure and marked n=0. 
9(n=2) for various values of P is also drawn. AtA=0, Q=0 
but 0 has some value, further, for ascending values of A the 
slope of the curve associated with QW has a much higher value 
than the slope of the curve associated with QF(nzt2 ). 	This trend 
continues, and consequently the two curves cross each other. 
The point where these two curves cross depends on their slopes. 
The two frequency factors for a particular value of Acan be 
calculated from the frequency equation (2.73). The two coupled 
frequency factors (Q1' 	so calculated for various values of 
are plotted againstA. There 9 and Q 2 differ appreciably from 
the uncoupled frequency factors (cz, and Q1 ), the curves are shown 
dotted. 
Now let us examine the two coupled-frequency curves. 	The 
figure shows that for ascending values of A , initially P1 equals 
hence the curves coincide whereas 02 has higher values than 
but the curves run almost parallel to each other. As the 
value of A increases further the P1 and P2 curves instead of crossing 
each other form a pair of curves enclosing the crossing point or. 
the "transition point". 	01  and P2 
now differ considerably from 
and P. 
	
After this "transition region" or "coupling region", 
the Q1 -curve merges with the P.cune for ascending values of A 
whereas the P2-curve runs close to the Q_curve the values of P 2 
being higher than those of P for corresponding values of A. 
Ca]-cu]ations show that at a later stage 0 2 










Figure 5.1: Transverse(n0) and Cross-sectional(nt2) coupling, 2c90°. 
91. 
The experimental results obtained (see Figures 4.7 to 4.20) 
confirm the existence of this coupling, and give at least two 
spectra for all the beams tested. 	Except for the frequencies 
in the coupling region n could be ascertained without any 
difficulty. 	Invariably the nodal patterns obtained in the 
"coupling region" were of complex form, and in some cases it was 
not possible to assign a value of n to the frequency. However 
in all cases these frequencies fitted well in one of the spectra 
in a plot for f against m. Similar difficulties were experienced 
in an earlier work on arc-section beams [43].' 
From the theoretical results and from the evidence, of 
experimental data, the two spectra can be described as the lower 
spectrum (spectrum No. 1) comprising approximately frequencies 
associated with n--O, n=0 or 2? (indefinite in coupling region) 
and n=2, whereas the upper spectrum (spectrum no. 2) comprising 
approximately frequencies associated with n2, n=2 or 0? and 
n=4 
In equations (2.69) by 'substituting relevant values of shape-
function constants a 1 ,a2 ,a3 ,a4 ,a6 and a7 for n=4 or 6 or higher 
even numbers, curves for 9 can be drawn. 	Qcuxv5 for n=2,4,6 
and the Q_curve for 2o= 900 and 0 x 10 = 0.15 are shown in 
Figure (5.2). 	Coupled frequency factors from equations (2.73) 
for coupling between n0 and n=2, n=0 and n=4 and n=O and n=6 are 
also shown in the figure. 	It can be seen that as the 	curve 
'approaches another higher 9-curve (n-_4 or 6) a region of 
coupling is again set up in the manner described above. The 
experimental results of the beams which had more than two spectra 
(e.g. see Figures 4.2, 4.15 to 4.18 and 4.20) confirm the existence 
of coupling between n=0 and higher (> 2 ) even values of n. 
92. 
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Figure 5.2: Transverse(nto) & Cross-sectional(n2, 4,6) Coup1ing;2u9O;= 0.15x103 
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For more than two spectra, the composition of the first spectrum 
remains the same as described earlier (i.e. n=O, n--?and n=2), 
now the second spectrum comprise n=2, n=?, n--O, n= 9 and n=4 
(the question marks indicate the indefinite n in the coupling 
region). 	Similarly the third spectrum comprises.n=4, n=?, n--O, 
n=? and n=6, and so on for higher spectra. 	It should be 
pointed out here that although Figure 4.2 has ten spectra of 
natural frequencies in this section the spectra refer to only 
the frequencies associated with n=O (transverse) and n=2, 4, 6,... 
(even cross-sectional). 
5.1 .2 Coupling of Lateral Motion, Torsional Notion and 
Anti symmetrical cross-sectional Distortion (odd number of 
nodes) 
The frequency equation (p.16) which couples the three motions 
V, r(odd) and C is derived in Appendix F. 	The frequency is a 
cubic one signifying "triple" coupling. 	It is appropriate 
to indicate here the difference between the triple coupling in 
equation (25). of Gere and Lixfs paper on coupled vibrations of 
thin-walled beams of open cross-section [43]. 	The triple coupling 
obtained by Gere and Lin is for a section non-symmetrical about 
both principal axes, where bending vibrations in two perpendicular 
• 	directions (in the present case transverse and lateral) are coupled 
• 	with torsional (e) vibrations, as shown in their Figure 1(a). 
The angle-section under consideration here is non-symmetrical about 
oiaxis only, thus equivalent to their Figure 1(b), where the 
vibrations in the direction of the two principle axes do not couple. 
In such cases they predict only double coupling while by considering 
the section deformation taking place in the plane of the vibration 
equation (p.16) indicatan additional coupling effect. 
94. 
The uncoupled Q0/ FP and QF1 if  curves drawn in Fig. (5.3) 
are well separated from each other and are non-intersecting. 
This is also confirmed by the few experimental results obtained 
for an odd number of nodes (see Figure 5.47). 	To the first 
approximation the "triple coupling" is considered as two separate 
"double coupling" cases viz. coupling of lateral and torsional 
notion and coupling of lateral and antisymmetrical cross-section 
distortional motions. 	Examining them separately we have 
(a) Coupling of Lateral Notion and Torsional Motion 
The uncoupled torsional frequency factor, 9 is independent 
of the included angle of the section 2cx (see equation 2.56), 0 
for P x 10' from 0.01 to 2.5 are plotted against wave numbers /I 
in Figure 5.4. The uncoupled lateral bending frequency Q is 
indpendent of P (for c<1) (again see equation 2.56). 	9 for 
2o:60' 90' 120° and 150° are plotted againstA in the same figure. 
The two curves for all the values of 2o( and P considered are 
close to each other only very near the origin i.e. only for 
relatively long axial wavelengths. The coupled frequency 
factors were calculated from equation (2.61). 	9 i  and Q were 
plotted against A, wherever they differed from 0 or 0 the curves 
are shown dotted 
It can be seen from the Figure (5.4) that the Q 1 -curve virtually 
lies on the 0 - curve, i.e. theW-O coupling" has no effect on 
e (at least for A away from origin). Whereas 92-cune has 
slightly higher values than Qrcurve  for the same A, i.e. in all 
cases 	is affected by the coupling and the effect of the coupling 
is to increase 	The slight coupling effect on 9 near the 
origin can be shown by plotting 	and (C22_/Qv) against A 
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98. 
values are shown dotted for various values of P. As A 
increases 	and 	have the same values. 	Thus comparing 
these two curves (i.e. QI IQV and 	one can see the extent 
of the effect of "V-U coupling" on 0 0 . 	The effect is negligible 
for lower values of P at all wave numbers, whereas as P increases 
the effect persists to a higher value of A. The upper curve 
shows that the "V-U coupling" has a maximum effect on 9 at lower 
values of A, and as A increases Q 1 approaches the value of 
irrespective of the value of P. 	Calculations show that for 
A= 10, Q is very nearly equal to Q for all values of 2o and P. 
(b) Coupling of Lateral Motion and Antisymmetrical Cross-sectional 
Distortion (odd number of nodes) 
Figure 5.7 shows Q and 9(n=3) plotted against A for various 
values of P x 10 ranging from 0.01 to 2.5. 	The corresponding 
coupled frequencies are also shown. 	These were calculated 
using equation (p.18). 	The coupling region is set up exactly 
in similar fashion as was carried out for "W.-F coupling" as 
described in section 5.1.1 the way in which the higher cross-
sectional frequencies (n=5 and n=7), are affected by "V-F 
coupling", are shown for a typical beam dimension (2cx= 900; 
= 0.15 x io) in Figure 5.8. 	For comparison, coupled frequencies 
due to "V-U coupling" are also drawn in this Figure. 
5.2 COMPARISON OF EXPERIMENTAL AND CALCULATED FREQUENCIES 
The natural frequencies obtained experimentally were with the 
following two end conditions of: beams: 
clamped-free (cantilever) - Beam Nos. 1 - 18 
Free-free: Beam Nos. 21 - 34. 
1.0 
99. 
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104. 
The theoretical solution obtained is for an infinite beam or 
for simply-supported beams. 	To compare the experimental values 
of frequencies with the calculated values, use of the effective 
axial wave length (X) was made. The observed values of X for 
the beams were converted to a non-dimensional wave-length factor 
or "Wave Number" given by A= 2nb/h. The corresponding natural 
frequencies were converted to a non-dimensional frequency factor, 
given by 2itbf/C 0 . 	Where C 0 is the "bar velocity". 
/ The assessment of the value of c 0 (=v7) for the material of 
the beam was made by using the "longitudinal natural frequencies". 
The longitudinal frequencies of a uniform bar of length L with free-
ends are given by the equation [5]. 
PL/C o = tht 
or 	
f = (m/2L)C09  (m = 1,2,3,...) 	 ...(.i) 
The values of longitudinal natural frequencies from Table (4.1) 
are plotted against (m/2L) in Figure 4.23) (see p. 83). 	All 
the experimental points for various beams lie on a straight line. 
The slope of this line gives the value of C = 200 x 10 in/sec. 
For steel the usual value of mass density p = 0.283/386 lb see 2/in4 
and the modulus of elasticity B = 29 x 10 lb/in 2. This gives 
a value of C0=199.9 x 103  in/sec. Hence C as found from the 
experiment is reasonable and accordingly has been used in all the 
calculations. 	The value of Poisson's Ratio v assumed to be 0.3 
for the bean materials. 
For all the beams, the experimental Q and the calculated Q 
for the corresponding A are compared in a tabular form in Tables 
5.1 to 5.27 (see pp. 218 to 244). 
/ 
105. 
The percentage difference of the calculated and the experimental 
Q is also given. 	In Figures 5.12 to 5.37 (see pp. 106 to 116), 
the calculated and experimental Q for all the beam are plotted 
against A. 	In all these diagrams the continuous curves represent 
the calculated values. 
5.2.1 Torsional Frequencies (n=1) 
It has been shown earlier that "V,-O coupling" hardly affect the 
uncoupled Q9 . 	Therefore use of the uncoupled equation (2.56 (b)) 
was made for calculating torsional frequencies. - From the Figures 
5.12 to 5.15 and the Tables 5.1 to 5.15, it can be seen that 
most of the calculated values are in fair agreement with the 
experimental values. Within reasonable limits the experimental 
points lie on a smooth curve also. 
5.'2.2 Coupled Frequencies (Bending and even Cross-sectional) 
The frequency equation (C.12) derived for "W-F coupling" with 
shear deformation taken into account was used for calculating 
the values of Q. 	The usual value of 5/6 is adopted for the shear 
coefficient Vt in the calculations. 	For the cantilever beams, the 
experimental values are compared with the calculated values for 
one spectrum only in Tables 5.9 to 5.15. (Very few experimental 
points were obtained for the second spectrum). 	These results are 
plotted in Figures 5.16 to 5.25. 	Except for shallow angles (2(x= 
1200 and 1500), the results are in fair agreement. 
In Tables 5.16 to 5.27, the results of "free-free" beams are 
compared. Each table contains results of one beam only (except 
Table 5.21). 	Figures 5.26 to 5.37 show the comparison of 
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In most cases the results compare well. 	However,, some of the 
values do not show such fair agreement and are in error up to 
30%. 	In general the calculated values are higher than those 
obtained experimentally. 	Except for some initial values of cross- 
sectional frequencies before the "coupling region", and in bean 
No. 24 after the "coupling region" frequencies associated with 
n=6 and n=8. Here the calculated values are lower than the 
experimental values. 	The frequencies associated with the bending 
compare very well with those calculated. 	Here also the exception 
is for the very shallow angle beam (2a= 165 0 ). 
5.2.3 Antisymmetrical Cross-sectional Frequencies (n=3,5,7) 
In Figures 5.38 and 5.39 the experimental values of Q associated 
with antisymmetrical cross-sectional frequencies are compared with 
the uncoupled Q (odd n) by plotting Q against A for various beams 
and odd values of n(3,5 and 7). 	Though the experimental points 
seem to lie on smooth curves, its comparison with the calculated 
values are not so good as has been obtained for torsional and 
coupled (transverse and even cross-sectional) frequencies. 
Investigations were not extended to search for the coupled lateral 
and odd cross-sectional frequencies. 
5.3 EFFECT ON FREQUENCY DUE TO VARIATION IN BASIC DmENSIONS OF 
BEANS 
The plot of natural frequency (f) against the total number of 
axial nodes (m) for various beams shown in Figures 4.1 to 4.22 
show the effect on the frequencies. 	It must be pointed out that 
the experimental points in these figures are all discrete points, 
(for an integer m) but they have been joined by lines to form a 
curve, which have little meaning except that they indicate the 
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120. 
However the resulting curves of the plot of the experimental 
frequency factors () against the wave numbers (A) (also 
obtained experimentally) are continuous (see Figures 5.12 to 
5.411 An intermediate value of Q between two experimental values 
can exist for the given values of the two dimensionless parameters 
of the beam (20< and p). 
As described earlier, the dimensions of the beams were so 
selected that from the experimental results the effect on frequency 
due to change in one of the dimensions, while keeping the other 
dimension constant, could be studied. 	The frequency factors 
calculated (from the various frequency equations) help in 
confirming these effecon frequency, which are discussed in sub-
sections below.. 
5.3.1 Length "L" 
Five different lengths of cantilever beams and three different 
lengths of free-free beams of the same section (i.e. 2c*,b and d 
constant) in each case are compared in Figures 4.4, 4.6, 4.12 
and 4.19 for torsional frequencies and coupled (bending 
cross-sectional) frequencies. 	In Figure 4.21 three different 
lengths of cantilever beam of same section are compared for 
unsymmetrical cross-sectional frequencies (n=3). In general 
the effect of reduction in length is that the natural frequencies 
increase. 	This is apparent from the uncoupled frequency equations. 
The torsional frequency factors are given by 
= (v i-A2 )A/(1 + A2 ) 
	 ...(2.56) 
Q depends on section dimensions and the wave number,A(=.211b/A). 
121. 
If the section dimensions are kept constant, reduction in beam 
length means reduction in wavelength () for the same number of 
axial nodes (m), hence an increase in the value ofA. 
increases as A increases. 	Consequently we conclude that for 
the same number of m reduction in length increases the torsional 
frequency of the beam if the section dimensions are kept constant. 
In Figures 5.13 and 5.15 the non-dimensional (uncoupled) 
frequency factors (torsional), Q 9 are plotted against non-dimensional 
wave number, A for the different lengths of cantilever beams and 
free-free beams respectively. 	This is a non-dimensional replot 
of Figures 4.4 and 4.6 respectively. 	The points from the 
different lengths lie on the same set of curve in the two figures. 
The two uncoupled frequency factors transverse (W) and 
symmetrical cross-sectional (F), QW
and Q respectively are 
given by 
• 4 =y Al4  + 
(2.6g) 
and 
4 = (a1A4 + aA2 + a)/(a 1 + 	+ a1A2) 	}. . 
From these equations also, we can see that in general the 
frequencies increase as the beam length is reduced for the same 
beam section dimensions. 	The experimental results in Figures 
4.12 and 4.19 also indicate the same trend. 	Further the 
reduction in length shifts the "coupling region" towards a lower 
number of axial nodes, but the corresponding frequencies still 
remain higher. 
Similarly the two uncoupled frequency factors lateral (v) and 
antisymmetrical cross-sectional (F), Q and 0F 
 respectively are 
given by 
122. 
4=O(ZA/(1 + 0t 2 ) zA 
4 = p(a 1A + a2A2 + a3 )/(a1 + a4 + 
Here also the reduction in length would have the same effect as 
for 11W,and 
 Q (even). The experimental result in Figure 4.21 
show the effect of reduction of length. 
From equations (2.69) and (.ii) we see that for A= 0, 
= 4/pa3/a1 . 	This indicates that the frequency of the 
fundamental cross-sectional mode (even and odd both), the "cut-
off frequency f0 1 ' is independent of the length of the beam and 
remains constant for the same section of the beam. It can be 
seen in Figures 4.19 (n=2) and 4.21 (n=3) that for various lengths 
the starting points of the cross-sectional frequencies (cut-off 
frequencies) are very nearly the same. 
5.3.2 Thickness "d" 
From equations (2.56) and (2.69), we see that all the non-
dimensional quantities (i.e. Q,A,O( y , O( and a) except pare 
independent of the dimension "d". Although 0( and oz  (non-
dimensional constants relating second moment of area and the area 
of the section) depend on 2a and 0 (see equations 2.55 and 2.65), 
calculations show that for 2o& between 60 
0  and 1500  and P42.5 x 
the values of oY ando( z. for a given 2a virtually remains 
constant for various values of P. 	Therefore 11Wand Q would not 
be effected by any change in the thickness provided other 
dimensions (2o, b and L) are kept constant. Hence the transverse 
and lateral bending frequencies (f) should not alter with variations 
in d. 
123. 
No experimental results are available to show the effect of 
d on the lateral frequencies. However, the experimental results 
for frequencies associated with transverse bending indicate some 
change in the values of f plotted for various thicknesses in 
Figure 4.11 (three thicknesses compared), 4.15 and 4.16 (two 
thicknesses compared in each case), though these changes in f for 
the same m are not much greater (provided the axial node number 
is not near the "coupling region"), they could be explained by 
referring to Figures 5.1 and 5.7. 	These Figures show that even 
though Q or 9 are not near the coupling region, the coupled 
frequencies Q are different from 11Wand 
 9 for the sameA. 
The difference depends on the value of P. 	Therefore, accordingly 
the change in coupled f(associated with n=0) depends on the 
values of the thicknesses compared. 
Now 9 and QF 
 (even and odd) are directly proportional to 3, 
or, the frequencies (f) associated with torsional and cross-
sectional (even and odd) nodes are directly proportional to 
thickness "a". 	This is shown in Figures 4.3 (three thicknesses 
0.030", 0.050" and 0.060" compared for same b = 2.0) and 4.5 
(four thicknesses compared) for torsional frequencies; that the 
frequencies I are directly proportional to d for the same m can 
be seen from Tables 5.4 and 5.7. 	The Figures 4.11, 4.15 and 4.16 
(also see Table 5.13) show the same trend (i.e. proportional 
increase of f with d for same in) for frequencies associated with 
symmetrical cross-sectional modes, whereas Figure 4.22 show the 
same effect for the antisymmetrical cross-sectional modes. 
To the first approximationS the frequencies associated with 
bending are not altered due to change in d whereas the cross-
section frequencies are changed proportionately for same m. 
124. 
This will shift the transition point along the bending frequency 
curve. 	Thus a reduction in thickness shifts the coupling towards 
a lower number of axial nodes and the corresponding frequencies are 
also lowered. 
5.3.3 Width "b" 
If the effects of rotary inertia are ignored in equations 
(2.69 and F.11) we see that P and 9 are directly proportional 
toA2 approximately (for 2obetween 600  and 150° and Pz, 2.5 x 10'3), 
(see Section 5.3.2). 	This means that the frequencies (f) 
associated with transverse and lateral bending increases proportionately 
as the width (b) is increased (provided the other dimensions are 
kept constant). 	This of course, is trite only for the regions 
away from the "coupling". 	The f against in plot in Figures 4.17 
and 4.18 does confirm the increase in f as b increases for the 
same m, but it is difficult to find more than a few points for 
comparison satisfying the condition that the experimental points 
from both the beams to be compared should be away from the 
influence of the coupling. 
In equation (2.56) ignoring the effect of rotary inertia and 
substituting the values of Q and A from equation (2.53), to a first 
approximation we can write 
/ 
= K1 + o 	
(±) 
b 
where K1 and K2 are constants depending on the values of m, d, L 
and elastic constants (E,p,v) f are the uncoupled torsional 
frequencies. 	For beams of the same material and constant m,.d and 
L values the torsional frequency reduces as the width (b) of the 
beam is increased 
125. 
Figures 4.3 (three beams compared) and 4.5 (two beams compared) 
showing the plot of f(torsional) against m obtained experimentally 
confirm this deduction. 
For comparing the effect on cross-section frequencies (odd 
and even both) due to change in the width of the beam we re-write 
the relevant equations (2.69) and (P.11) in similar form as 





+ 2 	 . . . ( s.) 
b 
Here K1 , K2 and K3 are also constants (having different values 
from those of equation 5.2) depending on the values of m,d,L, 2cc and 
elastic constants (E,p and v). 	As before in equation (5.3) also 
the effect of rotary inertia is neglected, and further to first 
approximation, it is considered fair to neglect Pa4 compared to 
a1 in the denominator. 	This is justified, in view of the fact 
that Q//fplottedi against Afor various values of P (pc2.s x 10 3 ), 
does not differ much for AClO. Most of the experimental values 
are well within these P and A limits. 
From equation (5.3), we see that as the width b is increased, 
the cross-sectional frequencies (f) are reduced provided other 
quantities (2cc, d, L, in, E, p and y) are kept constant. 	This is 
also evident from Figures 4.7, 4.8, 4.9 and 4.10 where three 
widths are compared in each Figure for 20(= 60 0 , 900, 120
0 
 and 
1500  respectively for cantilever beams. 	These figures clearly 
show that frequencies (f) associated with cross-section distortion 
(n=2) reduce for the same value of in. 
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Further figures 4.17 and 4.18, besides showing the effect of 
b on f for n=2 for free-free beans also show the reduction of 
frequency for increased b for higher cros,s-sectional distortional 
(n=4) frequencies. 
In Figure 4.22 the two curves for the same d (= 0.250 in) 
and two different width ( b = 3" and 211) can be compared where 
f for antisymmetrical cross-sectional modes (n=3, 5, and 7) are 
plotted against m. 	The experimental points in the case of 
antisymnetrical cross-sectional modes also show that as b is 
increased for the same in, f is reduced. 
Now, while the other dimensions of the beams are kept 
constant and only b is altered, we have seen that from the 
experiments as well as equation (5.3) that for the same in the 
frequencies associated with bending (transverse or lateral) 
increases as b is increased. Whereas the frequencies associated 
with cross-sectional distortions (symmetrical, as well as 
anti-symmetrical) decrease as b is increased. , This would shift 
the "transition point t1 .to a lower in value,' as well as to lower 
frequency value for increased b. . Thus an increase in width 
shifts the coupling region towards a lower number of axial nodes 
and the corresponding frequencies are also lowered. Figures 4.1T 
and 4.18 show the same trend for the coupling region for two of the 
beams compared in each figure. 
5.3.4 Included Angle "20(" 
In the equation (2.56) for the torsional frequency factor the 
texts are independent of the included angle 2cx. Therefore as long 
as all the other dimensions are kept constant the torsional frequencies 
are not altered at all by variation in 2cx. 
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This holds good to the first appioximation where the effect of 
coupling due to lateral motion is considered negligible. 	In 
Tables 5.1 to 5.3, results from beams having four different angles 
(2c(= 600,  90° , 1200 and 1500 ) are compared. 	In each table the 
other dimensions are kept constant (b, d and L). 	The frequencies 
for different angles, but for the same number of axial nodes in 
can be seen to be hardly affected. 
The uncoupled frequency equations (2.69) and (p.11) for 
transverse and lateral bending, cross-sectional motion odd and 
even nodes have section constants (,0(z) which depend on the 
included angle 2o and Pi .and shape function constants (a 1 , a2 , 
a 3 and a4 ), which depend on 2cc and n. Even by knowing how these 
constants vary with the 2a, it is difficult to visualize, the 
effect of the variation on Q. 	The uncoupled frequency factors 
for transverse and lateral bending 	and 	calculated for 
various angles (2o(= 60, 90, 120 and iso) are plotted against  
in Figure 5.9 and 5.10 respectively. 	The transverse bending 
frequencies increase as 2uis reduced (Figure 5.9), whereas the 
lateral bending frequencies decrease as 2c is reduced (Figure 
s.io). 	This is understandable in view of the fact that as the 
included angle is altered the stiffness of the section about the 
two principal axes alter, but in different senses. In Figure 
4.20 the natural frequencies (f) plotted against the number of 
axial nodes (m) for six different angles (2o= 90°, 105 120; 135 
150°  and 165D and in Figures 4.13 and 4.14, f plotted against in 
for four different beams ( 2oc= 600, 90; 120 and isoD show this 
tendency for the frequencies associated with transverse bending. 
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The effect on uncoupled cross-sectional frequency factors 
(c2) due to variation of 2°' can be studied by plotting 
against A for various values of 2cc. Such a plot for odd and even 
n is shown in Figures 5.3 and 5.11 respectively. 	From these 
figures we note that for a constant Ain the case of even 
n(2,4,6,...) Q//ivalue decreases as 2cc is reduced (Figure 5.11), 
whereas in the case of odd n(3,5,J,...), Q /fjvalue increases 
as 2cx is reduced (Figure 5.3). 	Hence for beams having constant 
(with b,. d and L also constant) if 2ois varied the natural 
frequencies associated with cross-section distortion would also 
vary in similar manner as shown by the curves in Figures 5.3 and 
5.11. 	In Figures 4.14 and 4.20, we see that the frequencies 	(f) 
associated with cross-sectional distortion (even n) does decrease 
as 2cxis reduced, but this seems to be true only for lower values 
of m, precee ding the coupling region. After the coupling region 
there is some discrepancy between the experimental results. 	In 
Figure 4.13 f associated with n=2 for the same m decreases with 
the decrease in 2cc,, as the calculated values indicate (Figure 
5.11). 	In Figure 4.14 the frequencies f for various 2oare 
so near to each other that it is difficult to reach a conclusion 
However in Figure 4.20 where six beams with different 2cc are compared,. 
we see that for the same in as 2cc is increased f is reduced. 
The experimental results in this figure are consistent forfrequencies 
associated with in = 2, 4 and 6. 
The calculated values of coupled (transverse bending and 
symmetrical cross-sectional distortion, n=2) frequency factors for 
various 2ec(60°, 90°, 120° and iso°) for a typical value of 3(= 0.15 x 
1073 ) are plotted againstAin Figure 5.9. (see  P. ioi) 
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From this. figure we can see that the reduction in 2cc shifts the 
"coupling region" to a lower value of A and also to a lower Q. 
The coupling seems to be more effective as 2cx is reduced. 	In 
the case of coupling between lateral bending and antisymmetrical 
cross-sectional distortion (n=3) the increase in 2cc shifts the 
"coupling region" to lower value of A. 	In the antisymmetrical 
case also the coupling seems to be more effective as 2cc is 
reduced (Figure 5.10) (see p. 102) 
5.3.5 Non-dimensional parameter "n" 
For beam sections with constant width b, as the thickness .d is 
decreased the parameter p(= d 2/12b2 ) is also decreased. Similarly 
for constant thickness d, as b is increased the parameter P is 
again decreased. 	In both these cases we see that the changes 
made in the dimensions effectively make the walls of the beam 
thinner. Therefore the parameter P can be taken as a measure of 
the thickness of the walls of the beams, bigger P means thicicer 
beam. 
We have seen earlier that to first approximation the frequencies 
associated with the bending (transverse and lateral both) are 
not affected by a change in this parameter. However P 0 and 11Pare 
dfrectly proportional to iW. The experimental and calculated 
values of P0 for various values of P areplotted against Am 
Figures 5.12 and 5.14. 	In both the figures, we see fair agreement 
between the experimental and calculated values, thus confirming that 
for the same A as P increases, P is also increased. 	In Figure 
5.12, it should also be pointed out that for two beams having 
different values of d and b but same P = 0.075 x 1073 (Beam No. 3 
and 13), all the experimental points lie on the same curve. 
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Figure 5.42 is a replot of Figures 5.12 to 5.15. 	In this figure 
the experimental Q/t/ (torsional) for 10 values of P is plotted 
against A, and compared with the calculated values. All the 
experimental points lie on the same curve. 
In Figure 5.17 the two beams with different b and d but the 
same (= 0.075 x 1C3) are comparedfor coupled Q (transverse and 
(n=2). All the experimental points lie on the same curve and they 
compare well with the calculated values. Q (coupled n.=0&n=2) 
for various values of P plotted against A are shown in Figures 
5.18, 5.19 and 5.40, 5.44. In all these Figures we see the 9 
associated with n=2 increases as f3 is increased. In Figure 5.41 
it should also be noted that experimental values of 9 associated 
with n=0, for various values of P lie approximately on the same 
curve except near the "coupling region". This has already been 
shown in Figure 5.1 for P x 10 from 0.01 to 2.5. 	In this 
Figure the effect of P on the "coupling region" can also be seen. 
As P increases the coupling region moves towards a higher value of 
A and Q. 	Here it should be pointed out that as P decreases 
the beam is of thinner wall, and this has the effect of bringing 
the coupling region to a lower A and 9. Hence the thinner the 
beam, the more practical importance the coupling takes. 
In Figures 5.43 to 5.46 and 5.48 9/ /' associated with even 
number of cross-sectional - nodes is plotted againstA. 	These 
figures are replot of Figures 5.16 to 5.32, showing that the 
experimental points lie on the same curve, if these points are 
away from the effect of coupling. 	In these regions they also 
compare well with the uncoupled values of 
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Similarly for Q associated with odd nodes we have Figure 5.39, 
showing the similar tendency i.e. Q increases as P increases. 
The replot is shown in Figure 5.47. 	The effect of reduction in 
on "coupling region!' in the case of lateral and antisymmetrical 
cross-sectional distortion coupling is similar to the one discussed 
for coupling of transverse and symmetrical cross-sectional 
distortion and is shown in Figure 5.7. 
5.4 INSTABILITY REGIONS 
5.4.1 Comparison of Experimental and Calculated Values 
Some typical experimental results for instability regions 
are shown in Figures 4.24 to 4.26. 	Most of the experimental points 
1±e on straight lines forming the boundaries for instability regions. 
At a given value of base acceleration (a) for a beam, from equation 
(2.125) we can calculate the frequencies () at which a parametric 
or a combination resonance occurs for a particular mode of 
vibration. However for the purpose of comparison the experimental 
frequencies have been non-dimensicnalised to the form 
the experimental frequencies () being divided by the experimental 
values of p and p.. For parametric resonances p = p, whereas 
for combination resonances p4p.. 
Non-dimensional plots of [w/(p çi-p)] against the base 
acceleration (a/g) for typical regions under axial excitation are 
shown in Figures 5.49 and 5.50. 	The calculated values of 
were obtained from equation (2.125), substituting the 
values of Vi, P and 
Q.,for 
 the required i and j. 	Instead of 
calculating r and pj for a given i and j (from equations in 
section 2.7), experimental values of p and p were used to 
calculate P.. and Q.. from equation (2.126). 
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This was done to improve the accuracy of the calculated instability 
regions. 	The experimental values were obtained for support 
acceleration up to 12.49, within this acceleration value the 
calculations also show that the boundaries of the instability 
regions are linear. 	Therefore comparison of instability regions 
at a constant value of acceleration is considered sufficient. 
Except in Figures 5.49 and 5.50, all other figures (5.51 to 5.72) 
the instability regions are compared for a constant value of support 
acceleration (viz. 12.4g). 
In Tables 5.28 to 5.74 (Appendix D the experimental and 
calculated values of instability region for a constant acceleration 
(12.4g) are compared. 	Percentage differences between these two 
values are also given in the last column. 	TU = w/p119 (the 
ratio of the excitation frequency w and the fundamental longitudinal 
frequency p11 ) and 	= ' w' (the ratio of the excitation frequency 
w and the fundamental transverse frequency p,,) , are also tabulated 
under the column "frequency ratio" in these tables for instability 
range under axial and transverse excitation respectively. 	In most 
cases the calculated values for the parametric resonances compare 
well with the experimental values. 
In the case of combination resonances, specially when the 
number of axial nodes for the two combining frequencies are far 
apart, the calculated values of instability regions do not compare 
so well with the experimental values. The width of the instability 
region is much wider than the width predicted by calculations. 
In experimental work for some resonances the increase in the dB 
level as the frequency approached the instability region was gradual. 
In such cases the accurate determination of the boundaries of the 
unstable region was rather difficult. 
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This is one of the reasons for the discrepancy between the 
experimental results and the calculated values. 
Another reason for the disagreement between calculated and 
experimental values could be attributed to the assumptions made 
in Section 2.8 while seeking the solution for the differential 
equations of motion (2.78). For example the assumption 
Xi 
 = sin Mx = sin(2m+1)it/L 	...(D.5) and (D.17) 
as a characteristic function for a cantilever bean is rather an 
over simplification specially for initial values of in. 	Hence for 
the low values of 	any reasonable agreement of experimental 
and calculated values is not expected. 
In Figures 5.51 to 5.54 the experimental and calculated values 
of instability region (o.,/2p) under axial excitation are plotted 
against y'1 . 	 Most of the experimental points lie close to the 
calculated values. Due to lack of enough experimental points while 
the beams were excited transversely, these points have not been 
compared with the calculated values by plotting (w/2p) against Tw• 
5.4.2 Effect of Longitudinal and Transverse Vibration 
From equations (2.86) and (D.14), we see that when 1u equals 
unity the quantity Q is infinite. 	Therefore for ij=i , theij 
instability region (w/2p) also becomes infinite. 	The experimental 
results (see Figures 5.51 to 5.54) also show that as long as the 
value of the excitation frequency is not near the value of the 
longitudinal frequency of the beam, the width of the instability 
region for various modes of vibration does not alter significantly. 
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 increases, and its value approaches to unity, we can 
see from these figures that there is.a considerable increase in 
the width of the instability region, reaching a maximum value for 
1 approximately equal to unity. Further increase in the value 
of yU, shows a considerable decrease in the width of the 
instability region, till the width again settles to a fairly constant 
value. Thus if a beam has a parametric resonance frequency near 
to the longitudinal frequency, the width of the instability is 
increased considerably. 	Calculations (see Figure 5.56) and the 
experimental values (Tables 5.46 to 5.52) for combination resonances 
also indicate a similar tendency. 
Figures 5.51 to 5.54 also show that for except yU r.1 , the 
width of the instability region for YuCl  is always greater than 
the width for YU>l. 
Under transverse excitation also as the excitation frequency 
() approaches to one of the natural transverse frequencies 
W2' 'w3 .), the calculations show a considerable increase 
in the width of the instability, regions (see Figures 5.69 to 5.72). 
However not enough experimental points could be obtained to show 
this effect clearly. 
Figure 5.55 shows a typical comparison of the width of the 
instability regions under axial and under transverse excitation of 
the beam. 	In this figure for beam number No. 1 the calculated 
value of [(ci,/2p)-1] is plotted against the number of axial modes (m) 
in torsional mode (n=1) for both axial and transverse excitation. 
In both cases, as discussed previously the width of the instability 
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Further, except for initial values of ni, the width of the region 
under axial excitation is greater than the width of the regions 
under transverse excitation for the same mode of vibration. 
It should be noted that in Figure 5.55, [(w/2p) -i] has been 
plotted on log-scale, so that the large increase in the width of 
the region near one of the natural transverse frequencies can be 
shown clearly. 
5.4.3 Parametric and Combination Resonance 
In Figure 5.56, a typical plot of the calculated values of 
[w/(p.+p.)] againstY for (j-i) = 0, 1, 2, and 3 is shown. 	For 
parametric resonance (j-i) = 0 and for combination resonance 
(j_i)> 0. 	The width of the instability region for a constant 
YU is always more in the case of parametric resonance than for 
the combination resonance. 	Further as the difference between 
the number of axial nodes for the combining frequencies in the 
combination resonance increases, the width of the instability 
region for a constant Y decreases. From the figure we can also 
see that for (j-t)>3, except for yl the width of the.instability 
region is almost insignificant compared to the width in the case 
of the parametric resonance. 
5.4.4 Torsional and Cross-Sectional Modes 
A typical plot of [w/2p] (calculated values) against y for 
torsional (n=1 ) and cross-sectional (n=2) modes is shown in 
Figure 5.57. 	For a constant y, the width of the instability 
region for n=1 is greater than the width for n=2. For 
there is hardly any difference between the two instability regions. 
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For transverse excitation the calculated values of [(w/2p)- 1] 
re plotted against m for n=1 and n=2 in Figure 5.58. 	In this 
case also, except for excitation frequencies near the natural transverse 
frequencies of the beam, for a constant m,the width of instability 
region is always greater for n=1 than for n=2. 
Hence in both the cases i.e. axial or transverse excitation 
for the same yu
or y respectively, the width of the instability
11 
region in torsional mode is greater than in cross-sectional mode. 
5.5 EFFECT ON INSTABILITY REGION DUE TO VARIATION IN BASIC 
DIMENSIONS OF BEARS 
The calculated values of the instability region from Tables 
5.28 to 5.45 for axial excitation and 5.53 to 5.70 for transverse 
excitation are plotted in Figures 5.59 to 5.72. 	In each 
figure the beams are grouped in such a manner as to enable the 
study of the effect on instability region due to the change in one 
of the dimensions, while keeping the other dimensions constant. 
In all these figures only the upper half of the instability region 
for a constant acceleration (= 12.49) is plotted. 	This is 
sufficient for the purpose of comparison of the width of the 
instability region. For studying the effect on the instability 
region (for same number of m,n=i and n=2) under axial excitation 
[(co/2p)-1] (on log-scale) is plotted against in (linear scale) in 
Figures 5.66, 5.68 and 5.70. 	Replots of these figures are shown 
in Figures 5.59 to 5.61 (w/2p plotted against 	respectively. 
In Figures 5.67, 5.69, 5.71 and 5.72, [(w/2p)-1] (on log-
scale) is plotted against y for studying the effect on instability 
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Parametric Resonance under axial excitation (Cross-sectional nodes,n=2) 
Instability Region. 
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1 54. 
In case of n=1 log-scale is chosen for 
There is no significance in the choice of scale (log or linear) 
in these figures. 	Presentation of the results in the best form 
was the main consideration. 
In the following sub-section the effect due to variation in 
each dimension is discussed separately. 
5.5.1 Length "L" 
• (see Figures 5.59; 5.62, 5.66 and 5.67). 
• Four different lengths are compared in each figure. 	From 
all these figures we see that except when the excitation frequency 
is near the longitudinal frequency (Figures 5.59, 5.62 and 5.66) 
or near one of transverse frequencies (Figure 5.69)., the effect of 
reducing the length is to reduce the width of the instability 
region for the same number of axial nodes, m (Figure 5.66), or the 
value of Tu (Figure 5.52 and 5.62), or the value of yW (Figure 5.67) 
as the case may be. 	In the case of cross-sectional mode (n=2) tinder 
axial excitation.(Figure 5.62) for yC0.5, this is not true. 
It is difficult to lay down the exact trend in this region due to 
change in length L. 
5.5.2 Width "b't 
(See Figures 5.60, 5.63, 5.68 and 5.69). 
Three different widths (b=2.0'9'1.5" and i.o") are compared 
in the case of torsional modes [Figures 5.60, 5.63 and 5.68(a)], 
whereas only two widths (b=2.0" and 1.5")couldbe compared for 
cross-sectional modes [Figures 5.63 9 5.68(b) and 5.69(b)]. 	Beams 
with width b=1.0", have starting values of the frequency ratio 
and 	higher than the maximum values of y U and 	compared 
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The effect on the width of the instability region due to 
reduction in this dimension (b) is also to reduce the width of 
the region as in the case of length. 	However in the present 
case this is true only for axial excitation (Figures 5.60 and 5.68). 
While the beams are excited transversely the width of the instability 
region is not affected by the change of the dimension b (Figure 
5.69). 	Of course if the excitation frequency is near the 
longitudinal frequency, then as before for the same m, the effect 
on the instability region due to change in b cannot be described 
accurately (Figure 5.68), because in such cases the effect of the 
longitudinal vibration predominates. 
5.5.3 Thickness "d" 
(see Figures 5.61, 5.64, 5.70 and 5.71). 
Three different thicknesses (0.030", 0.050" and 0.060 11 ) have 
been compared in each case. 	The width of the instability region 
is decreased as the thickness "d" of the beam is increased for the 
same Y. (Figures 5.61 and 5.64) or yW (Figure 5.71), while the 
other dimensions (b, L and 2rx) are kept constant. 	In Figure 
5.70,[(/2p) - i] has been plotted against M. 	Here also we can 
see that for the same m the width of the instability region 
decreases as the thickness "d" is increased, except near the 
longitudinal frequency of the beam. 	Figures 5.61 and 5.67 are 
the replots of Figures 5.70(a) and (b) respectively. 
5.5.4 Included Angle "2a" 	- 
(see Figures 5.51, 5.53, 5.65 and 5.72). 
Longitudinal and torsional frequencies are not effected by the 
change of this dimension, whereas the frequencies associated with 
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Therefore in the case of axial excitation, the width of the 
instability region for torsional modes is not effected due to 
change in 2cc. 	This is confirmed by experimental results plotted 
in Figure 5.51. 
Since the change in 2" does not bring any considerable change 
in the frequencies associated with the cross-sectional frequencies 
for n=2, under axial excitation t) instability region, as in the case 
of torsional modes, :t not affected due to a change in 2cc. 	This 
is confirmed by plotting the calculated values of (w/2p) against 
YU in Figure 5.65for four different angles. 	Ignoring the scatter 
in results, the experimental points plotted in Figure 5.53 for 
different angles confirm that under axial excitation the 
instability regions for cross-sectional modes are not affected by a 
change in 2oc. 
However, in the case of transverse excitation a change in 
2cc, effects the width of the instability region. 	For torsional 
modes an increase in 2cx increase the width of the instability region 
for the same Tw' as shown in Figure 5.72(a). whereas for cross-
sectional modes (n=2), an increase in 2(x decreases the width of 
the instability region for the same y,  as shown in Figure 5.72(b). 
Further for higher y W , the width of the instability region is 
almost unaffected due to the change in 2cc. 
5.6 SUMIIARY 
In Table 5.75 the summary of effects (discussed in Sections 
5.3 and 5.5) due to variation in beam dimensions is given. 	This 
table enables one to note at a glance the effect on frequency, 
coupling region and width of instability region due to change in 
any dimension. 
Effect on Frequency Associated Effect on Effect on the Width of 
with Motion Coupling Instability Region 
Reduction _________   Region 
in Axial 	Excitation Transverse Excitation 
n=1, n=2 n=1 n=2 dimension 0 V W F 
Torsional Lateral Transverse Cross-sectional V-F W-P Torsional X-sectional Torsional X-.sectional 
even n 	odd n Modes Modes Modes Modes 
Length "L" t t ft t 
Thickness "d 4, 4. 4, t ft ft ¶ 
Width "b" t ft t ft 4, 4. 0 0 
Parameter 0 0 0 
Angle 2o 0 - - 0 0 
Symbols: 4 decrease ; 	shift to lower m ; 0 no effect 
ft increase ; .. shift to higher a * not investigated 






6.1 COUPLING OF MOTIONS AND NATURAL FREQUENCIES 
The frequency equations derived show the possibility of the 
coupling of various motions, as described below: 
Lateral and Torsional motions (v-U coupling)- Due to the 
coupling of these motions torsional frequencies are not affected, 
whereas the lateral frequencies increase slightly. 	The torsional 
frequency factors (Q0 ) obtained experimentally compare well with 
the calculated values of Q0 . 
Transverse motion! and symmetrical cross-sectional distortion (w-
coupling) -.The coupling of these motions is clearly shown by the 
experiments. 	Except for some disagreement in the "coupling region", 
the calculated and experimental values of frequency factors (g) show 
close agreement. 	For shallow angles (2oc>1500),  this agreement 
deteriorates. 	 - 
Lateral motion and antisymmetrical cross-sectional distortion 
(V-F coupling) - The experimental values of Q associated with 
antisyinmetrical cross-sectional distortion (n = 3,5,7,...) do 
not compare well with the calculated values. Some further 
experimental study of the V-F coupling would be useful. 
The effect on the frequencies and the coupling regions due to 
the variation in the basic dimensions of the beams are described in 
the following: 
(a) Roughly the effect of the reduction in the axial length or the 
width of the beam is to increase, whereas a reduction in the 
thickness of the beam is to decrease all the frequencies. 
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The torsional frequencies are not affected by a change in the 
included angle, whereas the frequencies associated with the 
transverse motionincrease and the frequencies associated with 
the lateral motion decrease as the included angle (2() is 
reduced. 	The frequencies associated with the cross-sectional 
distortion decrease for even number of nodes (n=2, 4, 6,...) 
and increase for odd number of nodes (n=3, 5, 7,...) as 2ois 
reduced. 
The "coupling region" shifts towards lower number of axial nodes 
- (m) for reduction in length, or thickness and for increase in 
width. 	Hence a decrease in the value of f3 shifts the "coupling 
region!' to a lower m. 	The reduction in 2N shifts the "W-F 
coupling region" to a lower in and the "V-P coupling region" to 
• a higher m. 
The first cut-off frequencies (i.e. m=O and n=2) can be of the 
order of the lower overtones of the transverse bending mode, 
indicating that the cross-sectional frequencies may be of 
practical importance in applications to open-section thin-
walled structures. 
6.2 INSTABILITY REGIONS 
The experiments clearly show that the support motion of a 
cantilever bean in axial or transverse direction can excite 
parametrically (parametric and combination resonance both) torsional 
(n1 ) and cross-sectional (n=2) modes. 	Fair agreement between the 
experimental and calculated regions of instability for these modes 
imdei axial excitation has been obtained (specially for the parametric 
resonance); under transverse excitation the results do not compare 
so well. 
1 67. 
In the following the effect due to various factors on the 
width of instability region for a constant value of support 
acceleration is given 
The width of the instability region becomes very large (theoretically for 
the assumed case of zero damping it tends to infinity) as the parametric 
or combination frequencies in either mode of vibration approaches to 
the value of the longitudinal frequency under axial excitation. 
Experimental results show this effect. 	Similarily under transverse 
excitation the width of the instability region reaches its peak 
as the parametric frequency approaches one of the natural frequencies 
of transverse vibration. 
In general except for parametric frequencies near to one of 
the natural frequencies of transverse vibration, the width of the 
instability region in the case of transverse excitation is less than 
in the case of axial excitation. 
In both types of excitation parametric resonance has a larger 
width of instability region than that of combination resonance. The 
width of instability region In torsional modes (n=1) is greater than 
that of cross-sectional modes (n=2). 
(a) Roughly the redubtion of axial length or the width of the beam. 
reduces the width of the instability region, whereas a reduction in 
the thickness increases the region's width. 
(e) A change in 2cc does not effect the instability region in 
torsional or cross-sectional modes under axial excitation. However 
under transverse excitation an increase in 2(x increases the width of 
instability region in torsional modes, but decreases the region's 
width in cross-sectional modes. 
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SHAPE FUNCTIONS AND EVALUATION OF CONSTANTS a.. 
A.1 Notations 
Notations exclusive to this Appendix are listed below. Notations 
not listed are principal notations. 
kb 	 Characteristic roots of Frequency Equation (A.15) 
A = d.SL Section area 
B1 , B2 Defined in equations (A.16) 
O l t C, C31  C
4 Arbitrary constant of the shape function (A.9) 
Fl , F6 Constant defined in equation (A.27) 
i Second moment of area under consideration 
, 114 Integrals defined in equations (A.25) 
1 	... .. 
Integrals defined in equations (A.26) 
N, Q, R Normal, shear and Resultant 
Force respectively 
(See Figure s.i) 
= - F6/lcbF4 	for n = 2, 4, 6,... (even) 
= - kbF5/F3 	for n = 3, 5,7,... (odd) 
A.2 Shape Function for Even Number of Nodes of Cross-section 
Distortion 
Considering only one arm of the angle section beam. Let this 
be of length SL as shown in Figure A.1 (a). For the determination 
of the shape function only the motion in the plane of the section 
need be considered, using the axis system, Oyz as shown. Let w 
be the deflection in the z direction and N,Q be the normal and 
shear force respectively at the apex, i.e. at y--O. Assuming the 
slope at the apex is zero, the following four boundary conditions 
















w,y]y=o 	= 0 
= Q 	 ...(b) 
EIw,fl]y=b = 0 
EIwy]yb =0 	
(d) 
where a co-ordinate subscript preceded by a , denotes differentiation 
with respect to that co-ordinate thus 
wt,yyy = 
If it is the resultant of the two forces N and Q due to the symmetry 
of the motion in the two arms it should be horizontal 
.. N/Q = tancx 
Further the normal force N is given by 
-N = (cAb)V,tt 	 . . 	...(A.3) 
here A = d,SL = area of the cross-section of the an with dimensions 
d. and &L as shown in Figure A.1(d). 
WV = tan 
From equations (A.2), (A.3) and (A.4) we can write 
(pAb)ii tt= - Qtan2a 
and further from equations A.1(b) and (A.5), we can eliminate Q 
and write (at y=O) 
EIw 7 = - (pAb) ;W , tt cot  2cx 	 . 
here I = second moment of area of the cross-section considered. 
I] 
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The equation of motion for an element of the an considered is 
given by 
EIw ,y 	+ 3Ty3T 
= 0 
assuming for a normal mode oscillation 
w(y,t) = B(y)sin pt 
where B(y) is shape function of the form 
B(y) = C1 
 sinicy + 02 slit icy + 03 cosky ± 04 cosh ky 	...(A.9) 
from equations (A.5), (A.?) and (A.8), we can write 
?=ic4 
Substitution of equations (A.8) and (A. 9) in equations (A.1) gives 
the following set of equations 
from 
A.1(a) ... 	lc0 +k02 =0 
A.1(b) ...—k301 + k302 = [()p2cot2cx](C3 +04 )  EI 
A.1(c) ...—k2o 1 sinkb + k2C2sinblcb - k2c3coskb + k2 a4coshkb = 0 
Li (d) ...—k 3C coskb + k3c2coshkb + k3o3sinkb + k3C4sinhkb = 0 
Substituting value of p 2  from equation (A.10) in equation (A.11) and 
expressing in matrix form, we get 
1 1 0 0 
—1 1 —kbcot2cx —kbcotX 02 
= 	o (A. 12) 
—sinkb sinbkb —coskb coslikb 03 
—coskb coshkb sinkb sinhkb 04 
1 1 0 0. 
-1 1 -lcbcot2 oc -kbcot2cx 
-sirilcb sinkb -coskb coshkb 
-coskb coshkb sinkb sinhkb 
A = me 
The determinant 
178. 
is the frequency equation. 
Expanding the determinant from equation (A.13) and defining 
F6 = (coskb sixThkb ± sinkb cosblcb) 	 1 
t...(k.14) 
P4 = (i + coskb coshkb) 	 j 
we get 
A =F6 +kbF4 cot 2cx=0 
or we can write 
-F6/kbF4 = cot 2 cx 	 ...(A.15) 
Now for o(= 90
0 we get frequency equation 
coskb sinhkb+ sinkb cosbkb = 0 
this confirms with the usual frequency equation for free-free straight 
beam of length 2b and for even number of nodes. 
To find the shape function for a particular angle, a value of 
kb has to be determined which satisfies the equation (A.15). A 
plot of , where = - F6/kbF4 for various values of kb is shown in 
Figure (A.2). The three curves shown are for n = 2, 4 and 6 
respectively, similar curves can be drawn for higher number of even 
us. For accurate determination, the curves can be re-drawn for 
each number of nodes (n) separately and kb can be read for known 
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Figure A.3: Plot of against kb for n=2. 
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Alternatively, knowing approximate values of required kb, a 
calculation can be performed to find kb to any required accuracy 
by satisfying the equation- cot 2 o( 0. Values of kb determined 
for various included angles 2cx and cross-sectional nodes n are given 
in Figure (A.4) and Tables (A.1 &A.2). 
£3 Evaluation of Constants a..a 
The shape function assumed is 
B(y) = c1 sinky + c2sinliky + C3cosky + C4coshky 
From equation A.11(a) 	C1 = - 02 
and further defining 	B1 = 03/01 	 . .(A. 16 ) 
B2=04/01 	
j 
we can write equation (A.9) as 
B = sinky - sinhky + B1 cosky + B2coshky 
B1 and B2  can be found from equations (A.11) which are 
B1 = (F 4 - Fl )PG 
B2 = (P4 + F1 )/ 5 
where F1 = sinkbsiflbkb 	
...(A.19) 
Now d1±erentiating B with respect to y,. we get from equation 
(A.17) 
B 	= k(cosky - cosbky - B1 sinky + B2coshky) 	
.(A.2o) 
B,yy =-k
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Figure A.4: Plot of kb against included angle. 
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Therefore 
[sin 2ky + sinh2k3r + B Cos 2ky + 4 cosh 2ky] 
B2 	= 	+2[—sinkysirthky + B 1 (sinlcy - sixthky)cosky 	 ...(A.21) 
+B2 (sink3r - sithñcy)coshky + B1 B2coslcycoshky] 
Ices 21r + cosh2ky + 4sixi2ky + 4sinh2ky] 
B27 = 	±2 [—cosrcoshky - B1 (cosky - cosiiky)sinky 
+B2 (cozky - coshky)sinbky - B 1 B2sinkysinbky] 
[sin2ky ± sinh2ky +Bcos2ky + 4 coshk3r] 
B2 	= k4 +2[sinkysixthk3r ± B1 (sinky + sinhky)cosky 
'77 
—B2 (sinky ± sithilcy)cozhky - B 1 B2coskycoshky] 
BB 	_k2{ [sin 
	- sinh2 + Bcos 	- 4cosh2] 	
} ...(A.24)
tyy 	
[+2[B1 sinicycosky + B2sir.hicycoshky] 
Defining 
Ii 
=J_fb sin  kydy = 	(i —coskb)/kb 
12= sixth Icy dy = —(i - coshkb)/kb 
13 = cosky dy = 	(sinkb)/kb 
14 = b o 
COShky dy = 	(sixThkb)/kb 
15 = f sinky dy = 	(2kb - sin2kb)/4kb 
16 = 4c' 
1b 
o 
sinh2ky dy = —(2kb - sinh 2kb)/4kb 
I ,), = g J cos2 kydy = 	(2kb ± sin 2kb)/4kb 
18 = f cosh2ky dy = 	(2kb ± sixth 2kb)/4kb 
19 = 	inky sinhky dy = 	(- F5)/2kb ...U.25) 
.(A.25) cont. 
110 = ' sin Icy cosky dy = 	(i - cos2kb)/41cb 
=. 
lb 
1 sin Icy coshicy dy = 	(F1 - 5)/2kb 
112 = b 
Cosicy sixth Icy dy = 	+ F)/2kb 
113 = 4; f sixth icy coslilcy dy = 	—(i - cosh 2kb)/4kb 
114 = f co sky cosh ky dy -= (F6 )/2kb 
1 84. 
PrIm 
= -4 j ycosicyciy 
= j_ f'  ycosh2kydy 
=-4 j ysinicyãy 
N4 = 
Jysinh2kydy 
=-4 f ycoskycoshkydy' 
=4 1' ysinkycoskydy 
J7 = - f ysinkycoshkydy 
= -4 f ycoskysinhkydy 
= b 
ysinbkyvoshkydy  
110 = -4 f ysinkysinhkydy 
= (kb + kbsin2kb - siitcb)/4k2b2 
= (k2b2 + kbs±nh2kb - sinh2kb)/4k2b2 
= (k2b2 - kbsin2kb + sin 2kb)/4k2b2 
= (—k2b2 + kbsinh2kb - siith2kb)/4k2b2 
= 2(kbP6 ., F1 
= (sin2kb - 4kb sin 2kb)/8k2b2 
= 2[kb(P1 - P3 ) + coskbsixthkb]/4k 2b2 
= 2[kb(F1 + F3) - sinkb cosbkb]/4k2b2 
= (—sjnh2kb + 4kb sjnh2kb)/8k2b2 
= 2(—kbF5 + F2 )/4k2b2 
where 	 F1 = sinkbsinhkb 
F2 = coskbcoshkb 
	
= F'2 - I 	
. . .(A.27) 
P4 = p 	1 
F5 = coskbsixthkb - sinkbcoshkb 
F6 .= coskbsinhkb •+ sinkbcosbkb 
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Substituting the values of the integrals from equations (A.25) 
and (A.27) in equations (2.22) we have 
a = 1 b(x 4)B2dy 
0 b'ob 
= 	+J . 
+ BJ1 + 4 i 2 ) + 2[(B1 B2J5  -. 10 
+ 	- 	+ 	
- 	- ja1 } 	 ...(A.28) 
 Jd 
a1 = fB2dy 
= 	+ 16 + BI7 + 418) + 2{(B 1 B2I14 - i9 ) 
+ B1  ( 110- 112) + B2 (III- I13)J 
a3 =b3 fB2 dy ,y3r 
= k 4  b 4 ((15 + 16 + B 17 + 418) - 2[(B 1 B2114 - 19 ) 
- BI (,10* 112) + B2(111 + 113)11 
a =bfbB2dy 
= k 2  b ((17 + 	+ B 15 + 416) -2[(B1B219 + 114) 
+ 13i(Iio - 1) - B2(112 - 113)1} 
a5= bfbBB dy 
0 	,yy 
= - k2b2[(15 16  + 4i. - B22 
	2(B+ B1 110 + B21 13 )] 	...U.32) 
a6 = b f B , dYyy 
= -k2b2 (11 + 12 + B 1  1 3 - B214) 
	 ...(4.33) 
L b Bdy 
= (Ii - 	+ B 1 1 3 + 3214) 
	 ..(A.34) 
I A B L E Li 
***fl*******#nG*ENERGy CONSTANTS FOR VARIOUS INCLUDED ANGLES AND NUMBER Of CROSS-SECTIONAL NO0ES****t**4* 
ANGLE KB a0 	 - a1 a a3 a a a5 a,7 
41B2 B2dy. 2(2v1 a4-va5 ) b3 f 	B2 dy. b 	B 7d3r. b 	BB 	di. b 	Bdy. !.5b  My.  
N=2 
15 1.880 1.61373 0 1.87130 0 1.14970 1 2.36250 1 8.88623 0 1.57203 0 2.76520 0 	1.06380 0 
30 1.895 1.63450 0 1.92333 0 1.27183 1 2.5825@ 1 9.7277@ 0 1.50 1,2@ 0 2.89230 0 1.05553 0 
45 1,920 1.67213 0 2.02973 0 1.51013 1 3.00953 1 1.13640 1 1.3460@ 0 3.12460 0 	1.04180 0 
60 1.955 1.73180 0 2.23103 0 1.93610 1 3.76573 1 1.42693 1 1.02610 0 3.49873 0 1.02323 0 
75 .2.000 1.82562 0 2.61503 0 2.70850 1 5,12183 1 1.94980 1 3.52270 -1 4.08573 0 	1.00023 0. 
90 2.054 1.98080 0 3. 3886a 0 4.20673 1 7.71830 1 2.95520 1 -1.1565@ 0 5,02333 0 9.73730 1 
105 2.116 2.26763 0 5.11170 0 7.47053 1 1.32983 2 5.12620 1 -4.89740 0 6.60470 0 	9.450c'O -1 
120 2.184 2.90303 0 9.63200 0 1.59680 •2 2.76310 2 1.07290 2 -3.57810 1 9.53550 0 9.15810 -1 
135 2.251 4.77010 0 2.51723 1 4.52550 2 7.64280 2 2.98880 2 -5.68590 1 1.58793 1 	8.88530 -1 
150 2.310 1.38310 1 1.12613 2. 2.11213 3 3.50140 3 1.37743 3 -3.06323 2 3.40)13 1 8465960 - 1  
165 2.350 1.57600 2 1.68312 3 3.21180 4 5.26363 4 2.07853 4 -5.03100 3 1.31903 2 	8,50940 -1 
180 2.365 8.2265th 10 9.53333 11 1.82693 13 2.98250 13 1.17933 13 -2.93213 12 3.13970 6 1.21560 0 
N=4 
15 4.698 4.65490 -1 9.68843 -1 5.19320 1 4.73443 2 3.15410 1 -1.29570 1 -1.95380 	. 0 4.25720 -1 
30 4.710 4.70983 -1 9.84670 -1 5.34773 1 4.90823 2 3.24580 1 -1.33930 1 -1,96400 0 	4.24663 -1 
45 4.730 4.8,"33@ -I 1.01483 0 .5.64023 1 5.23503 2 3.41910 1 -1.42233 1 -1.96500 0 4.22800 -1 
60 4.762 4.95540 -1 1.06732 0 6.13713 1 5.78920 2 3.7139@ 1 -1. 56293 1 -1.968'3@ 0 	4.20013 -1 
75 4. 8u7 5.17770 -1 1.15770 0 6.97610 1 6.72340 2 4.21010 1 -1.80333 1 -1.97700 0 4116090 -1 
90 4.859 5.48020 -1 1.32392 0 8.46983 1 8.38473 2 5.09300 1 -2.23270 1 -1.99803 0 	4.10800 -1 
11)5 4.952 5.9225@ -1 1.66120 0 1.14120 2 1.16563 3 6.82873 1 3.0871*0  1 -2.04863 0 4.03850 -1 
120 5.061 6.57030 -1 2.46903 0 1.82530 2 1.92750 3 1.08523 2 -5.10070 1 -2.17343 0 	3.9516@ -1 
13 5.194 7.72083 -1 5.ut?333 0 3.92123 2 4.2703& 3 2.31453 2 -1.13500 2 -2151110 0 3.85050 -1 
150 5.336 1.15323 0 1.80733 1 1.45573 3 1.62420 4 8.53263 2 -4.35260 2 -3.62050 0 	3,74820 -1 
165 5.452 5.60493 0 2.37223 2 1.91120 4 2.16470 5 1.11470 4 -5.84380 3 -1.Ofl163 1 3.66780 -1 
180 5.498 2.78643 8 3.68463 10 1.35173 12 1.53903 13 7.86973 11 -4.1.652@ 13 7.49690 4 	5.11570 -1 
-S 
co a, 
T A B L E 1.2 
***fl**********ENERGY CONSTANTS FOR VARIOUS INCLUDED ANGLES AND NUMBER OF CROSS-SECTIONAL N0DES**t*fl*.t*t$ 
ANGLE KB 	a0 	 a1 	 a2 	 a3 	 a4 	 a7 
f["4]B2dy. 	Bd3r. 	2(2v1 a4- va5) 
15 7.851 	2.6730W -1 8.9093W -1 1.2728b 2 
30 7.864 1.5325W -1 8.9016W -1 1.32112 2 
45 7.876 	1.6920 -1 1.0157W 0 1.4334W 2 
60 7,895 6.7266W -3 1.0133W 0 1.4369W 2 
75 7.924 	1.1635W -1 1.00962 0 1.5530W 2 
9C 7.966 1.2851W -1 1.1298W 0 1.7684W 2 
105 8.027 -1.1826W 0 1.8686W 0 2.56882 2 
120 8.118 -2.80822 C) 2.2173W 0 2.95492 2 
35 8.247 -2.5174@ 0 3.1527a 0 5.5089W 2 
150 8.412 -6.62382 0 9.6295W 0 1.67222 3 
165 8.570 -5.4222W -1 1.0303W 2 1.8551W 4 
180 8.639 3.5945W 10 5.35282 12 9.65552 14 
N= 8 
15 1).997 -1.36532 2 6.9837W 1 1.01352 4 
30 11.002 2.1141W 1 9.30742 1 7.88632 3 
45 11.011 -1.16252 1 2.32502 1 1.0148W 4 
60 11.025 2.0957W 1 9.28810 1 7.90262 3 
75 11.046 	5.55512 1 2931762 1 5.6556W 3 
70 11.078 -3.6842W 2 6.93262 1 1.81502 4 
105 11.127 -1.01692 3 1.15030 2 1.02552 4 
120 11.204 -1.12252 3 13.13982 I 8.03082 3 
135 11.323 -1.013CW 3 4.52172 1 9.85572 3 
150 11.497 -1.2730W 3 6.6802W 1 1.2361W 4 
165 11.689 -1.9733W 3 1.0950W 2 2.4538W 4 
180 11.181 2.2472W 8 692388W 10 1.9964W 13  
b3fB21dY. 	bfB2 d3r. 	bfBBd3r. 
3.3952W 3 7.0723W 1 -4.7142W 1 
3.4040W 3 7.0774W 1 -5.5047W 1 
3.9085W 3 7.8760W 1 -5.5132W 1 
3.9371W 3 7.8952W 1 -5.5266W 1 
4.47742 3 8.7161W 1 -5.5466W 1 
4.589W 3 9.55882 1 -7.1691W 1 
7.7592W 3 1.5252W 2 -7.22472 1 
9.6297W 3 1.6236W 2 -1.1365W 2 
1.7948W 4 3.0513W 2 -2.0617W 2 
5.0589W 4 9.4210@ 2 -5.88812 2 
5.7222W 5 1.0353W 4 -6.7620W 3 
2.9820W 16 5.3828W 14 -3.53262 14 
1.7023W 6 8.44582 3 2.815-3W 3 
6.8185W 5 5.6330W 3 0.00002-99 
3.41750 5 8.4564W 3 2.8188W 3 
6.86112 5 5.6447W 3 0.00002-99 
1.03512 6 2.8278W 3 -2.8278W 3 
1.7402W 6 1.4180W .4 2.8360W 3 
1.C581@ 6 8.5457W 3 2.8486W 3 
7.20042 5 5.7363W 3 0.0000W99 
1.4866W 6 5.79742 3 -2.8987W 3 
1.94512 6 8.8295W 3 0.0000W-99 
1.2267W 6 1.4962W 4 -5.9849W 3 




























0 2.5443W -1 
o 2.54212 -1 
0 2.5390W -I 
0 2.53292 1 
o 2.52252 -i 
o 2.51142 -1 
o 2.4912W -1 
0 2.4631W - 
0 2.4240W -1. 
o 2.37712 -1 
1 2.33282 -1 
6 6.73662 1 
0 1.81870 -1 
0 1.8234W -1 
0 1.81642 -1 
0 1983.420 -1 
0 1.81062 -] 
o 1.80542 - 
O 1.80092 -1 
o 1.7851W -1 
0 1.7663W -] 
0 1.7396W -i 
o 1.71102 -1 
5 3.8728W -1 







From equations (2.37), (A.31) and (A.32) we can evaluate a 2 . 
The values of the constants a .. a 7 have been calculated 
for various angles (15 to 1800) for n = 2,4,6,8, and are given 
tabular form in Table Numbers (A.1 and A.2). ma value of V 
is assumed as 0.3 for evaluating a 2 . 
£4 Shave Function of Cross-section Distortion for odd Number of 
Nodes 
Fig. A.1(a) is redrawn below as Figure A.5(a), showing the 
deflection w in the s-direction for the anti-symmetrical case (i.e. 
At the apex (y = o) the normal and shear force N and Q respectively, 
with the resultant R is shown in Figure A.5(b). 
The bending moment EIw ,yy at apex (y = o) is now zero, whereas 
the rest of the boundary conditions remain the same as in the 
symmetrical case except that the motion at 0 must be normal to the 
centre line (see equation A.37 following)(i.e. even number of 
nodes, see equations A.1). 
189. 
Now the following four boundary conditions can be written 
	
= 0 	..Ja) 
IW 3ryy ] y=O = - 	
..(A.35) 
= 0 	.. (c) 
EIw,yfl]yb = o 	. . 
In antisymmetrical motion the resultant H in the two arms should 
be vertical /. QJN = tan 	o( ...(A.36) 
From Figure A.5(c), we also have V cosa+ w sincc= 0 i.e. 
- 	= Coto( 
From equations (A.3), (A.36) and (A.37) we get 
PAb,tt = Q cotcc 
Elimination of Q from equation (A.38) gives 
EIw 	= - 	tan 
2 oc 
assuming for a normal mode oscillation 
w(y,t) = B(y) sin pt 
where B(y) is the shape function of the form 
...(A.37) 
..(A.38) 
B(y) = C 1 sinky + C 2 sinbky + C3cosky + C4ccosbky 
From (A.8), (A.9) and (A.35), we get a set of equations corresponding. 
to equation (A.11), and an substituting p 2 = E1 jk
4  , we can express 
the resulting equation in the following matrix form, 
0 0 -1 1 
kbtan2O - kbtan2c* 02 
- sin.kb sixThkb - coskb coslikb 03 
- coskb coshkb sinkb sinhkb 04 
0 0 -1 1 
- kbtan2o( -1 1 - kbtan2oc 
- sinkb sinbkb - coskb coshkb 




is the frequency equation. 
From equations (A.27) we have 
F3 =coskb cosh kb-1 
F5 = coskb siniikb - sinkb coshkb 
Expansion of the determinant (A.41) can be expressed in terms of 
and F5 as follows: 
a = p3 +kbr5 tan 2a=O 
or we can write 
- kbF5/F3 = cot 2oc 
for = go° , we get the frequency equation 
coskb sinhkb - sinkb cosbkb = 0 
this is the normal frequency equation for a free-free straight beam 
of length 2b and for an odd number of nodes. 	= - kbF5/F3 for 
various values of kb is shown in dotted line in Figure (A.2), for 
three values of n (n = 3, 5 and 7). Accurate values of kb can be 
found as described in Section A.2.kb thus found are plotted against 




SOME TYPICAL CALCULATIONS FOR EQUATION (2.35) 
In writing equation (2.35), differentiation of g and Yj are 
required. These have already been defined in equations (2.11) 
and (2.25), as follows: 
= f, v 2 dx ; etc. - 
andv f V ,1 V , dx; etc. 




av1) have 	to be ,ax  av + 
worked out. 
U besides being a function of V 
I 
x , V 	is also a functionxt 
as shown in equation (2.34). Nowv itself by definition 
is a function of V and V
Y X 




( 	__L(_a )](u?v v 	dx) then Dv(U,tv) = - 	' at v ,xt 	' 	a ,x ,xt 
---[ufv &- -- (u fv dx)] 
ax 	,t 0 ,xt 	at 	,t 0 
Eu,tfV ax - (
i jXv dx+U 	fv dx)] 
- 	 ,xt 	,t a ,xt 	,tt o ,x 
= i 
where 	=1 I V dx V 0 ,X 
a 	a )__L..(_a 
also 	Dv [k aV 	at all 	V ,xt 
- - ..:[2g(! )- 2 --( 
ax 	V - 	 aV 	at V 3 ,xt 
V dx 
- 	 0 
V dx)] 
X 0 ,xt 
=_2_i[g fl y dx_(Vf1 V &+VfV dx)] 0 ,xt ' I 3x 	V o. ,xt 
= 2 - ( c) Zx 
192. 
a 	3 	 3 
and 	D VYW = - 1av - 	avax ,xt 
a 	 - .1. 
7x zv  
	
at 	IDV xt 
a 	fXv dx_j(fV dx)] 
xW 0 ,xt 0 tX 
= -f V,dx - 	
f' V 	+ t. f V , dx)] 0 ,xt 
= 
The dot denotes differentiation with respect to time t. 
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APPENDIX C 
DERIVATION OF FREQUENCY EQUATION 
(shear-Defamation Effects taken into Account) 
C.O Introduction 
It is necessary to include the shear deformation effects 
when considering the higher orders of lateral or transverse vibration 
with their relatively short-wave lengths. The frequency equation 
is derived by taking similar steps to those described in Chapter 2. 
For brevity only those terms (linear) which concern transverse 
motion and cross-sectional distortion are considered. 
C.1 Displacement ComDonents 
The total displacements in equation (2.12) can be written 
as 
U = - Z'$x,t) - ZBF X 
v= Wcosoc - zB F
py 
w= Wsincx+BF 
44x,t) is an independent function representing that portion of beam 
slope which is due to transverse bending. In writing U as - 
instead of - ZW , the shear deformation of the section under bending 
is taken into account. 
C.2 Strain and Kinetic Energy 
Substituting the values of u,v,w from equations (c.i) in 
equations (2.13), we obtain new values of strains 
.194. 
r. 	 -zBF x = 
	
x 	,x 	,xx 
€  
yy 	,yy 
e =0 zz 
y = (w — ') cosa- 2z B F ,y ,x 
Y =0 yz 
= (w 	— \t/)sjflch 
From equations (c.2) and (2.15), we get the following expression 
for total strain energy 
S = I 	 ±3W1 (w, 	
)2 + 2 S 	\#cF + 2S2 a 
x 
+S F +5pp5 FF, + 	
+ S 	F 2]& 	 ...(c.3) FF1 ,x 
where 
=VI E I Al 
 
In equation (0.4), shear coefficient Yj is introduced in strain 
energy coefficient S 	 to compensate for the inaccuracy introduced 
in its shear strain y.,= (W _)f) due to the bending displacements 
adopted in equations (c.i). 	In equation (0.2), the value of 
YxZ is independent of Z, whereas it ought to reduce to zero on the 
section boundaries. Hence by introducing this coefficient the 
variation of shear across the section is taken into account. 
The other strain energy coefficients have already been defined 
in equation (2.17). 
From equations (c.1) and (2.23) we get an expression for 
total kinetic energy as, 
195. 
T = f (T%fl W + TIq,,j tt + 2TjjF  W F,t + 2T1 t,t Ft 
x 
+ TFFF2t + TFF1 F2 )dx 
where kinetic energy coefficien1have same value as defined in 
equations (2.26). 
0.3 Equations of Motion 
S and T obtained from equations (0.3) and (0.5) are substituted 
in equations (2.30). 	The new value of Ii substituted in the Euler 
characteristic equations gives the following differential equations 
for the system. 
-p)+ S1wwP,n - T1 çtt] 
	
+ E 1 ,x + 5wn ';m - T 1 	= 0 ...(a)Xtt 
(W xx -f ) - \ ,IW w ,tt - r,P r ,tt ] = 0 ,  
MC. 6) 
+ swF1'P,x + TWF 	- T1 'e,xtt 
- 5Ffl ,xx + 5FP3 + FF F ,tt - 	Ftt 
=o ... (c) 
The longitudinal inertia tens can be omitted in equations 
(c.6). 	The remaining terms re-arranged can be written, in the 
following matrix form 
D 	B13 1 H D22 	B23 	W 	= 0 
B31 	D32 	D33 j F 
1 96. 
where the operator D. 13 are defined as follows: 
2 
= 	 - 
D12 = D21 = 	: 
2 
D13 = D31 = 	 + WFI 
	 .(c.8) 
B22  
B23 = D32  = TWP 7t 
2 	 :2 
B33 = FF1 4 - 
	+ 5FF3 + TFF -2) 
Elimination of V from equation (0.7) gives the two coupled equations 
in W and F, 
(D1 - D11 D22 )W + (D12 D13 - D11 D 	0 
	
2)F = 	1 
(D12 U13 -D11 D2)W + (D1 - D11 D3)F = a J 
Substituting the values of energy coefficients from equations 
(2.17), (2.26) and (0.4) in the operators Dii in equation (0.8) 
and assuming the W and F of the form as in equation (2.63), for 
solving coupled equation (0.9), we get the following two 
simultaneous equations 
F.WW1 Q+Fewpi ' = 0 ...(a) 	
.n(c.io) 
= 0 ...() 
197. 
= kwi- Q2) 
2) 
EUI = 1iF1 (c 	- Q sina 
= 	-4(4 - Q2) - %F2 4 sin 2 ] 
Q 1 	c4A4/k11 
NIF1 = pA2(a7A2 - 
= p(a1A 4 + a2J 2 + 
kwl = 1 + tcxA2 
klill= a7 kWj 
2 	2kWF2 _tkpj"A 
4 =a1+a4 
t = (1/nyj ) 
Equating the determinants of the coefficients Vt and F in 
equations (0.10) to zero, we get 
-. 	 A1 	- B,1  92 + 0w1?'I = 0 	 ...(c.12) 
where 
F1 = (41 4 - 	sin2) 
sin BWFj = 4 k(4 .wQF4W1kWF2 	1 + 2k)4 	
2 
 
cV = 4 kFn.4 - 	42 	4p14p1 2  sin o 
198. 
APPENDIX D 
DERIVATION OF EQUATION (2.91) 
In the following equation (2.91) is derived for the cross—
sectional modes as a typical case. 	For any other motion the 
procedure is similar. 
Substituting the series form assumed for from equation (2.90) 
in equation (2.89) gives 
Ca 	 . 	 cc 
D 	3 q.y + axds* ii L + ThU [J fx q1 dx] = 0 ...(D.i)  u4 
Now replacing. F for JP , we get 
Co 	 Co 
>1 qx = 	 iç — 	 + 3FF3 
ttl,2 
'I 
t —T FFi 	FF1 jJ 
to 	 Co 	 - 








', t 1,2 	 t. 1,1 
where dashes denote differential w.r.t. x i.e. () = 
where dots denote differential 	w.r.t. t i.e. C)  
Writing equation (2.84) in the following form 
U(x,t) = cU(x)cosciit 
where U(x) = (cosxux + Cu .sinXx) 
(D.2) 
Substituting U(x,t) from equation (D.3) in equation (D.2) 
and the resulting expressions when substituted in (D.1) we obtain, 
199 
Co 
— 	+ 	 — 	+ PF3x 
1.2 
	
+ q[S (*ç +.US) — 	
Xi + Ufdx)]Ccoswt}= 0 ...(D.4) 
UF 
,21-1 
Assuming 	=sin Mx,where N = " 2L 
x= sin NxwhereN(_ L 
and carrying out the Galerkin process over a limited number of modes 
I = it, the equation (D.4) becomes 
IiI(TFF1xixjdx — TpFlf4jxjdX) 
+ 	 FF140  .%dX — 3FP2 	 + 6Fp3 
'I 
+ q1C[S(f U%.)C.d.x + f" UX.DC.dx) 13 	0 13 
— Li) 1tF 	 + 1 U[ 
1 10x ]Xt1)]tD8wt = 0 
where j = 1, 2, ... n 
Now evaluating first the integrals without the excitation function 
U, we have 
f ,cxdx = 
= — N2 fr 	= _+2su 	 ..(D.7) 
J 1xdx = M4frc.xdx = 7IZI 4s. 
where 6 = Kronecker Deltaij 
=J1 	for i=j 
for ij 
Now evaluating the integrals with excitation function. U: 
Defining1 = N — N and A2 = N + N 
Noting the following trigonometrical identities 
sill, Mx sin Nx 4(cOsl\1 x — cosx2z) 	
(9) 
cos Mx sin Nx = 4(sinA1 x — sinX2x) 
we get 
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fr = 	 - Cu  cosxx)M siriNx sinNxdx 0 	13 
=1N2) t(sinAr CcosXx)(cOs), iX - cosx2x)dx 
= (9)(k-)[oLxIi - Cu12)j 
- (L)(N)11 - 	L 
J1 	= - frx2 (cosAx + CsinXx)McosMxsinNx&X 
0 13 	0 U 
= 4(Ii .)(AL) 2 f (cosx +CsinAx)(sinAiX_ sinx)dx 
L 
= (9)(4)X 142(13 + cI4)] 
\ (L\(N 
- '2 	2111 li 	
2 
1L0 Uc1x?x = J' (cosxu 	& 
x + GsiX)M cos Mx sin Nxd.x 
- - kL rL(cosxx + C sjnxx)(sinA1 x - sjnAx)dx 
- 2o 
= - 9) xi(i3 + 
= - (9) MU0 
f i[  fLdx]xdx 
= f1 1[ f McosMxdx]sinNxdx 
= 	U sinMxsiniixdx 
(cosX1 x — cos? 2x)dx 
	
2 	
- C cos\ x) 
= - 1&\ (.kL)(1 - C ,2)] 2 1 
- - fk)(t)u 
- 




= r L 1 sinXx(cosXix - cosx)dx = Ifi - 112 
12 = J• f• cosA x(uCOSAIX 
- cosx2x)dx 121 - 1 22 
13 = cosxx(sinXix - sinA2x)dx 131 - 132 
14 = fr sinXx(sinXjx - sinX2x)dx = 141 - 142 
.(D. -io) 
I = J 	 co&¼1Xdx 
1 _cos(X +N 1 )L 	1 - cos(X - X 1 )L 
E (A+5J 	+ 	(A U —A 1  )L 
 
 
I - cos(N + A 1 )L 




cosXx cosA1 xdx 
sin(?\ - A )L 
=31 	(A—A)L 
=31 




+ (A+Xi)L 	] 
forX 2 
for1X=\ (D.1 1) 
131 = L 4 cos Xx sinA1 x dx 
1 - cos(A+A1)L 
1- cos(A+A1)L 





(A —A1)L 	] forA*X 
U 
forX 2 
141 = 	sin) x 0 - 	
sinX1xdx 
sin(A +\ )L 
=M (_ 1 )L 
sin(\+x1)L 
- (A U +AI)L 
2 	2it X brA 
sin(A+\1)L 
1 	




112 = 4; 0 sinX x co&\2xdx U 
122 = L 4 co0Xx cosxdx 
132 = 4 COS) \)•X sinN2xdx 
142 =1 si nX 1 x sinA2xdx 
Integrals 11211221:1321 142 can be evaluated by changing 
2 in equations (D.13) therefore we have integrals 
1L Lxt = (..) (-)u 1 
4 	*ixjd_x = ()( 2 )u2 
4 = . 





1j1 = (\L)(11 - 0U12) 
	
..(D.14) 
U2 = (XL) 2 (I3 + 
Substituting the values of energy constant from equations 
(2.17), (2.18), (2.26) and (2.27) in equations (D.6), and writing 
the values of integralsfrom equations (D.7) to (D.11), we get 
Vt 
+ b22NI3a k)s 1 )( 2 ij 
tc t,2 
+ q1 (4EA)4 (a1 b4fl4 + a2b2N2 + a3) (4)8 j 
• 	 M2U 	MU 	 U 
+ qC[(4EA)a1 L 
1 + 
+ to2(4-pA)a1 (u0. + +)](4)c0t = 0 
• 	 ...(D.15) 
203. 
Dividing. equation (D.15) by ()(4pA)kp and substituting 4 for 
+ a2b2M2 + a /k 
where k P 
=c( 1 + f3A2a1 




b2 fl 1.2 
a C2 
- a(—)[ 	(_i_)
w 2 L 	
()2u1 + (fl)u} 
k 3 F  
1 ++ u1 } ]q1coswt = 0 
or 
00 
+ 	q1]&1 _()[po€u + u]qjcosu)t} = 0 	...(D.16) 
where 
Fpi
= uncoupled cross-sectional angular frequency of ith mode 
a = acceleration of the support motion 
= - 
= 
110 = Non-dimensional excitation factor 
= c/w?L2 
and 	 = () 2u1 +()u2 
VS 
U
= ()u0 + U1 
	
r = 2i-1 	, 	 I = 1 ,2, ... 	 .. .(D.17) 
=2m+1 	, 	 in=0,1,2, ... 
m = number of axial nodes 
204. 
If is replaced by W, V ore and similar procedure is followed 
as for F, then instead of equation (D.16), we get the following 
equations 
'1 
For 14: [4+ wPCl]8 j _cxWl(L)cpbEU + Ic 11]qcoswt 	= 0 	...(D.18) 
t 1.2 
Vt 
For VI 	 + 	 _ tw 	o€U +] q1coswt= 0 	...(D.19) 
4 
For 9: 	2I[4 + 	_ aue()[.x;eu + ] q1cosot = 0 	.(T.20) 
¶, 1,2 
where Wpi P v' ej 
are uncoupled, transverse, lateral and torsional 
circular frequencies of ith mode respectively 
kW = 1 + cxA 2 
kv=l +c( z A2 
	
. .(m21) 
= 1/k9 ; Ic9 = 1 + 
PA  
Now equation (D.16) and (D.18)to (D.20) can be written in the 
following general form 




DERIVATION OF EQUATION (2.118) 
The procedure followed in deriving equation (2.118) is similar 
to that of Appendix (D). 	Substituting the series form assumed for 
from equation (2.88) in equation (2.117) gives 
D 	qj) - 	\ 	q1 	Y 	q1 dx] = 0 ...(E.1) 
- . 
Replacing F for, assuming -4i and 'c as in equation (D.5) 
and carrying out Galerkin process over a limited number of modes 
i=n, the equation (E.1) becomes 
{±(TFF fXi%jdX - 3FF2 	
+ 5FF3 	i 
+ 	 - sFF2xjdt + Spp3xixjdx) 
- q1C[S(j 0 WPFdx t j 0 WF1Fdx) 
- 	 .F.dx + 	± f 	]F dx)]cosu 	= 0 2fr 
LI 
0 13 	0 0 j 
where j = 1,2, ..., n 
and noting that use of W(x,t) = ciKx)coswt has been made. 
Integrals without excitation function W, namely Jtxjxjdxc 
fZ 1xdx f3 r1xdx are given in equation (D.7). 	Integrals with 
excitation function, namely 
W F1Pdx. J if F.F.dx, if FF 	and j 0 
are to be evaluated. 
Defining 
Ii = 4Lt(cosxlx - cos?2x)coshwxdx = Ifl - 112 
12= 4j " ( cosx 1 x - COSIN 	= 121 - 122 
13 = 	f(cosA1x - cosX2x)sithXwxdx = .11 31 - 132 
14 = 	f1(cosX1z - cOsl2x)sinX7Xdx 	= 141 - 142 
1 5 = 	(sin1x - sinx2x)sinhçxdx = 151 - 152 
16 = 4f'(sinA1x - sin)2x)sinX11pzdx = 161 - 162 
17 = +f(sinAix - sinA2x)coshXxdx = 171 - 172 




= .hf :: coshXx COSN1 XdX 11 	
sithXL cosA 1 L + X1 L coshXwL  sinA1L] 








+ 	(A+A1 )L 
sin (A - 
121 = 4 [ (A - A l )L 
I 
131 = fi sinhXwx cosA1xdx 
- [X.L(cosAwLcosAiL - 1) + A 1 L sinhAwLsinkiL] 
- 	 [(AL)2 + (A I L) ] 
141 = hf'1: sinAwX• cosA
1 xdx 
I - cos(A +A 1 )L 	1 - Cos (,\,W —A 1 )L 
I E— + 
(),w+Ai)L 	 (A—A1)L 
1 
1 	cos(A +A1)L 
1 	forA 	X c= T 
(Aw + N1 )L 




112 = f co shXx cosA2x&x 
122 = L cosNwx 
coaN2xdx 
132 = L •' 
Biflh1AX cos\2xdx 
142 = si&\wX 
cos?2xdx 




172 = L 
COSh\VX sinX2tdx 
182 = L o COSY 
sinXfdx 
.(E.4) cont. 
151 = +J sinh)wx sinX1 xcix 
— [AwL coshX; L sinX1L - X 1  L sinhAwl cosX1L] 
- 	 + (X 1 L) 2 ] 
161 = •k: 	sinxwx sinA1xdx 
sin(Aw —x 1 )L 	sin 1±X1)L 	forNX =41 
(Aw_xi)L 	- 	(Xw+Xi)L 
sin(N w +N1)L 	forX =41  
(Aw +Xi 	
- 
1.71 = + jLcosJ.)¼x jfl)\1 x dx 
= I'\ j, sinh)\wL sinA1 L +A1L(1 - cosh\wLcosNiL)] 
+ (A1 1) 2 ] 
1 — 
 
181 = + f COSkf si& 1 xd.x 
	
Cos (Aw +>' 1 )L 	1 - COS(>' w .x1)L 	2 	2 
(\+x1)L 	- 	
i( 
1 - cos(A w +\1)L 




Integrals in equation (E.5) can be evaluated by changing A 1 toN 2 
in equations (E.4) Therefore, we have now 
 
L 74 
f V1F.Fdx = o 	1 ] 	L2 2 
/ 
J o 	13 	2 
j W F.F.dYZ = 
	
13 	2 LW1 o  
[jX F dx]F dx 
o 	° 	j 	2 L22  
A qLXt1 15- Cu2 16 + 0W3 17 + 0W4 i3) 
W2 = "w2°wi 1 - W2 12 + C
3 13 - CW4 14) 
w3 = (A1qL) 3(0t 15 + 0W2 16 +. 013 17 - 0114 i) 
. (.6) 
where 
Substituting the values of energy constants from equations (2.17), 
(2.18),(2.26) and (2.27) in equations (E.2) and writing the values 
of integrals from equations (D.?) and (E.6). After simplification 
we can write equation (E.2) as follows: - 




= uncoupled cross-sectional circular frequency of 
Fpi 
ith mode. 
a 	= acceleration of the support motion 
= w2C 
= (aOcos4/kF 
tio = Non-dimensional excitation factor 	 . . . 
= (CJuL)2 	 j 
209. 
(Ii. 9) cont. 
=+ w 	2 
K W = w2 - ()w 1 
r =21-1 	, 1=1,2,3,... 
= 2m+1 	, m = 0,1,2,... 
m = number of axial modes 
In equation (E.1) if instead of replacing F for, we replace 
e forik and carrying out similar procedure as for obtaining equation 
(E.8), we get the following equation 
n 
+ 9p q1]8 _0( 0(q)[ 0E 1 + s]q1coswt} = 0 	...(E.10) 
it 1,2 
where ei 
= uncoupled torsional circular frequency 
of ith mode. 
"we = ( coscx)/4k0 
Equations (E.8) and (E.10), can be written in general form as 
follows: 
+ p 2 qjj8jj  _wi()[poEw +]q1coswt} = 0 	...(E.12) 
tt'.2 
If 4' is replaced by F or e, in equation (E.12) then equations (E.8) 
and (E.10) respectively are obtained. 
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APPENDIX (F) 
DERIVATION OF FREQUENCY EQUATION 
FOR COUPLING WITH AN ODD NUI1BER OF CROSS-SECTIONAL NODES 
P.1 Introduction 
While writing the expressions for strain energy S (equation 
2.16) and Kinetic energy T (equation 2.24), the various strain 
energy coefficients (see equations(2.17)to (2.19)and (2.26) to 
(2.28)), were derived for an even number of cross-sectional nodes. 
For symmetrical motion the relationship of the shape function between 
the two arms are B(y1 ) = - B(y2 ), whereas for anti-symmetrical 
motion the relationshipis given by B(y 1 ) = B(y2 ). 	Therefore some 
of the terms in the energy expressions which had zero value in 
symmetrical motion would not have zero value in anti-symmetrical 
motion. 	Those energy coefficients which do not have the function 
B in their value, or have an even power of function B, remain the 
same I or even and odd number of nodes. Therefore we can see that 
energy coefficients with one or two asterisk marks (see equations 
2.18, 2.19, 2.27 and 2.28) are not altered. 	Hence in the following 
derivation of the frequency equation, the non-linear tens with one 
and two asterisks are omitted and the equations of motion with only 
the linear terms are discussed. 
P.2 Strain Energy 
Now the strain energy is given by 
S = U + S V + 25V,n + 
2SVflV,flF,fl + 2SveV,nO,n+ S W fl 
+ S 3 F + S5FF, + 3FF4,x + 
+2SFOFe 	+23 	F 0 +25 2F 	e 4 ,n P03 ,x,x 	FO ,xx ,n 
± s 0 2 + 3 	e 2 ]dx 	 ...(.i) 002 ,x 	001 ,xx 
- 211. 
where the strain energy coefficients appearing due to considering 
an odd number of nodes (n)are as follows: 
+ E' JAZTB,fldA = + E'Af3a6coscs. 
= + BY 1A 
 BdA = 4 E'Ab2 Pa7coscx VF2
Sf04 2VE fAB yy  = - 4E'rAba15 
5P03 	
V1 E 1  JA(1_ 	2B, dA =V 1 E'(1—flAbPa1 8 
= - 4E'f1B = - 4E'rAb3 a17 
where 
a15=b 	dyob ,yy 
a17 = E; f)My 	 ...(F.3) 
a18 = J Bdy 0 Ty 
the rest of the strain energy coefficients and shape function 
constants have already been defined in equations (2.17) and (2.22) 
respectively. 
P.3 Kinetic EnergZ  
The kinetic energy is now given by 
= j[T U + T 	+ T 1 V , 2 + 2T V P 
	
X uu zt 	VP ,t ,t 
+ 2Tvp1 V ,xt ' ,xt + 2T V 
e +2T 	V 	e ye ,t ,t 	vei ,xt ,rt 
+ Tqq I V  t + Twn WPXt + T P
, + T1FF 
+ 2T 9 F ' t 0, + 2T01 ,xt 8 ,xt 
T00 e + T001 e 2 xt ]dx 	 ...(P.4) 
212. 
where the kinetic energy coefficients appearing due to the 
consideration of an odd number of nodes are as follows: 
T p = - 2 pf1BcosodA = - 4PAa7  Cos c 
+PJAZA = 4pkb 2 Pa7coso T 1 
Tpe = +PJA(YB + z 2B y)dA = 4pAb(a17 + Pa 18) 
T1= — +PIAZ B = - 4p Ab3 a17 
the shape function constants in equations (P.5) have already been 
defined in equation ('.3). 
Comparing the linear texts of the strain and kinetic energy 
expressions in equations (2.16, 2.14) and the present expressions 
in equations (F.1 , P.4), we find that the terms associated with the 
coupling of the two motions W and F, the "W-P coupling terms", 
viz.W 	F !! , 	 , ,xx ,n 
F  ,n 
lf  ,t F 
 ,t and !! ,xt Fxt disappear and instead 
we have now V In F, V 	 I t 	1 X 
V P and V 	F,t respectively,
XX
the "V-F coupling terms". In effect W has been just replaced by 
V in the "coupling terms". 	Besides this,the appearance of "F-E) 
coupling terms" viz. PU 	, P 0 , P 	0 , F , 0 and F ,xx ,r ,x 	,n ,XX 	,b ,t 	,xt 
in the present expressions suggest the coupling of F and 0 
notion. Obviously similar changes take place in the strain and 
kinetic energy coefficients associated with these "coupling terms'! 
P.4 Differential Equations of Notion 	 - 
Application of Hamilton's principle (see Section 2.6) gives the 
following differential equations of the system; 
213. 
DU 	 = 	O...(a) 
DV 	+ 	D VT1 P + Dye0 
= o ... (b) 
DW 	 = 	0... (c) 
DpvV •+D PF F +FO = 
DevV 	DepF.+ D000 = 
where the differential operations, D,. DVVI DVO9 D107 , D FPV 'ev and 
D90  have been already defined in equations (2.38), the rest of the 
differential operations in equation (p.6) are defined as follows: 
a4 
= Dpy = (s2 	+ 5•vP1 	
2 + T 	2 - Tvpi a2at2 
...(r.7) 
and 	
= D01 = F02 E4 + pe1. 2 + TFO 2 T01 x2at2 
where 
= 504 - 5F03 
From equations (p.6), we note that , here we have two 
independent equations and one set of coupled equations of motion. 
The two independent equations are 
U = 0, already discussed in Section 2.7.1 
and Dw i = 0, this is uncoupled transverse bending equation of 
motion, which has also been discussed in Section 2.7.3. 
It should be noted that coupling between W and anti-symmetrical P 
motion can exist but is a higher order phenomenon. 
P.5 Triple Coupling 
The solution for the three simultaneous coupled equations (p.6 - 




= v sin Mx sin pt 
F = F sin Mx sin pt 
e = sin Mx sin pt 
Substituting expressions for V,F and e for (p.9) in the 
equations (F.6. -b,d and e) and defining 
= k$4 - vv 
= E = kff(1Q  VF +Q2 )cosa 
Eve = Eev - 've4e 
= 	- 
E Fe= EeF = 	- 
Eee = + k0b2 (Q - Q2 ) 
where 
k= Ci • cxe2 ) 
k p= a7 (i -PA ) 
 
 
kve= (i -pt) 
kF. 	pt) + Pa4 
k= a17(1 + PA
2 ) + Pa is 





Q= 13(a7A4 - 	)/kVp  
ve= A/kve 
4 = p( a 1A + 	+ a3)/k 
FO 	7-aj6A2)/kpe 
=+ 




Eyp  Evol Vt 
FO 
E 	E1 	E 	j = oYV 
E9 	Eeej [j 
From Figure (5.8) we can see that the curvesfor torsional (n=i) 
frequency factors and the cross-sectional (n=3,5,7) frequency 
factors are well separated for all the values of wave number. The 
slope of these curves also do not indicate any intersection for 
even higher value of wave number. Therefore to first approximation 
we can neglect the effect of "F-B coupling" in equations (p.12). 
Omission of E and Eep in equations (P.12) simplifies the expansionFO 
of the determinant of the coefficients V, P and B. This determinant 
A must be zero for the equations (p.12) to be satisfied, i.e. 
A =EEpp Eeo _EEeeo Epp= 0  VF 
The determinantal equation for coupled frequencies can be expressed 
as cubic equation of similar form as Gere and Lin's [ 6] equations (25) 
for triple coupling. Defining the coefficients of the cubic 
equation as follows: 




2O 2y) -5(1p 2v 9 ) 
= 	+ 	+ 	- 2(Yvp -  2yo)YVF  - 3&ve t 2YF )YVO  
2 	 2 
AO = l 
where 
















then the frequency equation is 
A3y 3 - 	+ A1y - 	= 0 
where y = 
From cubic equation (p.16) for a particular value of A, three 
frequency factors are obtained. 	It has already been shown that 
the frequency spectrum associated with n=1 (torsional) and the 
spectrum associated with n=3 or hither odd numbers (cross—sectional) 
are well separated. 	Therefore, to first approximation we can 
assume that at the same A these two frequencies would not be 
affected simultaneously due to the coupling effect with the lateral 
frequency spectra. 	The cubic equation (F.16) can therefore be 
written as two quadratic equations 
AveQ - BveQ + Cve = 0 
and A 	- BQ2 + C = 0VF 
where 1ve' 









2 2 2 
where k, 5, k,. are given in equation (p.10), QVI  c,, QVF are 
given in equation (F.11). 
The terms kV, k and k. can be further simplified by ignoring the 
effects of rotary inertia. 
Thus we get, 
22 	 1 A 0 =°(1 —a7 cos 
B 0 	+ 4) - 24 Q cos2  VF 
cv20 = (4.4) - 4 	
2 	
j 
It should be noted that equations (P.19) and (P.20) are identical 
in form to the equations (2.74) and (2.76) respectively except that 
in the case of transverse and even nodes cross—sectional coupling 
the coefficients of the equation have W in subscript, whereas for 
lateral and odd nodes cross—sectional coupling the coefficients 
have V in the subscripts in place of W, further sin 2oc in (2.74) 
and (2.76) is replaced by cos 2odn (P.19) and (F.20). 
While considering higher orders of vibration, the shear 
deformation effects can be taken into account by replacing the term 
 TV 
- 	
in the displacement iJ. (see equation 2.5) by an independent 
function (of x and t). A frequency equation similar in form as 
the equation 0.12 can be obtained by proceeding in similar manner 
as in Appendix (c). 
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I A B L E : 5.1 
****totc*CQMPARISION OF EXPERIMENTAL AND CALCULATED FREQUENCY FACTORS, TORSIONAL(N=l)******tt 




WAVE FREQ WAVE 
LENGTH HZ LENGTH 
XXXXX 	17 XXXXX 
XXXXX 49 XXXXX 
25.60 86 25.20 
17.80 124 17.60 
14.06. 161 14.20 
11.60 201 11.76 
	
9.60 255 	9.92 
8.42 301 8056 
7.38 345 	7.56 
6.64 407 7.08 
6.08 465 	5.86 
.5.60 532 5.62 
5.08 604 	5.22 
4.76 680 4.76 
4.42 764 	4.44 
4.14 851 4.18 
3.90 947 	3.90 
3.64 1040 3.66 
3.50 1153 	*** 
3.38 1257  
3.14 1381 	**** 
3.02 1500 :*** 
BEAM DETAILS: WIDTH= 2.0; 
BEAM NO: 10 
	
1 
ANGLE: 	60 90 
M WAVE FREQ 
LENGTH HZ 
0 	XXXXX 	13 
1 .XXXXX 46 
2 	21.80 	83 
3 17.50 113 
4 14.20 149 
5 12.74 186 
6 	9.16 229 
7 8.54 275 
8 	7.54 327 
9 6.78 382 
10 	6.10 444 
11 5.64 510 
12 	5.16 579 
13 4.82 655 
14 	4.48 733 
15 **** flrt 
16  
17 	**** *t* 
18  
19 t*** nn 
20 	*t*4c **** 
21  
= 0.030; 	LENGTH = 32.0; BETA = 1.87500 	-5 
7 AVERAGE 
150 
FREQ WAVE FREQ WAVE FREQ WAVE FREQUENCY FACTOR 
I-IL LENGTH HZ LENGTH Ill NUMBER EXP. CALC %DIFF 
15 XXXXX 16 XXXXX 15.2 XXXX 0.0010 *t*** **** 
46 XXXXX 46 XXXXX 46.9 XXXX 0.0029  
78 25.60 79 24.55 81.4 0.51 0.0051 0.0047 9.3 
114 18.30 114 17.80. 116.3 0.71 0.0073 0.0066 -10.3 
150 14.28 149 14.18 152.1 0.89 0.0096 0.0086 -11.6 
190 11.74 189 11.96 191.3 1.05 0.0120 0.0105 -14.7 
233 9.76 231 9.76 236.9 1.29 0.0149 0.0135 -10.3 
278 8.46 278 8.49 283.0 1.48 0.0178 0,0162 -9.9 
331 7.48 334 7.49 334.2 1.68 0.012)0 0.0192 -9.1 
386 6.78 384 6.82 38997 1.84 0,0245 0.0220 -11.4 
446 6.14 444 6.04 449.9 2.08 0.0283 0.0263 -7.6 
514 5.60 508 5.61 515.8 2.24 0.0324 0.0294 -.10.2 
583 5.16 578 5.15 585.8 2.44 0.0368 0.0336 9.5 
-658 4.76 652 4,77 661.1 2.63 0.0415 0.0380 -9.3 
739 4.46 730 4.45 741.5 2.82 0.0466 0.0427 -9.2 
825 4.20. 822 4.17 832.7 3.01 0.0523 0.0475 -10.2 
917 3.94 910 3.91 924.6 3.21 0.0581 0.0530 -9.7 
1912 3.72 1002 3.67 1018.0 3.42 0.6640 0.0591 -8.3 
*** **** **t* 3.50 1153.0 3,59 0.0724 0.0643 -12.7 
** 3.38 1257.3 3.72 0.0790 0.0683 -15.6 
**** 3.14 1327 3.14 1356.8 4.00 0.0853 0.0779 -944 
*-*** **** 3.02 1500.0 4.16 0.0942 Q.0836 -12.8 
N) 
co 
T A B L E : 5.2 
********COMPARISION OF EXPERIMENTAL AND CALCULATED FREQUENCY FACTORS, TORSIONAL( Nnl)**#***** 
(CANTILEVER BEAM: WAVE LENGTH SOLUTION) 
BEAM DETAILS: 	WIDTH= 1.5; 	THICKNESS = 0.030; 	LENGTH = 32.0; BETA = 3.33333Th -5 
BEAM No: 	11 2 5 8 AVERAGE 
ANGLE: 60 90 120 150 
NI WAVE FREQ WAVE FREQ WAVE FREQ WAVE FREQ WAVE FREQ WAVE FREQUENCY FACTOR 
LENGTH HZ LENGTH HZ LENGTH HZ LENGTH Hi LENGTH HZ NUMBER EXP. CALC DIFF 
0 XXXXX 18 XXXXX 19 XXXXX 18 XXXXX 21 XXXXX 19.0 XXXX 0.0009 **** **** 
1 XXXXX 55 XXXXX 57 XXXXX 61 XXXXX 63 XXXXX 58.8 XXXX 0.0028 ***** **** 
2 25.30 98 25.80 103 26.00 103 25.60 107 25.80 102.9 0.37 0.0049 0.0044 -10.5 
3 18.80 141 18.00 146 17.80 146 18.50 151 18.27 146.1 0.52 0,0069 0.0063 -9.5 
4 14.12 185 14.20 ici 14.20 191 13.74 198 14.06 191.1 0.67 0.0090 0.0083 -8.0 
5 11.76 231 11.56 239 11.74 238 11.70 246 11.69 238.7 0.81 fl.1l2 0.0103 -9.7 
6 9.84 283 9080 290 9.04 289 9.92 299 9.65 290.2 0.98 0.0137 0.0128 -6.8 
7 3.50 334 8,50 343 **** **** 8960 352 3.53 343.1 1.10 0.0162 0.0148 -8.9 
8 7.60 392 7.26 402 7.70 399 7.68 409 7.56 400.2 1.25 0.0189 0.0173 -9.2 
9 6.72 452 6.74 470 6.78 456 7.04 470 6,82 461.9 1.38 0.028 0.0197 -10.4 
10 6.18 520 6.20 526 6.08 525 6.00 535 6.11 526.5 1.54 0.0248 0.0228 -8.7 
11 5.62 584 5.58 594 *fl* **** 5.64 604 5.61 594.0 1.68 0.0280 0.0257 -9.0 
12 5.18 668 5.14 672 **t* *** 5.18 677 5.7 672.2 1.82 0.0317 0,0289 9.6 
13 *** **44* 4.76 743 4.76 743 4.76 757 4.76 747.6 1.98 0.0352 0,0326 8.2 
14 4.46 825 4.48 828 4.46 822 4.48 841 4.47 828.9 2.110.0391 0.0358 -9.1 
15 **4* t*:** 4.14 917 4.18 915 4.18 929 4917 920.4 2.260.0434 0.0399 -8.8 
16 **** ** 3.86 1023 *$W* **** 4,00 1022 3.93 1022.3 2.40 0.0482 0.0437 -10,3 
17 ** 4*** 3.64 1113 3.68 1,104 3.68 1122 3.67 1113.0 2.57 0.0524 0,0488 -7.5 
18 '** *** 3.50 1220 3.50 1208 3.50 1226 3.50 121 1.9 2.69 0.0574 u,0526 -9.1 
19 **** **** 3.36 1321 3.34 1317 3.32 1335 3.34 1324.2 2.82 0.0624 0.0568 -9.8 
20 **** *fl* 3.14 1437 t**it 3.16 3,448 3.15 1442.3 2.99 0.0680 0.0626 -8.5 
21 ** *** 3.02 1557 •*'* '-* **** **4* 3.02 1557.0 3.12 0.0734 0.0673 -9.1 
22 **** **' 2.86 1689 **** **** 2.88 1690 2,87 1689.6 3.28 0.0796 0.0734 -8.5 
23 *cc** **** 2.76 1830 **** *'vt* **** **** 2.76 1830.0 3.41 0.0862 0.0785 -9.9 
24 ** t4*t *fl* **.** **** **'* 2,66 1952 2.66 1951.8 3.54 0.0920 0.0837 -9.9 
r') 
T A B I E 	53 
''******CQMpARISION OF EXPERIMENTAL AND CALCULATED FREQUENCY FACTORS, TORSIONAL(N=l)*****t** 
(CANTILEVER BEAM: WAVE LENGTH SOLUTION) 
BEAM DETAILS: WIDTH= 1.0; THICKNESS = 0.030; LENGTH = 32.0; BETA 
BEAM NO: 12 	 3 	 6 	 9 	AVERAGE 
ANGLE: 	60 90 120 150 
	
M 	WAVE FREQ WAVE FREQ WAVE FREQ WAVE FREQ WAVE 	FREQ 
LENGTH Hi LENGTH HZ LENGTH HZ LENGTH Hi LENGTH Hi 
0 	XXXXX 	21 XXXXX 	27 XXXXX 	28 -XXXXX 	31 XXXXX 	26.7 
1 XXXXX 81 XXXXX 94 XXXXX 92 XXXXX 92 XXXXX 89.7 
2 25.60 145 25.40 150 25.80 150 25.00 154 25.45 149.7 
3 18.40 203 18.30 211 18.20 212 18.30 218 18.30 210.9 
4 13.94 268 13.94 272 14.14 275 14.40 282 . 14.10 274.4 
5 12.06 318 11.90 337 11.60 341 11.60 347 11.79 335.6 
6 	9.84 395 	9.84 408 	9.80 409 	9.76 418 	9.81 407.6 
7 8.46 465 8950 478 8.54 477 8,60 485 8.52 476.3 
8 	7.56 532 	7.54 550 	7.50 549 	7.52 558 	7.53 547.4 
9 6.74 608 6.74 626 6.70 623 6.80 637 6.74 623.3 
10 	6.12 684 	6.12 704 	6.08 702 	6.32 710 	6.16 699.6 
11 5.54 765 5.60 787 5.56 783 5.56 797 5.56 783.0 
12 	5.12 859 	5.08 871 	5.12 867 	5.14 880 	5.11 869.1 
13 4.82 940 4.76 950 4.76 956 4.76 968 4.77 953.3 
14 	4.48 1035 	 4.4fl 1051 	4.40 1061 	4.43 1049.0 
15 X*it t** 4.12 1150 	4.14 1149 4.16 1160 4.14 1153.0 
16 	*-** **-fl 	***t *'* 3.90 1250 	3.88 1262 	3.89 1256.3 
17 **** **4* 3.68 1350 	*** ** **** **** 3.68 1350.0 
18 	*'* fl** 	3.48 1475 3.48 1467 	3.46 1480 	3.47 1474.1 
19 a** ****. 3.30 1592 	*fl* **** 3.28 1590 3.29 1590.9 
20 	3.14 1698 	3.18 1710 *'** ** 	3.16 1715 	3.16 1707.9 
21 **** 	a 3.00 1830 	fl** 	 3.00 1839 3.00 1834.2 
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I A B L E : 5.4 
********C0MPARISION Of EXPERIMENTAL AND CALCULATED FREQUENCY FACTORS, T0RSIONAL(N=l)t****''* 
(CANTILEVER BEAM: WAVE LENGTH SOLUTION) 
BEAM DETAI IS: ANGLE = 90; WIDTH = 
BEAM NUMBER: 13 
THICKNESS .= 0.060 
BETA 	7.500a -5 
FREQ FREQUENCY FACTOR 
HZ 	EXP 	CLC 	tDIFF 
26 0.0016 000000 XXXX 
90 0.0057 XXXXXX XXXX 
150 0.0U94 0.0090 -4.5 
215 0.0135 0.0120 -13.0 
287 v.0180 0.(.;173 -3.8 
363 0.0228 0.0219 -4.1 
446 0.0280 0.0270 -3.7 
537 0.0337 0.0326 -3.4 
636 0.0400 0.0387 -3.3 
743 0.0467 0.0449 -3.9 
862 0.0542 0.0521 -4.0 
988 0.0621 0.0595 -4.3 
1125 0.0707 0.0681 -3.7 
1272 0.0799 0.0766 -4.3. 
1428 0.0897 0.0859 -494 
1596 C*1003 0.0943 -6.3 
1760 0.1106 0.1060 -4.3 
1962 0.1232 0.1172 -5.2 
*fl* $4*t** 0.1285 4:** 
0.1410 **** 
*** ****t 0.1540 **t* 
0.1671 **fl 
3060 0.1923 0.1868 -2.9 
*.***** 0.1968 *$* 
**** ****** 0.2106 **** 
2.0; LENGTH = 32.0 
BEAM NUMBER: 14 
THICKNESS = 0.050 
BETA= 5.208a -5 
FREQ FREQUENCY FACTOR 
HZ 	EXP 	CAIC 	¶D1FF 
16 0.0010 0.0000 XXXX 
71 0.0044 XXXXXX XXXX 
122 0.0076 0.0075 -1.6 
175 0.0110 0.0100 -10.6 
232 0.0146 0.0145 -0.9 
295 0.0185 0.0183 -1.4 
363 0.0228 0.0225 -1.3 
436 0.0274 0.0272 -0.9 
517 0.0325 0.0322 -0.7 
607 090381 0.0374 -1.8 
703 0.0441 6.0434 -1.7 
808 0.0507 0.0496 -2.3 
919 0.0577 0.0568 -1.6 
1040 0.0653 0.0639 -2.3 
1169 0.0735 0.0716 -2.6 
1308 0.0822 0.0786 -4.5 
1453 0.0913 0.0884 -3.3 
1616 0.1016 0.0977 -4.0 
1757 0.1104 01071 . -3.1 
1949 0.1225 0.1175 -4.2 
t**• **t*** 0.1283 **fl 
**,* 	 0.1392 **** 
**** ****** 0.1557 t*t* 
*t** ***** 0.1640 *** 
0. 1755 **** N) N) 
T A B L E : 5.5 
********COMPARISION OF EXPERIMENTAL AND CALCULATED FREQUENCY FACTORS, TORSIONAL(N=1)******** 
(CANTILEVER BEAM: WAVE LENGTH SOLUTION) 
BEAM DETAILS: 	ANGLE = 	90; WIDTH = 2.0; THICKNESS = 0.030; 	BETA = 1.875a -5 
BEAM NO: 15 BEAM NO: 16 
BEAfr LENGTH = 30.0 BEAN LENGTH = 25.0 
WAVE FREQ VAVE FREQ. FACTOR WAVE FREQ WAVE FREQ. 	FACTOR 
M LENGTH HZ NO EXP CALC DIFF LENGTH HZ NO EXP CALC ZDIFF 
o xxxxx 16 XXXX 000010 0.0000 XXXX XXXXX 19 XXXX 0.0012 0.0000 XXXX 
I XXXXX 51 XXXX C.0032 XXXXXX XXXX XXXXX 61 XXXX 0.0038 XXXXXX XXXX 
2 24.20 87 0.52 0.0054 0.0048 -14.6 18.20 105 0.69 0.0066 0.0065 -2.0 
3 17.50 125 0.72 0.0078 0.0068 -1690 13.80 152 0.91 0.0095 0.0088 -7.8 
4 13.32 166 0.94 0.0104 0.0092 -12.9 11.34 204 1.11 0.0128 0.0112 -14.6 
5 11900 210 1.14 0.0132 0.0116 -13.8 8.64 260 1.45 0.0163 0.0158 -3.2 
6 9.28 260 1.35 0.0163 0.0144 -13.2 7.64 328 1.64 0.0206 0.0187 -10.1 
7 7.92 313 1.59 0.0197 0.0178 -10.4 6.86 401 1.83 0.0252 0.0218 -15.6 
8 7.12 372 1.76 0.0234 0.0207 -13.1 5.96 481 2.11 0.0302 0.0268 -12.6 
9 6.32 437 1.99 0,0274 0.0246 -11.6 5.30 570 2.37 0.0358 0.0322 -11.3 
10 5.72 506 2.20 0.0318 0.0286 -11.3 4.82 668 2.61 0.0420 0.0374 -12.1 
11 5.26 579 2.39 0.0364 0.0326 -11.7 4.38 772 2.87 0.0485 0.0438 -10.8 
12 478 664 2.63 0.(417 0.0379 9.9 4.06 888 3.10 0.0558 0.0497 12.2 
13 4.52 151 2.78 0.0472 0.0416 -13.5 3.74 1012 3.36 0.0636 0.0573 -11.0 
14 4.18 848 3.01 0.t,532 0.0474 -12.4 3.50 1140 3.59 0.0736 0.0643 -11.5 
15 3.90 949 3.22 0.0596 0.0533 -11.9 3.26 1289 3.85 0.0810 0.0729 -11.1 
16 3.70 1052 3.40 0.0661 0.058j -13.3 3.06 1450 4.11 0.u911 0.0816 -11.6 
17 3.46 1161 3.63 0.0729 0.0656 -11.2 2,92 160.1 4.30 0.1006 0.0888 -13.3 
18 3.26 1287 3.85 0.0808 0.0729 -11.0 4 $* t**  
19 3.10 1417 4.05 0.0890 0.0797 -11.6 ** 4.1*  




T A B L E 	5.6 
*t******COMPARISION OF EXPERIMENTAL AND CALCULATED FREQUENCY FACTORS, TORSIONAL(N=1)****t*** 
(CANTILEVER BEAM: WAVE LENGTH SOLUTION) 
SEAM DETAILS: 	ANGLE = 	90; WIDTH = 2.0; THICKNESS = 0.030; 	BETA = 1.875a -5 
BEAM NO: 17 BEAM No: 18 
BEAM LENGTH = 20.0 BEAM LENGTH = 	15.0 
WAVE FREQ nAVE FREQ. FACTOR WAVE FREQ WAVE FREQ. 	FACTOR 
M LENGTH HL NO EXP CALC DIFF LENGTH HZ NO EXP CALC DIFF 
0 XXXXX 25 XXXX 0.0016 0.0000 XXXX XXXXX 1711 XXXX 0.1075 0.0000 XXXX 
1 XXXXX 77 XXXX b.0048 XXXXXX XXXX XXXXX 1975 XXXX 0.5241 XXXXXX XXXX 
2 14.40 133 0.87 0.0084 0.0084 0.6 2.46 2209 5.11 0.1388 0.1217 -14.0 
3 11.41 198 1.10 0.0124 0.0111 -11.7  
4 8.74 269 1.44 0.0169 0.0156 -8,4 **** **t* ***S **t*** **** **t 
5 6.96 353 1.81 0.0221 0.0214 -3.7  
o 6.36 449 1.98 0.0282 0.0244 -1597  
7 5.26 557 2.39 0.0350 0.0326 -7.5 4.10 884 3.06 0.0555 0.0489 -13.5 
8 4.74 677 2.65 0.0425 0.0385 -10.6 3.66 1087 3.43 0.0683 0.0594 -14.9 
9 4.28 810 2.94 0.0509 0.0455 -11.8 3.24 1323 3.88 0.0831 0.0737 -1298 
10 3.84 960 3.27 0.0603 0.0547 -10.3 2.80 1591 4.49 0.1000 0.0959 -4.3 
11 3.52 1129 3.57 0.0709 0.0636 -11.5 **** **** **** ****** ****** t** 
12 t*t* 34 0.0021 ****.** *4** **** **.** 4•t** ****** ***t** **** 
13 ** 107 *1 0.0067 S*'tt* ****  
14 10.4fl 190 1.21 0.0119 0.0124 4.2  
15 7.80 288 1.61 0.0181 0.0182 0.4  
16 6.60 403 1.90 0.0253 0.0231 -9.9 ** nn **** ****** ****t* *t** 
17 5.56 540 2.26 0.0340 0.0299 -13.7 **** **** *x!c** ****S ****** **n 
18 4,64 700 2.71 0,0440 0.0398 -in... .4  
19 3.24 1.302 3.68 0.0818 0.0737 -11.0 **** **** *** *****t ****** nfl 
20 2.94 1503 4.27 0.0944 0.0877 -7.7  
I A B L E 	5.7 
****************COMPARI SION OF EXPERIMENTAL AND CALCULATED FREQUENCY FACTORS, TORSIONAL (N=1 )****tt*t****t*t 
(FREE-FREE BEAMS: WAVE LENGTH SOLUTION) 
BEAM DETAILS: ANGLE = 90; LENGTH = 24.0 




WAVE 	WAVE FREQ FREQUENCY FACTOR FREQ 
M LENGTH NUMBER HL EXP 	CALC 	D 	HZ 
2 24.40 0.77 	498 0.047 0.041 -15 **** 
3 16.50 1.14 801 0.075 0.064 -17 *zzti4 
4 12.09 1.56 1132 C.1C7 0.096 -11 ***#* 
5 9.77 1.93 1525 09144 C.130 -10 	715 
6 8.34 2.26 1928 0.182 0.166 -10 925 
7 7.23 2.61 tt* 	** ,7* 0.207 ** 1188 
8 6.23 3.03 3688 0.291 6.265 -10 1473 
9 5.55 3.39 3762 0.355 0.322 -10 1796 
10 4.93 3.82 4478 0.422 0.397 -6 
11 4.47 4.22 5318 0.501 0.474 -6 2587 
12 4.07 4.63 6208 0.585 0.563 -4 *fl 
13 3.76 5.02 fl*.t* #lct** 0.651 ** *xr*** 
14 3.52 5.35 ***** *tt* 09735 ** 4024 
15 3.22 5.84 9335 0.880 0.867 -1 4584 
16 3.05 6.18 ***$* ***** 0.964 f* **** 
17 2.87 6.56 11692 1.102 1.079 -2 5822 
18 2.73 6.91 ***** **** 1.193 ** *$*** 
19 2.53 7.45 S***'9 ** 1.379 ** **** 
20 2.28 8.27 *'*.4* *4*** 1.686 ** fl*** 




FREQUENCY FACTOR FREQ 
EXP 	CALC ?40 	HZ 
**)c** 0,020 *4 4*4*4 
fl*'t 0.032 ** *4*4* 
*44*4 0.048 ** 258 
0.067 0.065 -3 *4*4* 
0.087 0.083 -5 	455 
0.132 0.104 -8 580 
0.139 u.133 -4 	720 
0.169 0.162 -5 **** 
**** 0.199 ** 1053 
04244 0.238 -3 1276 
***** 0.282 t* 1552 
**** 0.327 ** *4*4* 
0.379 0.368 -3 1995 
0.432 0.435 1 2266 
***. 0.483 *4 *4*4* 
09549 0.541 -1 2875 
4*4*4 0.599 4* *-***t 
*'A**Xt 0.692 4* *4*4* 
4*4*4 0.846 ** *"*-** 




FREQUENCY FACTOR WAVE 
EXP CALC D NUMB 
*'*** 0.010 4* 0.52 
**'* 0.016 ** 0.76 
0.024 0.024 -2 1.04 
***'t* 0.032 4* 1.29 
0.043 0.041 -4 1.51 
0.055 0.052 -6 1.74 
0,068 0.066 -3 2.02 
**4?*. 0,0.80 ** 2.26 
11 n99 0.099 0 2.55 
0.120 0.1.18 -2 2.81 
0.146 6.140 -4 3.09 
*4*4* 0.162 ** 3.34 
0.188 09183 -3 3.57 
0.214 0.216 1 3.90 
***** 0.240 ** 4.12 
0.271 0.269 -1 4.37 
	
**t* 0.297 	* 4.61 
***** 0.343 4 4.97 
0.420 ** 5051 




FREQ FREQUENCY FACTOR 
ER HZ EXP 	CALC 	O 
*44*4 	0.029 ** 
8,7 0.051 0.045 -14 
1246 0.078 0,064 -22 
1453 0.091 0.084 -9 
***** *4*4* 0.103 *4 
2235 0,140 0.126 -12 
***** **** 0.156 
3210 0.202 0.186 -c 
3756 0.236 0.224 -5 
4358 0.274 0.263 -4 
5032 0.316 0,308 -3 
5708 0.35 9 0,352 -2 
6496 C.4u8 0.394 -4 
*4*4* *4** 0.461 ** 
**** 4*** 0,509 4* 
9077 0.570 0.567 -t 
*4*4* *4*4* 0.624 *4 
*4*4* tfl** 0.717 * 
***ñ* *'4*flc 0.870 ** 
T A B L E : 5.8 
*****t**flt****tCOMPARISION OF EXPERIMENTAL AND CALCULATED FREQUENCY FACTORS, TORSIONAL(N=1)**************t* 
(FREE-FREE BEAMS: WAVE LENGTH SOLUTION) 
BEAM DETAILS: ANGLE 
BEAM NO; 25 
BEAM LENGTH = 36.0 
WAVE FREQ WAVE FREQUENCY FACTOR 
p LENGTH 	HZ NO: 	EXP CALC 50 
2 37.20 356 0.34 0.022 0.025 12 
3 23,20 	695 0.54 0.1J44 0.041 -5 
it 17.80 999 0.71 0.063 0.055 -14 
5 14.90 1244 0.84 0,C78 U.067 -16 
6 12.20 1567 1.03 09098 0.085 -16 
7 10.30 1892 1.22 0.119 0.105 -14 
8 9.14 2205 1.37 0.139 0.122 -14 
9 8.10 2567 1.55 0.161 0.143 -13 
10 7.29 2949 1.72 0.185 0.166 -12 
11 6.60 3335 1.90 0.210 0.191 -10 
12 6.02 3754 2.09 0.236 0.219 -8 
13 5.62 4221 2.24 0.265 0.243 -9 
14 5.23 4686 2.40 0.294 0.272 -8 
15 4.86 5183 2.59 0.326 0.306 -6 
16 4.56 5650 2.76 0.355 0.339 -5 
17 4.29 6274 2.93 0.394 0.375 -5 
18 4.07 6860 3.09 0.431 0.410 -5 
19 3,88 7485 3.24 0.470 0.444 -6 
	
20 3.47 .8108 3.62 0.509 0.539 	6 
21 3.45 8791 3.54 0.552 0.565 -1 
22 3.14 9479 4.00 0.596 0.644 	7 
23 3.14 ****' 4.00 *fl** 0.644 *' 
24 3.01 **** 4.17 **-* 0.695 St 
25 2.92 *tfl 4.30 ***t 0.734 fl 
26 2.78 12590 4.52 0.791 0.802 	1 
27 2.69 **-*** 4.67 ***** 0.852 It %h 
28 2.60 14260 4.83 0.896 0.907 	1 
29 2.52 t***:s 4.99 **t** 0.961 ** 
30 2.40 16100 5.24 1.012 1.052 	4 
90; WIDTH = 2.0; THICKNESS = 
BEAM NO; 33 
BEAM LENGTH = 30.0 
WAVE FREQ WAVE FREQUENCY FACTOR 
LENGTH 	HZ No: 	EXP CALC 	D 
33.40 It 	0.38 **'* 0.028 
21.83 a*** 0.58 ***** 0.044 *5 
15.17 fl'** 0.83 *4*** 0.066 At 
12.85 **4* 0.98 *fl 4* 0.080 't* 
10.12 1944 1.24 0.122 0.307 -14 
9.33 *t**t 1.35 **** 0.119 ** 
7.99 *5tt 1.57 *t*** 0.146 ** 
7.00 *L** l.Bu' **** 0.176 >k* 
6.11 **' * lk 2.06 *t-''* 0.214 ** 
5.52 ***4* 2.28 ***** 0.250 *5 
5.07 ****' 2.48 **** 0.286 ** 
4.63 ***** 2.71 ***** 0.331 ** 
4.43 6135 2.84 0.385 0.356 -8 
4.12 *'** 3.05 **** 0.401 
3.84 7578 3.27 0.476 0.452 -5 
3.61 8347 3.48 0.524 0.503 -4 
*Ztt* ***** c*** ***** *5*4* ** 
*45*5 tt*fl tic 
IN 
***** *5*5* **** *54*5 ***** ** 
*fl*** *** tnt ***** *,¼4*.* ** 
uot**t *5*5* **fl *5*5* flfl* 5* 






























BEAM NO: 34 
ENGTH = 24.0 
WAVE FREQUENCY FACTOR 
ND: 	EXP CALC 	D 
0.52 ****t 09039 
0.77 	0.061 ** 
1.02 **** 0.084 	* 
1.28 ***** 0.112 ** 
1.51 **t* 0.139 ** 
1.75 tt* 0.169 ** 
2.01 *5*** 0.208 * 
2.25 	0.246 •-* 
2.69 0.321 0,326 	2 
2.79 0.369 0.347 -6 
3.06 0.422 0.405 -4 
3.350.480 0.471 -2 
3.57 **** 0.526 5* 
3.89 ***** 0.612 
4.12 5*5t* 0.678 5* 
4.38 '•fl** 0.757 ** 
4.60 ***t 0.829 ** 
4.97 fl*** 0.954 * 
5.51 *4545  1.158 *4 
*tt* t*** 55*5* t* 
555* **** 55*5* *5 
*4*1* ***** 55*1*5 5* 
**t* *45*5 ***** ** 
4*4* *445* *4*5* ** 




c**tt1********* FREQUENCY FACTORS (COUPLED: N=0 & N=2;BENDING AND CROSS-SECTIONAL MODES) 	******t******t 
* * * * * * * * COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES (FIRST SPECTRUM ONLY)* * S * * * S t 
* * A * t * * * * *CANTILEVER BEAMS: WAVELENGTH SOLUTION * * * * * * * * * t * * * * * * 
BEAM DETAILS: ANGLE = 60; THICKNESS = 0.030; LENGTH = 32.0 
BEAM NUMBER: 10 BEAM NUMBER: 11 BEAM NUMBER: 12 
BEAM WIDTH = 2.0 BEAM WIDTH = 1.5 BEAM WIDTH = 1.0 
BETA= I • 87S -5 BETA= 3o333@ -5 BETA= 7.5t"10@ -5 
WAVE FREQ WAVE FREQ. 	FACTOR FREQ WAVE FREQ. 	FACTOR FREQ WAVE FREQ. 	FACTOR 
N LENGTH HZ NO EXP CALC DIFF HZ NO EXP CALC ZDIFF HZ NO EXP LC ZDTFF 
o XXXXX 32 XXXX 0.0020 0.0000 XXXX 30 XXXX 0.0014 0.0000 XXXX '**' XXXX **** 0.0000 XXXX 
1 XXXXX 243 XXXX 090153 XXXXXX XXXX ** XXXX **t*?* XXXXXX XXXX 164 XXXX 0.0052 XXXXXX XXXX 
2 24.47 274 0.51 0.0172 0.0189 8.6 449 0.39 0.0211 0.0234 9.7 434 0.26 0.0136 0.0160 14.7 
3 17.93 288 0.70 0. 0181 0.0200 9.4 482 0.53 0.u227 0.0251 9.4 729 0.35 0.0229 ".1275 16.7 
4 14.44 309 0.87 0.0194 0.0212 8.6 506 0.65 0.0238 0.0262 809 990 0.44 0.0311 0.0342 9.0 
5 11.53 336 1.09 0.0211 0.0232 9.0 534 0.82 0.0252 0.0277 9.2 1067 0.54 0.0335 1.0371 9.8 
6 9.89 366 1.27 0.0230 0.0251 8.4 566 0.95 0.0267 0.0292 8.6 3114 0.64 0.0350 0.0386 9.4 
7 8.62 405 1.46 0,0254 0.0274 7.3 603 1.09 0.0284 0.0310 8.2 1.157 0.73 0.0363 0.(4'0 9.2 
8 7.57 447 1.66 0.0281 0.0302 7.2 646 1.25 0.0304 0.0331 8.1 1203 0.83 0.0378 0.0416 9.1 
9 6.76 494 1.86 0.0311 0.0333 6.8 692 1.39 0.0326 0.0355 8.0 1253 0.93 0.0394 0.0433 900 
lu 6.12 548 2.11 5 0.0344 0.0367 6.2 745 1.54 0.0351 0.0380 7.6 1314 1.03 0.0413 0.0450 8.3 
11 5.60 606 2.24 0.0381 0.0403 5.4 806 1.68 0.0380 0.0407 6.8 1366 3.12 0.0429 0.0469 8.6 
12 5.15 671 2.44 0.c.421 0.0444 5.0 869 1.83 0.0409 0.0438 6.6 1429 1.22 0.0449 0.0490 8.4 
13 4975 740 2.64 0.0465 C.C489 4.9 938 1998 0.0442 0.0472 6.5 1498 1.32 0.0470 0.0514 8.4 
14 4.45 817 2.83 0.0513 ('.0532 3.6 112 2.12 0.0477 0.0505 5.6 1570 1.41 0.0493 0.0536 19.0 
15 4.16 898 3.02 0.0564 0.0582 3.0 1091 2.27 0.0514 0.0543 5.3 1660 1.51 0.0521 0.0562 7.2 
16 3.89 985 3.23 0.0619 ;.n638 3.0 1,176 2.42 00554 0.0585 5.4 1736 1.61 0.0545 0.'590 7.7 
17 3.69 1079 3.41 0.0678 0.0690 1.8 1267 2.56 0.0597 0.0625 4.4 1832 1.70 0.0576 0.0617 6.8 
18 3.48 1179 3.61 0.0741 0.0752 1.5 1367 2.71 0.0644 0.0672 4.1 1921 1.81 0.t63 0.649 7.1' 
19 3.30 1281 3.81 0.0805 0.0816 1.3 1475 2.86 0.0695 0.0719 3.4 *** 1.90 0.0681 
20 3.16 1393 3.98 0.0875 0.0873 -0.3 1575 2.98 0.0742 0.1762 2.7 v**t 1.99 **fl-  ().071fl  
21 3.01 1509 4.17 0.0948 0.0943 -0.6 1688 3.13 0.0795 0.0815 2.4 **** 2.09 *t*** 0.0746 **** 
22 2.88 * 4.36 ',**** 0.1013 5*5* 1818 3.27 0.0857 0.0868 1.3 **4k 2.18 **W* -.i- 781 *fl' 
23 2.76 1711 4.55 0.1075 0.1086 1.0 1937 3.41 0.0913 0.0923 1.1 t*4* 2.28 ***** 0.0818 *t* 
24 2.64 *' 	* 4.76 t*,4tfl  0.1170 *5 3.57 *5*5*5 0.0986 *5*5 *t41* 2.38 ***** 0.0861 




















































* 4c :tc * 
1722 
*44* 
T A B I E : 5.10 
FREQUENCY FACTORS (COUPLED: N=0 C N=2;BENDING AND CROSS-SECTIONAL MODES)  
* * * * * * * * COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES (FIRST SPECTRUM ONLY)* * * * * * * * 
4 * * * * s * * * * * * * **CANTILEVER BEAMS: WAVELENGTH SOLUTION * * * * * * * t 4 * S * * * * t 
BEAM DETAILS: 
BEAM NUMBER: 1 
BEAM WIDTH = 2.0 
BETA= 1.875& -5 
WAVE FREQ. FACTOR 
NO 	EXP 	CALC 
X.XXX 0.0018 C.0000 
XXXX 0.0141 XXXXXX 
0948 0.0179 0.0214 
0.70 0.0194 0.0231 
0.90 0.0211 0.0249 
1.06 0.0229 0.0266 
1.27 0.0253 0.0291 
1.47 0.0278 0.0319 
1.66 0.0306 0.0347 
1.87 0.0339 0.0383 
2.05 0.0373 0.0416 
2927 0.0413 0.0460 
2.45 0.i;456 r.C498 
2.65 0.C502 0.0545 
2.82 0.0555 i.fl 588 
3.02 0.0609 0.0638 
3.23 !.C667 0.0699 
3.44 0.0719 0.0760 
3.59 0.0799 0.08C7 
3.78 0.0851 0.0868 
3999 0.0924 0.0941 
4.17 ***** 0.1007 
4.39 0.1082 0.1089 
4.55 ***n* 0.1152 
4.76 4*r*** 0.1236 

























* *t 4 
90; THICKNESS = 0.030; LENG 
BEAM NUMBER: 2 
BEAM WIDTH = 1.5 
BETA= 3.333 -5 
FREQ WAVE FREQ. FACTOR 
HZ 	NO 	EXP 	CALC 	P.DIFF 
25 XXXX 0.0012 0.0000 XXXX 
2(2 XXXX 0.0095 XXXXXX XXXX 
404 0.36 0.0190 0.0229 16.8 
463 2.52 0.0218 0.('284 23.1 
493 0.67 0.0232 0.0303 23.5 
523 0.80 0.0247 0.0318 22.5 
555 0.95 0.0261 0.0338 22.7 
595 1.11 0.0280 0.0360 2 2.2 
642 1.25 0.0303 0.0383 21.1 
689 1.41 0.0325 0.0411 21.0 
742 1.54 0.0350 0.0437 20.0 
805 1.71 0.0379 0.0472 39.6 
066 1.84 0.0408 0.0502 18.6 
935 1.99 0.0441 0.0538 18.1 
1011 2.12 ci.0476 0.0571 16.6 
1091 2.26 0.0514 0.0610 15.8 
1178 2.42 u.0555 0,u657 15.5 
1254 2.58 0.0591 0.0704 16.1 
1353 2.69 0.0638 0.0740 13.9 
1470 2.83 0,0693 0.0787 12.0 
1578 2.99 0.0744 0.0843 11.7 
1693 3.13 0.0198 0.0893 1007 
1813 3.30 0.0854 0.0955 10.6 
1938 3.41 0,0913 0.1004 9.0 
't* 3.57 ****** 0.1068 4*4* 
*** 3.71 *4*44* 0.1128 *fl 
= 32.0 
BEAM NUMBER: 3 
BEAM WIDTH = 190 
BETA 	7.50O@ -5 
FREQ WAVE FREQ. FACTOR 
HZ 	NO 	EXP 	CALC 	ZDIFF 
18 XXXX 0.0006 0.0000 XXXX 
166 XXXX 0.0:152 XXXXXX XXXX 
361 0.24 0.0114 0.0117 3.1 
574 0.35 °.0 180 U. 1 232 22.2 
909 0.45 0,0286 0.0344 16.9 
1039 0.53 0.0326 0.40 18.3 
1104 0.64 0.0347 0.0435 20.2 
1156 0.74 0.0363 0.t458 2.7 
1209 0.83 0.0380 0.0478 20.5 
3.260 0.94 0.0396 0.0500 20.8 
1319 1.03 0.0414 0.0519 20.2 
1387 1.14 0.0436 0.0545 20.0 
1448 1.22 0.0455 0.0567 19.7 
1516 1.33 0.0476 0.C593 19.7 
1594 1.41 0.0501 0.0617 18.8 
1667 1.51 0.0524 0.0645 18.8 
1756 1.62 0.552 C, .(678 18.6 
1846 1.72 0.0580 0.0712 18.5 
1928 1.80 fl.06('6 O.0737 17.8 
2048 1.89 0.0643 0.0770 16.4 
t*t 1.99 *tw ,r 8,, 9 tttt 
2261 2.09 0.0710 0.0844 15.9 
**.*4 2.20 .tt*t**. fl.0 888 *t** 
*44* 2.28 ****** 0.092) **t* 
*** 2.38 ***.$ *S 0,0965 ** ' 
*4*4 2.47 t**'k** 0.1007 ** 
N) N) 
-4 
I A B I.. E : 5.11 
************** FREQUENCY FACTORS (COUPLED: N=0 & N=2;BENDING AND CROSS-SECTIONAL MODES)  
* * * * * 	t * COMPARISIIJN OF EXPERIMENTAL AND CALCULATED VALUES (FIRST SPECTRUM ONLY)* 	* * * * * * 
* * t * * S * * * * * t * * * *CANTILEVER BEAMS: WAVELENGTH SOLUTION * * * * * * * * * * * * * * * * * 
BEAM DETAILS: \NGLE 
BEAM NUMBER: 4 
BEAM WIDTH = 2.0 
BETA= 1.875 -5 
WAVE FREQ. FACTOR 
NO 	EXP 	CALC 
	
%DIFF 
XXXX 0.0014 0.0000 XXXX 
XXXX 000099 XXXXXX XxXx 
0.51 0.0162 0.0238 31.8 
0.70 0.0180 0.0259 30.3 
0.89 0.0196 0.0279 29.6 
1.08 0.0213 0.0301 29. 2 
1.28 0.U234 0.0327 28.6 
1.47 0.0259 0.0356 27.3 
1.65 0.0285 0.0386 26.3 
1.86 0.0314 0.0423 26.0 
2.05 0.C347 0.0461 24.7 
2.26 0.0385 0.0506 24.0 
2.44 0.0425 0.0548 22.3 
2.63 0.0469 0.0593 20.8 
2.83 0.0516 0.0643 19.7 
3.03 0.0567 0.0698 18.7 
3.22 090623 0.0754 17.4 
3.43 0.0681 0.(816 16.6 
3.60 0.0743 0.0870 14.6 
3.79 0.0810 0.0936 13.4 
.01 0.0378 0.1012 13.2 
4.17 c.u951 u.1tTr! 3. 1 • 1 
4.38 0.1028 0.1149 10.6 
4.52 0.1107 0.12o5 8.1 
4.76 ***** 0.1304 
4.95 ***** 0.1384 
120; THICKNESS = 0.030; LENG 
BEAM NUMBER: 5 
BEAM WIDTH = 1.5 
BETA= 3.333 -5 
FREQ WAVE FREQ. FACTOR 
HZ 	NO 	EXP 	CALC 	DIFF 
13 XXXX 0.0006 0.0000 XXXX 
141 XXXX 0.0066 XXXXXX XXXX 
325 0.38 0.0153 0.0199 23.1 
440 0.52 0.0207 0.0302 31.4 
490 0.67 0.c231 0.0335 31.2 
526 0.81 0.0248 0.0357 30.7 
562 0.96 0.0265 0 .038 30.3 
600 1.10 0.0283 0.0403 29.9 
640 1.24 00301 0.0428 29.5 
691 1.39 0.0325 0.0458 28.9 
745 1.54 0.0351 0.0489 28.2 
805 1.69'0.0379 0.0524 27.7 
866 1.83 0.0408 0.0558 26.9 
938 1.97 0.0442 0.0594 25.6 
1010 2.12 0.0476 0.0634 25.0 
1091 2.27 0.0514 0.0677 24.1 
1176 2.42 0.0554 0.0722 23.2 
1268 2.57 0.0598 0.0771 22.5 
1365 2.70 0.0643 0.0813 20.9 
1467 2.84 0,U691 0.0864 20.0 
1575 3.01 0.0742 0.0923 19.6 
1692 3,13 0.0797 0.0968 17.7 
1812 3.28 0.0854 0.1030 17.1 
*1** 3.39 Zt*$"? c.1L73 **$ 
'4* 3.57 **e** 0.1149 **** 
*rfl 3.71 .**&'iS 0.1210  
= 32.0 
BEAM NUMBER: 6 
BEAM WIDTH = 1.0 
BETA 	7.500& -5 
FREQ WAVE FREQ. FACTOR 
HZ 	NO 	EXP 	CALC 	ZDIFF 
15 XXXX 0.0005 0.0000 XXXX 
**** XXXX ****** XXXXXX XXXX 
268 0.25 0.0084 0.0092 	8.2 
497 0.35 0.0356 0.0170 8.0 
734 0.44 0.0231 0.0268 14.0 
915 0.54 0.0287 0.0373 22.8 
1029 0.64 fl.0323 fl.r452 28.6 
1108 0.73 0.0348 0.0495 29.7 
1172 0.82 0.0368 0.0524 29.7 
1235 0,93 0.0388 0.0552 29.7 
1295 1,02 0.0407 fl.'577 29.5 
1358 1.13 0.0427 0.0605 29.5 
1414 1.22 0.fl444 0.(4631 29.7 
1496 1.31 0.0470 0.0659 28.7 
1573 1.41 0.0494 0.0689 28.3 
1654 1.51 0.0519 0.0721 2R.0 
1743 1.61 0.0548 0.0754 27.4 
1832 1.71 0.0575 0.0791 27.2 
1927 1.80 0.0605 0.0822 26.3 
2028 1.90 0.0637 0.0859 25.8 
2138 2.01 0.0672 0.0902 25.5 
2251 2.C9 u.0707 0.0935 24.3 
**t%' 2.19 ***t 0.0979 t" 
4*** 2.26 	**t rjr,r! 	*t* 
i*** 2.38 ittt$* 0.1064 









































17 3.67 1084 
18 3.49 1183 
19 3.31 1289 
20 3.13 1398 
21 3.01 1514 
22 2.87 1636 






I A B L E :5.12 
FREQUENCY FACTORS (COUPLED: N=0 & N=2;BENDING AND CROSS-SECTIONAL MODES) ************* 
* * * * * * * * COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES (FIRST SPECTRUM ONLY)* * * * * * * * 
* * * * * * * * * * * * *CANTILEVER BEAMS: WAVELENGTH SOLUTION * * * * * * * * * * * * * * * * * 
BEAM DETAILS: ANGLE = 150; THICKNESS = 0.030; LENGTH = 32.0 
BEAM NUMBER: 7 BEAM NUMBER: B BEAM NUMBER: 9 
BEAM WIDTH = 2.0 BE-AM WIDTH = 1.5 BEAM WIDTH = 1.0 
BETA= 1.875 -5 BETA= 3.333 -5 BETA= 7.500i -5 
WAVE FREQ WAVE FREQ. 	FACTOR FREQ WAVE FREQ. 	FACTOR FPEQ WAVE FREQ. 	FACTOR 
M LENGTH HZ NO EXP CALC ZDIFF HZ NO EXP CALC DIFF Hi NO EXP CALC DIFF 
0 XXXXX 11 XXXX 0.0007 0.0000 XXXX 11 XXXX 0.0005 0.0000 XXXX 8 XXXX 0.0N12 fl.000 XXXX 
3. XXXXX 82 XXXX 0.0052 XXXXXX XXXX 74 XXXX 0.0035 XXXXXX XXXX 49 XXXX 0.0015 XXXXXX XXXX 
2 25.47 205 0.49 0.0129 0.0175 26.2 185 0.37 0.0087 040099 12.4 136 0.25 0.0043 0.0043 1.2 
3 17.97 263 0.70 0.0165 0.0263 37.2 321 0.52 0.0151 0.0196 23.0 273 0.35 0.0086 0.0086 096 
4 14.31 297 0.88 0.0186 0.0287 35.0 421 0.66 0.0199 0.0293 32.2 431 0.44 0.0135 0.0136 0.2 
5 31.75 327 1.07 0.0205 0.0311 34.0 493 0.80 0.0232 0.0355 34.6 598 0.53 0.0188 0.0200 6.2 
6 9.88 362 1.27 0.0227 0.0340 33.1 545 0,95 0.0257 0.0388 33.8 765 0.64 0.0240 0.0279 14.0 
7 8.62 401 1.46 0.U252 (;.0369 31.8 595 3.09 0.0281 0.0434 32.2 905 0.73 0.0284 0.0359 20.7 
8 7.49 445 1.68 0.0280 0.0408 31.4 643 1.26 0.0303 0.0447 32.2 1011 0.84 0.0319 0.0451 29.2 
9 6.82 493 1.84 0.0311 0.0439 29.4 697 1.38 0.0328 0.0472 3r•5 1136 0.92 0.0357 0.0508 29.7 
10 6.11 549 2.06 0.0345 0.0482 28.5 753 1.54 0.0355 0.0509 30.2 1211 1.03 0.0380 0.0563 32.4 
11 5,59 606 2.25 0.0381 0.0524 27.3 816 1.69 0.0385 0.0542 29.1 1289 1.12 fl. 0405 0s6r0 32.5 
12 5.20 670 2.42 0.042). 0.0563 25.2 819 1.81 0.0414 0.0575 28.0 1373 1.21 0.0431 0.0631 31.6 
13 4.15 741 2.65 0.C465 0.0620 25.0 957 1.99 0.0451 0.0621 27.4 1444 1.32 0.0454 i.t671 32.4 
14 4.41 810 2.81 0.0509 0.0663 23.2 1035 2.11 0.0488 0.0655 25.5 1526 1.40 0.0480 0.0699 31.4 
15 4.17 894 3.01 0.0561 0.0719 21.9 1109 2.26 0.0522 0.1701 25.4 *t* 4' 1.51 *-t .fl736 
16 3.90 980 3.22 0.0616 0.0780 21.0 1198 2.42 0.0564 0.0749 24.7 1709 1.61 0.0537 0,C774 30.6 
17 3.68 1080 3.41 090579 0.0839 19.1 1288 2.55 0.0607 0.0796 2398 1790 1971 0.0562 00fl810 3096 
18 3.49 1170 3.60 0.0735 0.0899 18.2 1386 2.70 0.0653 0.0844 22.6 1883 1.80 0.0592 000846 30.1 
19 3.30 1277 3.81 0.0802 0.0969 17.2 1496 2.86 0.0705 0.0899 21.6 **** 1.90 0.0888 * 
20 3.16 1384 3.98 0.0869 0.1029 15.5 1602 2.98 0.0755 0.0946 20.2 ***t 1.99 **** 0.0923 
21 3.00 fl 4.19 *n** 061107 1713 3.14 0.0807 0.1007 19.8 **** 2.09 ****** 0.0969 **- 
22 2.88 **t 4.36 *** 0.1173 1829 3.27 0.0862 0.1059 18.6 **** 2.18 ****.* 0.1008 ** 
23 2.80 *tz*- 4.49 *flw* 0,1223 ** 1963 3.37 0.0925 0.1098 15.7 *' 2,24 ** 0.1036 **** 
24 2.64 **- 4.76 *tr* 0.1335 t*** 2092 3.57 0.0986 0.1184 16.8 **** 2.38 ****t* 0.1100 **** 
25 2.54 *** 4.95 **fl'*-  0.1416 *fl*  2245 3.71 0.1058 0.1247 15.2 * 2.47 '*" 091145 fl** 
T A 8 L E : 5.13 
**fl* FREQUENCY FACTORS (COUPLED: N=0 C N=2;BENDING AND CROSS-SECTIONAL MODES) *2&*** 
tt * *COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES (FIRST SPECTRUM ONLY)* * 
4 * * * * * * * 4 * 	* CANTILEVER BEAMS: WAVELENGTH SOLUTION * 4 * * * * 4 * * * * * 
BEAM DETAILS: ANGLE = co; WIDTH = 2.0; LENGTH = 32.0 
BEAM NUMBER: 13 	 BEAM NUMBER: 14 
THICKNESS = 0.060 THICKNESS = 0.050 
BETA= 7.500& -5 	 BETA= 5.208aJ -5 
WAVE WAVE FREQ FREQ. FACTOR FREQ FREQ. FACTOR 






















































































































.12 • 3 
11.9 



























































I A 8 L E :5,14 
***** FREQUENCY FACTORS (COUPLED: N=0 C N=2BENDING AND CROSS-SECTIONAL MODES) ***** 
* 	* *COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES (FIRST SPECTRUM ONLY)* * * * 
* * t * * * * * t 	* * CANTILEVER. BEAMS: WAVELENGTH SOLUTION * * * * * * * * * * * * 
BEAM DETAILS: 	ANGLE = 90; WIDTH = 2.0; THICKNESS = 0.030; 	BETA = 1.875a -5 
REAM NO: 	15 BEAM NO: 16 
BEAN LENGTH = 30.0 BEAM LENGTH = 25.0 
WAVE FRED WAVE FREQ. 	FACTOR WAVE FREQ WAVE FREQ. 	FACTOR 
M LENGTH HZ NO EXP CALC WIFE LENGTH HI NO EXP CALC DIFF 
o xxxxx 30 XXXX 0.0019 0, 00t, 0 XXXX XXXXX 37 XXXX 0.0023 0.0000 XXXX 
1 XXXXX 233 XXXX 0.0146 XXXXXX XXXX XXXXX 258 XXXX 0.0162 XXXXXX XXXX 
2 22.20 279 0.57 0.0175 0.0221 2097 18.80 289 0467 0.0182 0.0229 20,6 
3 16.70 302 0.75 0,0190 0.0236 19,6 13.80 •316 0.91 0.0198 0.0250 20.7 
4 13.20 329 0.95 0.0206 0.0254 18.9 11.00 354 1.14 060223 0.0275 19.1 
5 10.54 361 1.19 .0.0227 0.0281 19.2 .9.14 399 1.37 0.0251 0.0305 17.6 
6 9.28 398 1.35 0.0250 0.0302 17.2 7964 451 1.64 0.0283 0.0344 17.8 
7 7.86 443 1.60 0.0278 0.0337 17.5 6.86 515 1.83 0.0324 0.0376 13.9 
8 7.00 493 1.80 0.0310 0.0369 16.2 5.86 588 2.14 0.0369 0,0434 14.9 
9 6.32 549 1.99 0.0345 0.0404 14.6 5.22 666 2.41 0,0418 0.0489 14.5 
10 5.68 611 2.21 0.0384 0.0448 14.2 4.76 758 2.64 0.0476 0,0543 12.3 
11 5.24 681 2.40 0.0428 0.0487 12.1 4.38 857 2.87 0.0539 0.0600 10.2 
12 4.80 758 2.62 0. 0477 0.0537 11.3 4.02 967 3.13 0.0607 0.0669 9.2 
13 4.62 839 2.72 0.0527 0.0562 6.2 3.74 1085 3.36 fl.,682 0.0736 7.4 
14 4.16 929 3902 0.0583 0.0640 8.8 3.50 1213 3.59 0.0762 0,0807 5.6 
15 3.90 1024 3.22 0.0644 0.0696 7.5 3.28 1352 3.83 0.0850 0.0886 4.1 
16 3.66 1127 3.43 0.0708 0.0758 6.7 3.06 1507 4.11 0.0947 0.0982 3.6 
17 3.46 1236 3.63 0,0777 0.6820 5.3 2.92 1655 4.30 0.1040 0.1655 1.4 
18 3.26 1352 3.85 0.0849 0.0894 5.0 fl** **;* **4* ***** ******. **** 
19 3.10 1474 4.05 0.0926 0.0963 3.9  
20 2.96 1604 4.25 0.1008 0.1033 2.5 a** **S* ***t ****** *t**** *t* 
21 *** **t* **** *t** **** ****** ****** **** 
22 **tt t** *t** ****** **$*** tn **** **4* *** ****** 
23 2.58 1983 4.87 0.1246 0.1283 248  
24 ** **,** **** *v*txct **** *t*c  
25 **Z'* 4*'? * * * * *fl*** *t**** ****  
TABLE: 5.15 
**t** FREQUENCY FACTORS (COUPLED: N=0 & N=2;BENDING AND CROSS-SECTIONAL MODES) **4* 
* * * *COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES (FIRST SPECTRUM ONLY)* $ * t 
* * * * * * t * t * * t CANTILEVER BEAMS: WAVELENGTH SOLUTION * * * * * * * * * * * * 
BEAM DETAILS: 	ANGLE = 90; WIDTH = 2.0; THICKNESS = 0.030; 	BETA = 	1.875ZY -5 
BEAM NO: 	17 BEAM NO: 18 
BEAM LENGTH = 20.0 BEAM LENGTH = 15.0 
WAVE FREQ WAVE FREQ. 	FACTOR WAVE FREQ WAVE FREQ. 	FACTOR 
M LENGTH HZ NO EXP CALC ZDIFF LENGTH Hi NO EXP CALC T.DIFF 
0 XXXXX 49 XXXX 0.0031 0.0000 XXXX XXXXX **** XXXX ****** 0.0000 XXXX 
1 XXXXX 202 XXXX 0.0127 XXXXXX XXXX XXXXX 294 XXXX 0.0185 XXXXXX XXXX 
2 16.20 305 0.78 0,0192 0.0238 19.3 13.80 347 0.91 . 0.0218 0.0250 13.0 
3 10.40 349 1.21 0.0219 0.0283 22.6 8.3U 423 1.51 0.0266 C.0324 18.1 
4 8.80 405 1.43 0.0254 0.0312 18.5 6.46 520 1.95 0.0326 0.0396 17.5 
5 1.20 475 1.75 0.0298 0.0361 17.3 5.44 645 2.31 0.u405 0.0468 13.4 
6 6.04 558 2.08 0.0351 0.0421 16.8 4.64 794 2.71 0.0499 0.0559 10.8 
7 5.32 656 2.36 0.0412 0.0479 14.1 4.02 967 3.13 0.0608 0.0669 9.1 
8 4.62 771 2.72 0.0484 0.0562 13.8 3.54 1158 3.55 0.0734 0.0794 7.6 
9 4.22 895 2.98 0.0562 0.0628 10.5 3.24 1395 3.88 0.0876 0.0902 2.9 
10 3.80 1036 3.31 0.0651 0.0721 9.6 2.90 1647 4.33 0.1035 0.1066 2.9 
11 3.50 1197 3.59 0.0752 0.08(17 6.8 *n* **t* **** *n*** *** 
12 3.20 1375 3.93 0.0864 0.0919 6.0 ***** ****** **** 
13 **-* 't** **'*t **i *'* 2,22 2580 5.66 0.1621 0.1645 1.5 








20 fl$t *C* **** *• 	%* **t***  







T A B L E : 5.16 
*******n**t*****FREQUENCY FACTORS (COUPLED: BENDING AND CROSS-SECTIONAL MO0ES)*********tt*nkt 
* * * * 4 4 ** * * * * COMPRISION OF EXPERIMENTAL AND CALCULATED VALUES* * 	t * ** * 4 * t * * 
* * * * * * ** * * * * * * (FREE-FREE BEAMS: WAVE-LENGTH SOLUTION)* * * *  
BEAM NO, 21: ANGLE= 90;B= 3.O;0= 0..25c2;L= 24.( - ;BETA= 5.78703a -4 
WAVE WAVE FREQ FREQUENCY 	FACTOR FREQ FREQUENCY FACTOR. FREQ FREQUENCY FACTOR 
M LENGTH NUMBER HZ EXP CALC ZDIFF HZ EXP CALC ZDIFF HZ EXP CALC WIIFF 
SPECTRUM:1 5PECTRUM:2 S P E C T R U M 	: 	 3 
0 *4*4* *t** **** ***fl* **** **** 1451 0.1368 0.1145 -19.4 7740 0.7295 0.5989 -21.8 
1 4tz"fl 4*44. *** **** ****** ** 1506 0.1419 *.*** *S** 7800 0.7351 ****** 4*4* 
2 26.00 0,72 680 0.0641 0.0877 26.9 1645 0.1550 0.1630 4.9 7940 0.7483 0.6312 -18.6 
3 18.60 1.01 1344 0.1267 0.1277 0.8 2483 092340 0.2370 1.3 8170 0,7700 0.6444 -3.9.5 
4 12.0(J 1.57 1782 0.1679 U.1787 6.0 4032 0.380L 0.4024 5.6 8636 0.8139 0.6811 19.5 
5 10.25 1.84 2100 0.1979 0.2048 3.4 5814 0.5480 0.5561 1.5 9220 0.8690 0.7217 -20.4 
6 8.39 2.25 2483 0.2340 0.2493 6.1 7419 0.6992 0.7040 0.7 10216 0.96280.8445 -14.0 
7 7.20 2.62 ** ***t** 0.2958 *4*4 t*.*** ****t* 0.1710 **t* 11734 1.1059 1.0402 -6.3 
8 6.20 3.04 3495 0.3294 0.3558 7.4 9560 0.9010 0.8408 -7.2 13720 1.2931 1.2955 r.2 
9 5.58 3.33 4150 0.3911 094095 4.5 10432 0.9832 0.8957 -9,8 **.* *4fl* 1.4893 **** 
10 4.98 3.79 4845 0.4566 0.4810 5.1 11240 1.0593 0.9708 -9.1 t* 1.7358 !*t* 
11 4.36 4.32 5623 0.5300 0.5871 9.7 11734 1.1059 1.0810 -2.3 ***** *4* 2.0627 **** 
12 4.10 4.60 6494 0.6120 0.6462 5,3 13000 1.2252 1.1420 -7.3 **fl*' ** 2.2290 c** 
13 3.75 5.03 1500 0.7069 0.7457 5.2 13920 1.3119 1.2442 -5,4 *4*4* *44*4* 2.4886 4*4* 
14 3.52 5.35 8400 0.7917 0.8276 4.3 4*t* 4*4*4* 1.3280 *4*4 *4*4* *44*4* 2.6867 *** 
15 3.22 5.85 .9590 0.9038 0.9615 6.0 *4*4* 4*4*4* 1.4644 4*4* 444*4 44*44* 2.9864 fl 
16 3.05 6.18 10690 1.0075 1.0552 4.5 fl** *4*44* 1.5596 *4*4* *4*44* 3.1817 **** 
17 2.88 6.54 11800 1.1121 1.1659 4.6 :4*44* **** 1.6717 *4*4 *4*4* ***** 3.3995 *4*4 
18 2.71 6.96 13000 1.2252 1.2976 5.6 *** **$'*** 1.8049 4*4* *4*4* 4t* 3.6439 4*4* 
N) 
I A B L E : 5.17 
*****************FREQUENCY FACTORS (COUPLED: BENDING AND CROSS-SECTIONAL MODES)*****t*********** 
* * fl * * * ** * * * * COMPftRISICN OF EXPERIMENTAL AND CALCULATED VALUES* ' * * t ** 4 * * t * *• 
* * S * * ** * * * * S 4 (FREE-FREE BEAMS: WAVE-LENGTH SOLUTION)* 4 * * * * * * ** * * * 4 * * 
BEAM NO, 22: ANGLE= co;a= 3.0;0= 0.187;L= 24.0;BETA= 3.23787a -4 
WAVE WAVE FREQ FREQUENCY FACTOR 
M LENGTH NUMBER HZ EXP CALC ZDIFF 
SPECTRUM:l 
o 
1 *4*4* $*** 4*44* *4*4*4 ****** **** 
2 26.70 0.71 629 0.0593 0.0776 23.6 
3 19.00 0.99 1021 0.0962 0.1009 4.6 
4 13.93 1.35 1160 0.1093 0.1224 10.7 
5 9.75 1.93 1450 0.1367 0.1624 15.9 
6 8.18 2.30 1725 0.1626 0.1932 15.9 
7 6.99 2.70 2049 0.1931 0.23n7 16.3 
8 6909 3.10 2510 0.2366 0.2740 13.7 
9 5.5d 3.38 2920 0.2752 0.3C80 IC.6 
10 4.90 3.85 3418 0.3221 0,3703 13.0 
11 4.40 4.28 3810 0.3591 0.4352 17.5 
12 4.13 4.56 4612 0.4347 0.4803 9.5 
13 3.73 5.05 5260 t.4957 0.5657 12.4 
14 3.62 5.21 6042 0.564 0.5942 492 
15 3.22 5,85 6879 0.6483 0.7233 10.4 
16 3.05 6.18 7950 0.7493 0.7940 5.6 
17 2.88 6.54 8710 0.8209 0.8774 6.4 
18 2.74 6.88 9637 0.9083 0.9580 5.2 
FREQ 	FREQUENCY FACTOR 
HI EXP 	CALC 	DIFF 
SPECTRUM: 2 
975 0.0919 0.0860 -6.9 
1021 0.0962 ***t*t *44* 
	
1265 0. 1192 0.1317 	9.5 
2270 0.2139 0.2154 0.7 
3838 0.3617 0.3673 	1.5 
5148 0.4852 0.5125 5.3 
5866 0.5529 0.5540 	0.2 
6418 0.6049 0.5993 -0.9 
6810 0.6418 0.6416 -0.0 
7490 0.7U59 0.6174 -4.2 
8047 0.7584 0.7450 -1.8 
8710 0.5209 0.8102 -1.3 
9317 b.8781 0.8827 	0.5 
13017 0.9441 0.9449 0.1 
10773 1.0153 1.0249 	0.9 
11570 1.C904 191063 1,4 
12360 1.1649 1.1784 	1.1 
13290 1.2526 1.2633 009 
14100 1.3289 1.3451 	1.2 
FREC 	FREQUENCY FACTOR 
HZ EXP 	CALC 	0IFF 
S P E C T R U M : 3 
5398 0.5087 0.4514 -12.7 
5456 0.5142 t**4** **** 
5513 C. 5196 0.4756 -9.2 
5740 0.5410 0.4860 -11.3 
6185 0.5829 0.5079 -14.8 
7090 0.6682 0.6543 --2.1 
8917 0.8404 0.8514 	1.3 
10950 1.0320 1.0986 6.1 
12880 1.2339 1.3155 	7.7 
***** ****tt 1.4863 *44* 
t**4c* **** 1.7804 4**K 
*4*4* *44*4* 2.0363 4*4* 
**$** **c*** 2.2958 ** 
2. 5fl  16 4*4* 
*t$t* ****** 2.7481  
**** ***** 2.9837 t44 
*44*4 **t** 3.1762 
*44*4 **t*** 3. 393i1 	4*t 
*4*4* 4*4*4* 3.5910 **** 
Ni 
a 
T A B L EH :5.15 
.***FREQUENCY FACTORS (COUPLED: BENDING AND CROSS-SECTIONAL MODES)**** 
* * * * c COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES*  
*I' (FREE-FREE BEAMS: WAVE-LENGTH SOLUTION)* * * * * * * 	* 
BEAM NO. 23: 	ANGLE= 	90;B= 	3.0;D= 0.125;L= 24.0;BETA= 1.446760 -4 
WAVE WAVE FREQ FREQUENCY FACTOR FREQ FREQUENCY FACTCR 
M LENGTH NUMBER HZ EXP CALC YOIFF HZ EXP CALC DIFF 
SPECTRUM:1 SPECTRUM:2 
o **** *o*' ***** **ts*** **t* 623 0.0587 0.0574 -2.3 
1 *** **** ta*c ***:fl <*** 640 0.0603 **.tt** **** 
2 26.70 0.71 512 0.0483 000600 19.6 915 0.0919 0.0983 6.5 
3 18.30 1.03 680 0.0641 U.0714 10.2 2167 fl. 2042 0.20u0 -2.1 
4 13.53 1.39 7'30 0.0745 0.0845 11.9 3300 0, 3110 0.3096 -0.5 
5 10.30 1.83 975 0.0919 0.1038 -11.5 3810 0.3647 0.3449 -5.8 
6 8.24 2.29 1156 0.1090 0.1284 15.1 4080 0.3845 0.3722 -3.3 
7 7.20 2.62 1382 0.1303 0.1490 12.6 4352 0.4102 0.3941 -4.1 
8 6.09 3.10 1630 0.1536 0.1831 16.1 4679 0.4410 0.4302 -2.5 
9 5.45 3.46 1953 0.1841 0.2125 13.4 5030 0.4741 0.4611 -2.8 
10 4.89 3.85 2302 0.2170 0.2481 1.2.6 5434 0.5121 0.4984 -2.8 
11 4.36 4.32 2720 0.2564 0.2948 13.0 5824 0.5489 0.5471 -0.3 
12 4.18 4.51 3134 0.2954 0.3148 6.2 6285 0.5923 0.5858 -1.1 
13 3.75 5.03 3610 0.3402 0.3745 9.1 6790 0.6399 0.6296 -1.6 
14 3.46 5.45 4160 0.3921 0.4278 8.4 7380 0.6955 0.6761 -2.9 
15 3.22 5.85 4730 0.4458 0.4832 7.7 7800 0.7351 0.7412 008 
16 3.05 6.18 5340 0.5033 (J.5305 501 8428 0, 7943 0.1896 -0.6 
17 2.88 6.54 5970 0.5627 0.5864 4.0 9050 0.8529 0.8465 -0.8 
18 2.71 6.96 6600 0.6220 0.6530 4.7 9680 0.9123 0.9143 v.2 
SPECTRUM:3 SPECTFkIJM:4 
0 *** **** **** ***'** 0.3019 **** *_**** ****** 0.7586 **** 
1 **** **' 3516 0.3314 *fl*** **4* 9300 0.8765 ****** **** 
2 26.70 0.71 3650 0.3440 0.3188 -7.9 ********** 0.7766 *t4* 
3 18.30 1.03 3870 0.3647 0.3298 -10.6 **** ****** 0.7852 **** 
4 13.53 1,39 4603 0.4338 0.3843 -12.9 *** *** 0.7998 **fl 
5 10.30 1.83 6485 0. 6112 p.5857 -4.4 9960 0.9387 0.8284 -13.3 
6 8.24 2.29 8290 0.7813 0.7467 -4.6 **** ****** 0.9061 * * * * 
1 7.20 2.62 *** ***' 0.8157 *** 11830 1.1150 1.0465 -6.5 
8 6.09 3.10 *** *'* 0.8673 **** 13800 1.3006 1.3092 0.7 
9 5.45 3.46 10 50 0 0.9896 0.9018 -9.7 ***** *fl*** 1.5206 **** 
10 4.89 3.85 10840 1.0216 0.9408 -8.6 ***** ****** 1.7540 *** 
11 4.36 4.32 11.270 1.0622 0.9905 -7.2 ***** ****** 2.0312 **** 
12 4.18 4.51 11730 1.1102 1.0298 -7.8 ***** ****** 2.2336 *'* 
13 3.75 5.03 12300 1.1592 1.0739 -7.9 *'** 2.4463 **** 
14 3.46 5.45 12930 1.2186 1.1208 -8.7 *fl* ****** 2.6511 nn 
15 3.22 5.85 13580 1.2799 1.1863 -7.9 *** fl** 2.9309 **** 
16 3.05 6.18 *** *'***t 1.2350 4'4** ***** *****-* 3.1209 **** 
17 2.88 6.54 **** fl*** 1.2923 **** ***** ** 3.3325 *Sh* 
18 2.71 6.96 ***$* ***** 1.3605 **** *fl** ****** 3.5698 **** 
I A B L E : 5.19 	
236. 
**sc*FREOUENCY FACTORS (COUPLED: BENDING AND CROSS-SECTIONAL MODES)**** 
* s 	* * COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES* * * * * 
* * (FREE-FREE BEAMS: WAVE-LENGTH SOLUTION)* 4 * * * * * s 
BEAM NO, 24: ANGLE= 90;B= 3.U;C= 0.062;L 24.0;BETA 3.55926& -5 
WAVE 	WAVE 	FREQ 	FREQUENCY FACTOR 	FREQ 	
FREQUENCY FACTOR 
P LENGTH NUMBER HZ EXP 	CALC'YD IFF 
HZ EXP 	CALC tDIFF 
SpECTRUM:i 	 S P E C T R U M : 2 
Cl ***4 	*tn 	293 0.0276 0.0287 	3.8 ***** ***t* ****** nn 
fl****  
2 28.00 0.67 t***Yc *P*** 0.0316 
r*** 	863 0.0813 0.0888 	8.4 
3 18.50 1.02 	327 0.0308 0.0362 14.9 *** 
***4*29 0.1532 *** 
4 12.93 1.46 363 0.0342 0.0439 22.1 	
1840 0.1734 0.1653 -4.9 
5 10.30 1.83 	460 0.0434 0.0521 16.8 
1900 0.1791 041741 -2.9 
6 8.30 2.27 buO 0.0528 0.0638 17.3 	
2000 0.1685 0.1865 -1.1 
7 7.07 2.67 	660 0.0522 0.0762 18.4 
2080 001960 0.1995 	1.7 
8 6.20 3.04 810 0.0763 0.0896 14.8 	
2260 092130 0.2136 0.3 
9 5.53 3.41 	960 0.0905 0.1043 13.3 
2410 0.2271 0.2290 	0.8 
10 4.90 3.85 1130 0.1065 0,1238 14.0 	
2610 0.2460 0.2495 1.4 
11 4.5 	4.19 	1334 (!.1257 L.14 6 1006 
2840 0.2677 0.2670 -0.2 
12 4.10 4.60 1550 0.1461 0.1624 10.0 	
3096 0.2918 0.2898 -C.? 
13 3.74 5.U4 	1780 0.1678 0.1883 10.9 
3290 0.3101 0.3165 	2.0 
14 3.50 5.39 2C60 C. 1 1342 0.2101 	7.6 	3600 0.3393 0.3390 -0.1 
15 3.23 5.84 	2344 0.22c.9 ;.2406 862 
3830 0.3610 0.3704 	2.5 
16 3.05 6.18 2620 0.2469 0.2656 	7.0 	
41000.3864 0.3959 2.4 
17 2.83 6.54 	2970 0.2799 0.2936 4.7 
4510 0.4251 0.4245 -0.1 
18 2.71 6.96 3300 0.3110 0.3270 	4.9 	
4860 0.4580 0.4585 	0.1 
19 2.53 1.45 	3701 0.3488 0.3699 5.7 
5200 o.4961 0.5021 244 
20 2.40 7.85 4090 0,3855 0.4071 	5.3 	
5638 0.5314 0.5398 	1.6 
21 2.8 8.t7 	4498 0.4239 0.4472 5.2 
6044 0.5696 0.5804 1.9 
22 2.16 8.73 4919 0.4636 0.4941 	6.2 	
6471 0.6099 0.6278 	209 
23 2.09 9.02 	5354 0.5046 0.5253 3.9 
6892 0.6496 0.6592 1.5 
24 2.01 9.38 5838 0.5502 0.5650 	2.6 	
7420 0.6993 0.6992 -0.0 
25 1.94 9.72 	6310 0.5947 0.6038 1.5 
7850 0.7398 0.7384 -0.2 
26 1.86 1 1 .13 6858 0.6464 0.6537 	1.1 	8341 0.7861 0.7885 
	0.3 
27 1.80 10.47 **4** *'Q'**' 	0.6955 't*** 8903 0.8391 0.8306 -1.0 
28 1.73 10.90 **" *'' 0.7498 *a 	95?C 0.8954 0.8852 -1.1 
29 1.66 11.36 ***t *** 	0.8112 	 10060 0.9481 0.9469 -0.1 
30 1.60 11.78 *fl** **' f.87U3 '*** 10617 1.0006 1.0063 	0.6 
* * * * * * * * * * * * 
SPECTRUM:3 	 SpEcTRUM:4 
0 **'* 	*** 	1660 0.1565 0.1513 -34 '4*** **Z** 0.3810 **' 
1 t*:*4* *w*' **t* .$$**** **tV **** *fl** 0*44* ****** *0* 
2 28.00 0.67 	1758 0.1657 0.1612 -2.8 **' 
	'¼**#** 0.3900 **it 
3 18.50 1.02 2540 0.2394 0.2113 -13.3 	
**fl** 0.3960 4*4* 
4 12,93 1.46 	3968 0.3740 0.3550 -5.3 
4919 0.4636 0.4265 -8.2 
5 10.30 1.83 *'**' 	 0.3959 	
6550 0.6173 0.5199 -6.5 
6 8.30 2.27 	 ***•'* 0.4117 *** 
	8341 0.1861 0.7563 -3.9 
7 7.07 2.67 **** *t*fl 0.4252 	*** *4*4* *0*4* 0.7648 **** 
8 6.20 3.04 **** 	 0.4394 *' 	
9210 0.8680 0.7736 -12.2 
9 5.53 3.41 	5182 0.4884 0.4548 -7.4 
9370 0.8831 0.7635 -12.7 
10 4.90 3.85 5360 0.5052 0.4751 -6.3 	
9540 0.8991 0.7970 -12.8 
11 4.50 4.19 	5590 0.5268 0.4926 -7.0 
9706 0.9148 0.8088 -13.3 
12 4.10 4.60 5838 t.5502 0.5153 -6.8 	
9953 0.9380 0.8245 -13.8 
13 3.74 5.04 	6123 0.5771 0.5421 -6.5 10214 0.9626 0.8435 -1.1 
14 3.50 5.39 64u0 0.6032 (.5646 -6.8 1057 0. 9903 0.8598 -15.2 
15 3.23 5.84 	6662 0.6279 0.5961 -5.3 10805 190183 0.8830 -15.3 
16 	3.05 6918 701 .1 0 0.6597 0.6218 -6.1 	iliflO 1.0461 0.9fl24 -15.9 
17 2.88 6.56 	7422 0.6995 0.6505 -7.5 11418 1.0761 0.9244 -16.4 
18 2.71 6.96 1750 0.7304 0.6847 -6.7. 11790 1.1112 0.9511 -16.8 
19 2.53 7.45 	8053 0.7590 0.1286 -4.2 12168 191468 0.9860 -16.3 
T A B I E : 520 
*-***t***********FREQUENCY FACTORS (COUPLED: BENDING AND CROSS-SECTIONAL MODES)****t*t********+ 
COMPRISI0N OF EXPERIMENTAL AND CALCULATED VALUES* * * t * ** * * * * * * 
* * * * * * t* * * * * * * ( FREE-FREE BEAMS: WAVE-LENGTH SOLUTION)* * * * * * * * ** * * * * * * 
BEAM NO. 25: ANGLE 	90;B= 2.0;D= 0.250L= 36.ti;BETA 1.30208 -3 
WAVE 	WAVE 	FREQ 	FREQUENCY FACTOR 
M LENGTH NUMBER HZ EXP 	CALC ZDIFF 
SPECTRtJM:1 
o **** **** ***** ***** ****** **** 
	
2 36.60 0.34 	210 0.0132 0.0222 40.6 
3 25.75 0.49 561 0.0352 0.0438 19.5 
4 19.20 0.65 	1080 0.0679 0.0758 10.5 
5 14.90 0.84 1698 0.1067 0.1175 	9.2 
6 12.50 1.01 	2326 0.1461 0.1532 4.6 
7 10.80 1.16 2912 0.1830 0.1849 	1.0 
8 9.42 1,33 	3380 0.214 0.2152 1.3 
9 7.93 1.58 3792 0.2383 0.2559 	609 
10 7.24 1.74 	4167 0.2618 0.2800 6.5 
11 6.75 1.86 4546 0.2856 0.3005 	4.9 
12 6.08 2.07 	4949 0.3110 093350 7.2 
13 5.53 2.27 5356 0.3365 0.3715 	9.4 
14 5.23 2.40 	5738 0.3605 0.3957 8.9 
15 4.86 2.59 6216 0.3906 0.4313 	9.4 
16 4.56 2.76 	6694 0.4206 0.4662 9.8 
17 4.28 2.94 7234 0.4545 0.5051 10.0 
18 4.07 3.09 	7741 0.4864 0.5393 	9.8 
19 3.84 3.27 8316 0.5225 0.5831 10.4 
20 3.64 3.45 	8922 0. 56 06 0.6277 10.7 
21 3.45 3.64 9508 0.5974 0.6772 11.8 
22 3.24 3.88 10190 0.6403 0.7420 13.7 
23 3.14 4.00 10950 0.6880 0.7773 11.5 
24 3.01 4.17 11620 0.7301 0.8285 11.9 
25 2.92 4.30 12380 0,7779 0.8679 10.4 
26 2.80 4.49 13150 0.8262 0.9262 10.8 
27 2.69 4.67 13940 0.8759 0.9866 11.2 
28 2.59 4.85 14770 o.c2e0 1.0480 11.4 
29 2.52 4.99 15630 0.5821 1,0954 10.3 
30 2.42 5.19 **.**t ***r 1.1701 **** 
31 2.35 5.35 17410 1.0939 1.2280 10.9 
FREQ 	FREQUENCY FACTOR 
HZ EXP 	CALC 	DIFF 
SPECTRUM :2 
3530 0.2218 0.1712 -29.6 
3555 002234 **4•* 
3601 0.2263 0.1938 -16.7 
3694 0.2321 0.2038 -13.9 
3868 0.2430 0.2207 -10.1 
4148 0.2606 0.2495 -4.5 
4548 0.2858 0.2857 -0.0 
5146 0.3233 0.3335 	3.0 
6e44 3.3798 0.3978 4.5 
7234 0.4545 0.4394 -3.4 
8307 0.5219 0.5141 -1.5 
9617 0.6043 0.6006 -0.6 
10850 0.6817 0.6867 	0.7 
12150 0.7634 0.7973 4.3 
13460 0,8451 0.8675 	2.5 
14750 0.9268 0.9643 3.9 
15700 0.9865 1.0497 	6.0 
17240 1.0832 1.1314 4.3 
1.1912 t**t 
***** ***t*t 1.2552 **' 
1.3119 **** 
***t* ***** 1.3696 **** 
**t** **fl** 1.4409 *'** 
1.4788 *.t*' 
1.5329 *t$* 
**?tt stt*t*t 1.5740 
***** *****t 1.6344 *** 
***** ***** 1.6964 **t* 
***** ****** 1.7592 **** 
****** 1.8074 
1.8831 **** 
***) S***** 1.9416 **** 
FREQ 	FREQUENCY FACTOR 
HZ EXP 	CALC ZDIFF 
S P E C T R U M : 3 
18430 1.1580 0.8864 -30.6 
***** ****** ****** **** 
**** ****** 0.9186 **'* 
0.9227 
***** ***** 0.9294 ** 
18770 1.1794 0. 9396 -25.5 
t**** ****** 0.9507 *t-* 
*** ***t 0.9637 
1950 1.2095 ).9803 -23.4 
1.0094 ** *4 
***** **t**C 1.0298 ***t 
*C*** ***•'* 1.0552 
t3t'%** 1.0826 
***** ****** 1.1239 *fl$ 
**1<4* t **** 111500 
***** ***** 1.1950 **** 
***** ****** 1.2450 
***** **** 1.3102 •**** 
1.3762 **** 
***** **fl** 1.4687 *** 
***A** 1.5668 :* 
1.6755 **** 
1.8144 	*** 
***** ****** 1.8880' **** 
1.9918 **** 
k* *** 2.r694 	** 
*** 	**** 2.2924 •t*** 
***** ****t 2.4020 **** 
$** ****** 2.484fl *•* 
**t** **t*** 2.6094 **** 




T A B L E : 5.21 
***FREQUENCY FACTORS (COUPLED: BENDING AND 
* * * ** COMPARISION OF EXPERIMENTAL AND C 
* * 	* * 'r * (FREE-FREE BEAMS: WAVE LENGTH 
WAVE 	WAVE 	FREQ 	FREQUENCY FACTOR 
M LENGTH NUMBER HZ EXP 	CALC 	DIFF 
.S P E C T R Li M : 1 
238. 
CROSS-SECTIONAL MODES)''tt 
LCULATED VALUES* 	* * * * 
SOLUTION)* * * * * * * * * 
FREQ 	FREQUENCY FACTOR 
HZ EXP 	CALC TDIFF 
S P E C T R U M : 2 
BEAM NO. 33: ANGLE= 90;B= 2.0;D= 0.250;L= 30.0;BETA= 1.30208a) -3 
o **s* ***** *****'% ***** **** 3541 0.2225 0.1712 -30.0 
2 33.00 0.38 304 0.0191 0.0271 29.5 3640 0.2287 0.1960 -16.7 
3 21.35 0.59 815 0.0512 0.0624 17.9 3816 0.2398 0.2132 '-12.5 
4 15.20 0.83 1508 0.0948 0.1137 16.7 4133 0.2597 0.2465 -5.3 
5 12. 85 0.98 2285 0.1436 0.1474 2.6 4600 0.2890 0.2787 -3.7 
6 10.54 1.19 2986 0.1876 0.1903 1.4 5314 0.3339 0.3435 2.8 
7 9.33 1.35 3520 0.2212 0.2173 1.8 6292 0.3953 0.4032 1.9 
8 7.99 1.57 4133 0.2597 0.2540 2.2 7820 0.4913 0.5051 2.7 
9 7.00 1.80 4383 0.2754 0.2896 4.9 975 0.5828 0.6176 5.6 
1C' 6.11 2.06 4897 C.3077 0.3332 7.7 10750 0.6754 0.7603 11.2 
11 5.52 2.28 5398 0.3392 0.3722 8.9 12305 0.7731 0.8865 12.8 
12 5.07 2.48 5934 0. 3728 0.41(3 9.1 ***** ****** 1.0060 **** 
13 4.63 2.71 6524 0.4099 004575 10.4 *t*t* **"* 1.1485 1!' *** 
14 4.43 2.84 7071 0.4443 0.4834 8.1 fl*** ****** 1.2236 ***t 
15 4.12 3.05 7722 0.4852 0.5307 8.6 ***t* ****t- * 1.3556 *'* 
16 3.84 3.27 8413 0.5286 (.5831 9.3 **** **fl** 1.4944 t**k 
17 3.61 3.48 9097 0.5716 0,6351 10.0 ***t* ***t** 1.6252 *** 
BEAM NJ. 34: ANGLE= 90;B= 2.0;D= 0.250;L= 24.0;BETA= 1.30208a -3 
o ***** an ***t* **** ****** ***t 3283 0.2063 0.1712 -2.5 
1 **** **** ***** ****** ****** **** 3331 0.2093 ****** an 
2 2670 0.47 480 0.0302 0.0409 26.3 3445 0. 2165 0.2024 -6.9 
3 16.95 0.74 1259 0.0791 0.0946 16.4 3757 0.2361 0.2324 -3.6 
4 33.09 0.96 2206 0. 1386 0.1435 3.4 4305 0.2705 0.2743 1.4 
5 1(:.50 1.20 3t31 0.1904 0.1911 0.3 5274 0.3314 0.3451 4.0 
6 8.30 1.51 3667 0.2304 0.2446 5.8 6883 0.4325 0.4772 9.4 
7 7.20 1.75 t*a* **''* 0.2860 **** ***** ****** 0.5120 **** 
8 6.11 2.06 4822 0.3030 0.3332 9.1 fl't** ***'a 0.7603  
9 5.38 2.34 5530 0.3475 0.3831 9.3 ***** ****** 0.9232 **** 
10 4.87 2.58 6 12 4 0.3848 0.4303 10.6 ***n *#** 1.0672 *'* 
11 4.36 2.88 6900 0.4335 0.50CC 13.3  
12 4.18 3.01 7790 0.4895 0.5280 7.3 ***** ****** **#*** **** 
13 3.72 3.38 8745 0.5495 0.6091 9.8 ***** *****'t' 1.5606 *fl* 
BEAM NO. 26: ANGLE= 90;B= 1.5;D= 0.250;L= 24.0;BETA= 2.31481w -3 
o **** 'p*** ***** ****** ****** **** 6803 0.3206 0.2273 -41.0 
1 *** **n ** ****** ****** **** 6877 0.3241 ***** **** 
2 26.4fl 0.36 359 0.0169 0.0228 25.8 6968 0.3284 0.2579 -27.3 
3 16.70 0.56 870 0.0410 0.0558 26.5 7253 0.3418 0.2780 --22.9 
4 12.57 0.75 1774 CJ.836 U.C953 12.3 7490 0.3530 0.3043 "16.0 
5 10040 0.91 2827 0.1332 0.1340 0.6 8000 0.3770 0.3334 -13.1 
6 8.38 1.12 3950 0.1861 0.1922 3.2 8812 0.4153 0.3866 -7.4 
7 7.09 1.33 5075 0.2392 0.2467 3.1 9768 0.4603 0.4518 -1.9 
8 6.31 1.49 6115 0.2882 0.2887 0.2 11Ni8 0.5187 0.5150 -'.7 
9 5.40 1.75 7236 0.3410 0.3506 2.7 12470 0.5876 0.6280 6.4 
10 4.84 1.95 8022 0.3780 0.3994 5.4 a*** ****** 0.7296 **** 
11 4.42 2.13 8893 0.4191 0.4448 5.8 ***** ****** 0.8290 **** 
12 4.10 2.30 9780 0.4609 0.4867 5.3 ****t ****** 0.9221 **** 
13 3.72 2.53 10727 0.5055 0.5483 7.8 '**** **'*** 1.0582 *4** 
14 3,50. 2.69 11715 0.5521 0.5920 6.7 ***** ****** 1.1529 **** 
15 3.22 2.93 12815 0.6039 0.6595 8.4 **''4'* ****** 1.2945 **** 
I A B L E : 5.22 
***n*4**********FREQLJENCY FACTORS (COUPLED: BENDING AND CROSS-SECTIONAL MODES )*fl**********n* 
* * * * * * ** * * * * COMPRISI0N OF EXPERIMENTAL AND CALCULATED VALUES* * * * t ** * * * * * * 
* * * * * * ** * 	* * * 	(FREE-FREE BEAMS: WAVE-LENGTH SOLUTION)* * * * * * * * ** * t * * * * 
BEAM NO. 27: ANGLE 	90;B= 2.0;0= 0.187;L= 24.0;BETA= 7.28520 -4 
WAVE WAVE FREQ FREQUENCY FACTOR FREQ FREQUENCY FACTOR FREQ FREQUENCY FACTOR 
M LENGTH NUMBER HZ EXP CALC ZDIFF HZ EXP CALC DIFF HZ EXP CALC %DIFF 
SPECTRUM:l SPECTRUM:2 SPECTRUM:3 
o Z'** **** ***** **fl* **fl **tc 2215 0.1392 0.1288 -8.1 ***** **.**** 0.6719 ** 
1 ct*t **'k **** *t* ** 2253 0.1416 ***tx* n** 12071 0.7584 ***** **t* 
2 26.20 0,48 475 0. C298 0.0431 30.6 2360 0.1483 0.1535 3.4 *** t*'* 0.6997 ** 
3 17920 0.73 1200 0.0754 0.0905 16.7 2678 0.1683 0.1798 6.4 12298 0.7727 0. 70 80 -9.1 
412.74 0.99 1874 0.1177 0.1337 11.9 3523 0.2214 0.2384 7.1 ***** ***-*t 0.7195 **** 
5 10.20 1.23 *fl* *fl'* 0.1631 t*** 4797 0.3014 0.3283 8.2 12848 0. 807 3 0.7372 -9.5 
6 8.26 1.52 2656 0.1669 0.1937 13.8 6372 0,4004 0.4077 1.8 133480.8387 0.7624 -10.0 
7 6.90 1.82 3064 0.1925 0.2267 15.1 8410 0.5284 0.5547 4.7 0,7985 **** 
8 6.28 2.00 3362 0.2112 0.2481 14.9 10104 0.6349 0.6428 1.2 *** *'*'"* 0.8272 **** 
9 547 2.30 3894 0.2447 0.2862 14.5 11651 097321 0.7697 4.9 *** *t*"** 0.9039 ** 
10 4.93 2.55 4406 0.2768 0.3216 13.9 12876 0. 8090 0.8395 3.6 ***** ***** 1.0157 
11 4.41 2.85 4985 0.3132 0.3679 14.9 13763 0.8648 0.9001 3.9 *fl** **** 1.1805 ** 
12 4.09 3.07 5574 0.3502 0.4050 13.5 14717 0.9247 0.9423 1.9 *** ****fl 1.3103 **' 
13 3.77 3.33 6249 0.3926 0.4516 13.1, 15597 0.9800 0.9929 1.3 ***** ****** 1.4655 ** 
14 3.49 3.60 6983 0.4388 0.5028 12.7 16502 1.0369 1.0473 1.0 **** **4*-** 1.6266 **** 
15 3.27 3.84 7756 0.4873 0.5524 11.8 17381 1.0921 1.0993 0.7 ***** **fl** 1.7733 **** 
16 3.05 4,12 8660 0.5441 0.6127 11.2 18299 1.1498 1.1621 1.1 *** *t*** 1.9416 ***t 
17 2.86 4.39 9489 0.5962 0.6762 11.8 19160 1.2039 1.2277 1.9 tkt,** ***** 2.1078 t*** 
18 2.70 4,65 10439 0.6559 0.74111 11.4 ** fl**t* 1.2935 ** ***** *$**** 2.2658 t*** 
19 2.53 4.97 **fl* *t** 0.8215 *** *c2t* 1.3770 **** t¼** *J*Ø* 2.4552 flt 
20 2.40 5.24 **' *'x*t4 0.8955 **: ***4* ,cfl*** 1.4526 ** t*.* ****** 2,6178 **** 
21 2.28 5.51 ****** 0.9752 1.5338 *2z** **-** **tfl 2.7841 ** 
22 2.18 5.76 14717 0.9247 1.0517 12.1 ****"' **** 1.6115 *1** *t*fl ****n 2.9363 *** 
23 2.08 6.04 15903 0.9992 1.1394 12.3 ***** *fl** 1.7004 c*** ***.* *t*t.**- 3.1028 ** 
N) 
T A,B L E : 5.23 
	 240. 
****FREQUENCY FACTORS (COUPLED: BENDING AND CROSS-SECTIONAL MODES)*w* 
.* * * * * COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES* * * * 	* 
* * (FREE-FREE BEAMS: WAVE-LENGTH SOLUTION)* * * * . 4 * * 
BEAM NO. .28: ANGLE= 105;B= 3.0;0= 0.125;L= 24.0;BETA= 1.44676 -4 
WAVE WAVE FREQ FREQUENCY 	FACTOR FREQ FREQUENCY FACTOR. 
M LENGTH NUMBER Hi EXP CALC DIFF Hi EXP CALC DIFF 
SPECTRUM:1 S P 	E C T R U M : 	2,  
0 t'4'** **4* ***** *** tk** iE* rr 	y, 605 0.0570 0.0613 7.0 
1 *t** **t ***'-* *t*•*** **t tgc*t 640 0.603 **** ***t 
2 26.00 0.72 453 0.0427 0.0623 31.5 955 0.0900 0.1060 15.1 
3 18.30 1.03 640 0.u6 1C3 0.0755 20.1 2040 0.1923 0.1931 0.4 
4 12.54 1.50 740 0.0697 0.0946 26.3 2909 0.2742 0.3260 15.9 
5 9.90 1.90 ***t ''*** 0.1140 _**fl 3460 0.3261 0.3647 10.6 
6 8.15 2.31 1103 0.1040 0.1372 24.2 3720 0.3506 0.3905 10.2 
7 7.27 2.59 1323 0.1247 0.1552 19.7 4020 0.3789 0.4095 7.5 
8 6.35 2.97 1591 0.1499 0.1819 17.6 4340 0.4090 0.4375 6.5 
9 5.50 3.43 1896 0.1787 0.2188 18.3 4700 0.4430 0.4764 7.0 
10 4.78 3.94 2240 0.2111 0.2660 20,6 5086 0.4793 0.5257 8.8 
11 4.48 4.21 2600 0.2450 0.2925 16.2 5420 0.5108 0.5534 7.7 
12 4.01 4.63 3 ,983 U.2906 0.3383 14.1 5890 0.5551 0.6010 7.6 
13 .3.77 5.00 3550 0.3346 0.3816 12.3 6461 0.6089 0.6458 5.7 
14 3.45 5.46 4060 0.3826 0.4405 13.1 6900 0.6503 0.71ufl 8.4 
15 3.17 5.95 4600 0,4335 0.5071 14.5 7430 0.7003 0.7900 11.4 
16 3.06 6.16 5246 0.4944 0.5384 8.2 802L 0.7559 0.8070 6.3 
17 2.85 6.61 5200 0.4901 0.6083 19.4 8715 0.8214 0.8784 6.5 
18 2.66 7.09 6553 0.6176 0.6863 10.0 9300 0.8765 0.9578 8.5 
19 2,53 7.45 7220 0.6805 0.7500 9.3 10080 0.9500 t*t.*4:* **4* 
20 2.42 7.19 8007 0.7546 0.8120 7.1 12300 1,1592 190854 -6.8 
21 2.30 8.20 8760 0.8256 0.8901 7.2 11605 1.0937 1.1643 6.1 
**** **** * * * * 
SPECTRUM:3 SPECTRUM:4 
o ***fl **** 3328 0.3137 0.3177 1.3 8650 0.8152 0.1241 -12.5 
1 **** *****•****** ****** ***t ***** ****** **t*** **** 
2 26.00 0.72 3423 0.3226 0.3348 3.6 s*A*t wc**t** 0.7373 ** 
3 18.30 1.03 3 70 0 0.3487 0.3435 -1.5 8926 0.8413 0.7436 -13.1 
4 12.54 1.50 4560 C.4298 0.3939 -9.1 9318 0.8839 0.7591 -16.4 
5 9.90 1.90 6187 e.5831 0.5753 -1.4 **** *t**** 0.7829 **** 
6 8.15 2.31 7400 0.6974 0.7328 4.8 ***** **L$C** 0.8636 *** 
7 7.27 2.59 **** *t**** 0.7739 **** $W*** ***t** 0.9946 flfl 
8 6.35 2.97 9284 0.8750 0.8048 -8.7 a*** ****** 1.2026 **fl 
9 5.50 3.43 9738 0.9178 0.8392 -9.4 ''*** *'t**' 1.4687 *** 
10 4.78 3.94 10220 0.9632 0.8813 -9.3 at** ****** 1.7728 *n* 
11 4.48 4.21 10628 1.0017 0.9048 -10.7 17470 1.6465 1.9288 14.6 
12 4.07 4.63 11090 1.0452 0.9458 -10.5 **** ***** 2.1789 **** 
13 3.71 5.00 11548 1.0884 0.9847 -10.5 ***** ****** 2.3958 **** 
14 3.45 5.46 12100 1.1404 1.0383 -9.8 ***** ****** 2.6676 **** 
15 3.17 5.95 12650 1.1922 1.0995 -8.4 ***** **'** 2.9489 **** 
16 3.06 6.16 13303 1.2538 1.1284 -11.1 **'** ****** 3.0730 **** 
£4i 
I A B L E :5.24 
***FREQUENCY FACTORS (COUPLED: BENDING AND CROSS-SECTIONAL 
* * * * * COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES* 
* * * * * * * (FREE-FREE BEAMS: WAVE-LENGTH SOLUTION)* * * * 
MODES)**** 
* *** 
BEAM NO. 29: ANGLE= 120;B= 3.0;D= 0.125;L=. 24.0;BETA= 1.44676 -4 
WAVE 	WAVE 	FREQ 	FREQUENCY FACTOR 	FREQ 	FREQUENCY FACTOR 
LENGTH NUMBER HZ EXP 	CALC WJFF HI EXP 	CALC 9DIFF 
	
SPECTRUM:1 	 S P E C T R U M : 2 
o 	 *c*** ****** *****z **** 	638 0.0601 0.0644 	6.6 
1 fl*** *z* 	***** ***** ***** *t** 670 0.0631 ***** *fl* 
2 26.0') 0.72 415 O.o391 0.061:3 35.1 	929 0.0876 0.0926 	5.4 
3 17.50 1.08 ***** ''*' 0.0801 ** 1846 0.1740 0.1727 -0.7 
4 13.30 1.42 	728 0.0686 0.0948 27.6 	2802 0. 264 1 0.2695 	2.0 
5 10.00 1.88 **fl* *t*'c*  0.1180 -*** 3300 0.3110 0.3798 18.1 
o 8.00 2.36 	1094 0.1031 0.1458 29.3 	3647 0.3437 0.4121 16.6 
7 .6.42 2.94 1320 0.1244 0.1863 33.2 *<**'' **'** 0.4544 **** 
8 6.17 3.06 	1590 0.1499 0.1955 23.3 	4280 0.4034 0.4640 13.1 
9 5.50 3.43 1910 0.1800 0.2263 20.5 4640 094373 0.4962 11.9 
10 4.89 3.85 	2260 e.2130 0.2654 19.7 	5010 0.4722 0.5370 12.1 
11 4.40 4.28 2640 0.2488 0.3087 19.4 5446 0.5133 0.5823 11.9 
12 3.99 4.72 	3012 0.2895 0.3575 19.0 	5930 0.5589 0.6331 13.7 
13 3.67 5.14 3540 0.3336 0.4072 18.1 6450 0.6079 0.6847 11.2 
14 3.45 5.46 	4060 0.3826 0.4495 14.9 	6880 0.6484 0.7284 11.0 
15 3.18 5.93 458u 1,,.4317 0.5137 16.0 7490 0.7059 0.7945 11.1 
16 3.04 6.20 	5223 0.4923 0.5538 1141 	8080 0.7615 0.8357 	849 
17 2.88 6.54 5840 (.5504 0.6069 	9.3 8683 0.8184 0.8901 8.1 
18 2.71 6.96 	6560 0.6183 0.6739 8.3 	9363 0.8824 0.9585 	7.9 
19 2.58 7.31 7260 ja.6842 0.7342 	6.8 10056 0.9478 1.0199 7.1 
20 2.47 7.63 	7996 0.7536 0.7928 4.9 10779 1.0159 1.0794 	5.9 
21 2.36 7.99 8780 0.8275 0,8597 	3.7 11575 1.09u9.1.1473 4.9 
22 2.22 8.49 
 
23 2.15 8.77 10480 C o 9877 1.0170 	2.9 13150 1.2394 1.3064 	5.1 
SPECTRUM:3 	 SPECTRUM:4 
0 ***** **** 	3424 0.3227 0.3350 	3.7 	8765 0.8261 0.8353 	hi 
1 	**n ***** *t>** *t**t **** ***** ****** ****** **** 
2 2 6. 00 0.72 	3518 0,3316 0.3498 	5.2 	8846 0.8337 0.8523 	2.2 
3 17.50 1.08 3 78 3 0.3565 0.3589 0.7 **** ****** 0.8612 ** 
4 13.30 1.42 	4521 O. 26l 0.3735 -14.1 	9164 0.8637 0.8736 	1.1 
5 10.00 1.88 5916 C. 5576 0.4747 -17.5 9500 0.8954 0.8977 0.3 
6 8.00 2.36 	7293 0.6873 u.6613 -3.9 10253 0.9663 0.9363 -3.2 
7 6.42 2994 8420 0.1936 0.8763 	9.4 11498 1.0837 1.0628 -2.0 
86.17 3.06 	9015 u.8496 (.9u12 5.7 12954 1.2209 1.1119 -9.8 
9 5.50 3.43 9468 0.8923 0.9546 	6.5 14398 193570 1,2968 -4.6 
10 4.89 3.85 	9926 0.9355 1.LC22 6.7 15677 1.4775 1.5334 	3.6 
11 4.40 4.28 10390 0.9792 1.0491 	6.7 	 **** 	1.1805 **** 
12 3.99 4.72 10906 1.0279 1.0998 6.5 **fl'' 2.0384 *t** 
13 3.67 5.14 11347 1.0694 1.1506 	7.1 18124 1.7081 2.2815 25.1 
14 3.45 5.46 11932 1.1246 1.1935 5.8 ***** ****** 2.4754 *** 
15 	3.18 5.93 12500 1.1781 1.2583 	6.4 19280 1.8171 2.7502 33.9 
16 3.04 6.20 13113 1.2359 1.2987 4.8 *'*' 	c'*' 2.9117 **** 
	
I A 8 L E : 5.25 
	 242. 
****FREQUENCY FACTORS (COUPLED: BENDING AND CROSS-SECTIONAL MODES)*YttE 
* * * * 	COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES*  
* * 	* * t (FREE-FREE BEAMS: WAVE-LENGTH SOLUTION)* * * * * * * * * 
BEAM NO. 30: ANGLE= 1358 3,0;D= 0.125;L= 24.0;BETA= 1.44616 -4 
WAVE 	WAVE 	FREQ 	FREQUENCY FACTOR 	FREQ 	FREQUENCY FACTCR 
M LENGTH NUMBER HI EXP 	CALC tOIFF. HZ EXP 	CALC 	DIFF 
SPECTRUM: I 	 SPECTRUM:? 
***** **** ***$* ****' n**** 	** 	681 0.0642 0.0662 	3.0 
1 	 t*•fl*. fl*"*' 	 715 0.0674 ****** *w** 
2 26.00 0.72 	345 0.0325 0.0511 36.4 	905 0.0853 0.0838 -1.8 
3 17.70 1.06 570 u.537 0.0791 32.1 1 60 4 0.1512 0.1321 -14.4 
4 13.00 1.45 	715 0.0674 0.0979 31.2 	2460 0.2318 0.2305 -0.6 
5 10.00 1.88 ***4'. 	0.1207 *t%* 3090 0.2912 (.3652 20.3 
6 8.64 2.18 	1092 0.1029 0.1382 25.5 	3495 0.3294 0.4174 21.1 
7 7.40 2.55 1308 0.1233 0.1621 24.0 3831 0.3611 0.4420 18.3 
8 6.16 3.06 	1582 0.1491 0.2003 25.6 	4200 0.3958 0.4811 17.7 
9 5.35 3.52 1910 0.1600 0.2395 24.8 4600 0.4335 0.5219 16.9 
10 4.89 3.85 	2220 0.2092 0.2705 22.7 	4941 0.4657 0.5541 16.0 
11 4.30 4.38 2600 0.2450 0.3248 24.6 5430 0.5118 0.6109 16.2 
12 4.03 4.68 	3060 (.2884 (1.3577 19.4 	5900 0, 5561 0.6452 13.8 
13 3.67 5.14 3510 0.3308 6**** **** 6350 0.5985 0.7027 1448 
14 3.45 5.46 	4060 0.3826 c.4555 16.0 	6836 0.6443 0.7467 13.7 
15 3.17 5.95 4570 0.4307 0.5226 17.6 7358 0.6935 0.8159 15.0 
16 3.04 6.20 	5219 0.4919 .56i1 12.2 	8030 0.1568 0.8545 11.4 
17 2.85 6.61 5855 0.5528 0.6244 11.5 8602 0.8101 0.9205 11.9 
18 2.68 7.03 	6583 0.6204 0.6937 10.6 	9310 0.8774 0.9913 11.5 
19 2.53 1.45 7210 0.6795 0.7667 11.4 9956 0.9383 1.0658 12.0 
20 2.44 7.73 	8004 0.7544 0.8170 	7.7 10715 1.0099 1.1170 	9.6 
21 2.30 8.20 8760 0.8256 0.9074 9.0 11475 1.0815 1.2087 10.5 
22 2.22 8.49 	9637 0.9083 0.9668 	6.1 ***** ****** 1.2689 	-** 
* * * * ** * * **** 
SPECTRUM:3 	 SPECTRUM:4 
0 	 t*** 	3636 0.3427 0.3502 	2.1 ***** 4***** 0.9016 **** 
1 *;c*t-' *,*tft****.*** **** 	9127 0.8602 ****** 	:**k 
2 26.00 0.72 	3737 0.3522 fl.3615 	2.6 9186 0,8658 0.9155 5.4 
3 17.70 1.06 4000 0.3770 0.3696 -2.0 	9263 0.8730 0.9235 	5.5 
4 13.00 1.45 	4520 0.426u 0.3830 -11.2 ***** *****4 0.9363 **** 
5 10.00 1.88 5520 0.5202 0.4050 -28.5 	9803 0.9239 0.9560 	3.4 
6 8.64 2.18 	6585 0.6266 .4844 -28.1 1u527 0. 992 1 c.9733 -1.9 
7 7.40 2.55 7824 0,7374 0.6406 -15.1 11,385 1.0730 1.0002 -7.3 
8 6.16 3.06 	84U2 0.7919 048418 	5.9 12397 1.1684 1.0602 -10.2 
9 5.35 3.52 8918 0.8405 0.9870 14.8 13470 1.2695 1.1883 -6,8 
10 4.89 3.85 	9428 0.8886 1.0433 14.8 143"' 0 1.3471 1.3386 -0.7 
11 4.30 4.38 10060 0.9481 1.1095 14.5 15150 1.4279 1.6174 11.7 
12 4.03 4.68 10500 0.9896 1.1446 13.5 15880 1.4967 1.7807 16.0 
13 3.67 5.14 10970 1.0339 1.2013 13.9 16647 1.5689 2.0421 23.2 
14 3.45 5.46 11542 1.0878 1.2439 12.5 **4** ****** 2.2317 **fl 
15 3.17 5.95 12102 1.1406 1.3106 13.0 **** ****** 2.5138 
16 3.04 6.20 12740 1.2007 1.3478 10.9 *fl** 	2.6633 **** 
17 2.85 6.61 13350 1.2591 1.4113 10.8 **fl* *****.* 2.9072 *fl* 
18 2.68 1.03 14040 1.3232 1.4798 10.6 	 ****** 3.1551 
19 2.53 7.45 14650 1.380.? 1.5519 11.0 ***** ***4** 3.41316 **** 
20 2.44 7.73 18500 1.7436 1.6016 -8.9 	**t* ****t* 3.5640 w*** 
21 2.30 8.20 162(:0 1.5268 1.6908 	9.7 *** ****** 3.8414 **** 
22 2.22 8.49 **fl* $'*'s 1.7495 *? 	*t*** ****** 4.0154 **** 
M. 
I A B L F : 5. 26 
**aFREQuENCY FACTORS (COUPLED: BENDING AND CROSS-SECTIONAL MODES)*;** 
* 	* * COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES* * * * * 
* * (FREE-FREE BEAMS: WAVE-LENGTH SOLUTION)* * * * * * * t 
BEAM NO. 31: ANGLE 150;B= 3.0;D= 0, .125;1= 24.0;BETA= 1.44676& -4 
WAVE WAVE FREQ FREQUENCY 	FACTOR FREO FREQUENCY FACTOR 
P LENGTH NUMBER HI EXP CALC ZDIFF HZ EXP CAIC DIFF 
SPECTRUM:1 SPECTRUM:? 
**** 'G'** fl** 720 0.0579 0.0670 -1.3 
2 25.20 0.75 251 0.0237 0.0368 35.7 900 0.0848 0.0812 -4.5 
3 17.00 1.11 soc C.0480 0.0713 32.7 1377 0.1298 0.1076 --20.6 
4 13.33 1.42 **** ***th** 0.0924 2019 0.1903 0.1558 -22.1 
5 10.60 1.78 *0*4 ***** 0.1132 *** 2679 0.2525 0.2352 7.4 
6 8.06 2.34 1070 0.1008 C. 1481 31.9 3174 0.2991 0.3823 21.8 
7 7.60 2.48 1275 0.1202 0.1578 23.8 3582 0.3376 0.4216 19.9 
8 6.39 2.95 1564 0.1474 0.1926 23.5 3940 0.3713 0.4772 22.2 
9 5.50 3.43 1, 910 0.1800 0.2325 22.6 4340 0.4090 0.5192 21.2 
10 4.89 3.85 2234 0.2105 0.2724 22.7 4743 0.4470 0.5609 20.3 
11 4.40 4.28 2603 0.2453 0.3163 22.4 5174 0.4876 0.6068 19.6 
12 3.95 4.77 3045 0.2870 0.3713 22.7 5604 0.5282 0.6640 20.5 
13 3.68 5.12 3509 0.3307 0.4140 20.1 6087 0.5737 0.7085 19.0 
14 3.40 5.54 4071 0.3837 0.4692 18.2 6610 0.6230 0,7657 18.6 
15 3.14 6.t 4560 0.4298 0.5339 19.5 7170 0.6758 0.8325 18.8 
16 3.07 6.14 5210 0.4910 0.5541 11.4 7752 0.7306 0.8533 14.4 
17 2.88 6.54 5850 U. 5513 .6I66 10.6 8380 0.7898 0.9175 13.9 
18 2.68 7.03 6550 0.6173 0.6970 11.4 8960 0.8445 0.9999 15.5 
19 2.53 7.45 7260 (.6842 0.77(1 11.1 9550 0.9001 1.C745 16.2 
20 2.47 7.63 7980 0. 7521 0.8031 6.4 10200 0.9613 1.1082 13.3 
21 2.30 9.20 8750 0.8247 C,.91o9 9.5 1114!, 1.0499 1.2178 13.8 
22 2.24 8.41 9627 0. 9073 0.9549 5.0 12030 1. 1338 1.2625 10.2 
* * * 'c * * 	c X¼ * * * * 
SPECTRUM:3 SPECTRUM:4 
0 **** **** 3816 0.3596 0.3594 -0.1 ***** qt***** 0.8868 4,1 
1 ***** **** ***** ****a* *tt'* **** *.**** 
2 25.20 0.75 3895 0.3671 0.3683 0.3 'k*** *n** 0.8967 ** 
3 17.00 1.11 4128 0.3891 0.3775 -3.1 **fl* ****** 0.9057 *t** 
4 13.30 1.42 4479 0.4221 0.3885 -8.7 9807 0.9243 0.9162 -0.9 
5 10.60 1.78 5085 0.4792 0.4049 -18.4 ** **fl** 0.9317 Y, *** 
6 8.06 2.34 5814 0.5480 0. 440 3 -24.5 ***** ****** 0.9633 **** 
7 7.60 2.48 6525 0.6150 0.4562 -34.8 ***** ****** 0.9729 **** 
8 6.39 2.95 7200 0.6786 0.6028 -12.6 11872 1.1189 1.0095 -10.8 
9 5.50 3.43 7660 0.7219 (.7738 6.7 12570 1.1847 1.0579 -12.0 
10 4.89 3.85 8500 0.8011 0.9351 14.3 13155 1.2398 1.1225 -10.5 
11 4.40 4.28 9077 0.8555 1.0578 19.1 13795 1. 300 1 1.2438 -4.5 
12 3.95 4.77 9560 0.9010 1.1425 21.1 14385 1.3558 1.4548 6.8 
13 3.68 5.12 10095 0.9514 1.1931 20.3 *5*** 1.6269 *trfl 
14 3.40 5.54 10562 0.9954 1.2536 20.6 **** ****** 1.8452 *** 
15 3.14 6.00 11652 1.0982 1.3218 16.9 ***** * 2.3918 t** 
16 3.07 6.14 11780 1.1102 1.3428 17.3 **** ***** 2.1668 **** 
17 2.88 6.54 12445 1.1729 1.4073 16.7 **'* **4t** 2.3915 **** 
18 2.68 7.03 13155 1. 2398 1.4896 16.8 fl*** **fl** 2.6674 **** 
19 2.53 7.45 13890 1.3091 1.5640 16.3 ***** ****** 2.9061 **t* 
20 2.47 7.53 1'i570 1.3732 1.5976 14.0 ***** ****** 3.0104 **** 
21 2.30 €.20 ***'* **** 1.7068 **** ***** ****t.* 3.3376 **** 
22 2.24 8.41 **-* ****** 1.7512 **** ***** ****** 3.4656 **** 
	
I A B L E 	5.27 	 I 
****FREQUENCY FACTORS (COUPLED: BENDING AND CROSS-SECTIONAL MODES)**** 
* t t * ' COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES* t * * Sc Sc 
* * * * * * * (FREE-FREE BEAMS: WAVE-LENGTH SOLUTION)* * * * * * * * * 
BEAM NO. 32: ANGLE= 165;B= 3.0;C= 0.125;L= 24.0;BETA= 1.44676a -4 
WAVE 	WAVE 	FREQ 	FREQUENCY FACTOR 	FREQ 	FREQUENCY FACTOR 
M LENGTH NUMBER HZ EXP 	CALC 	OIFF HZ EXP 	CALC 	D1FF 
SPECTRUM:1 	 SPECTRUM2 
0 	 8*i't *n* *at* **** Sc'fl 	750 0.0707 0.0612 -5.2 
3 . ***** *c** ***** - ***** ****** ****- 4**** t**t** ****** **** 
2 30.00 0.63 	190 0.0179 (.CO 87 -105. 8 	885 0.0834 0.0759 
3 17.00 1.11 339 0.0319 0.0319 -0.2 1101 0.1038 0.0959 -8.2 
4 12.80 1.47 	540 0.0509 0.0583 12.7 	1495 0.1409 0.1196 -17.8 
5 9.55 1.97 720 0.0679 0.1002 -32.3 1891 0.1782 0.1685 -5.8 
6 8.16 2931 	950 0.0905 0.1284 29.5 	2279 0.2148 0.2146 -0.1 
7 7.00 2.69 1110 0.1103 0.1602 31.2 2707 0.2551 0.2512 -1.6 
8 6.33 2.98 	1425 0.1343 0.1846 27.2 	3083 092906 0.3050 	4.7 
9 5.5.) 3.43 1765 0.1663 0.2250 26.1 3488 0.3287 0.3959 17.0 
10 5.09 3.70 	2118 0.1996 0.2515 20.6 	3850 0.3629 0.4523 19.8 
11 4.4u 4.28 2512 0.2368 0.3119 24.1 4285 0.4039 0.5581 27.7 
12 4.13 4.56 	2930 0.2161 0.3435 19.6 	4736 0.4464 0.6025 25.9 
13 3.73 5.35 3418 0,3221 0.4(26 20.0 5205 0.4906 0.6744 27.3 
14 3.50 5.39 	3980 0.3751 0.4457 15.8 	5713 0. 5384 0.7229 25.5 
15 3.24 5.82 4550 0.4288 0.5055 15.2 6233 0.5874 0.7879 25.4 
16 3.07 6.14 	5090 0.4791 0.5526 13.2 	6842 0.6448 0.8382 23.1 
17 2.88 6.54 5750 0.5419 0.6156 12.0 7432 0.7u4 0.9043 22.5 
18 2.73 6.90 	6450 0.6079 0.6746 	9.9 	7993 0,7533 0.9658 22.0 
19 2.60 7.25 7180 0.6767 0.7340 7.8 8140 0.8237 1.0273 19.8 
20. 2.47 7.63 	7920 0.7464 0.8029 	7.0 	9490 0.8944 1.0983 18.6 
21 2.31 	8.16 8654 0.8156 0.9040 9.8 10400 0.9802 1.2019 18.4 
22 2.23 8.45 	9500 0.8954 0.9628 	7.0 11103 1.0464 1.2620 17.1 
23 2.15 8.77 10400 0.9802 	 **** 12000 1.1310 ****** **** 
24 2.09 9.C2 11280 1.0631 1.0824 	1.8 12920 1.2177 1.3837 12.0 
25 1.94 9.72 12120 1.1423 **nt*c **** 13760 1.2968 ***** '*** 
26 1.89 9.97 13030 1.2280 1.3010 	5.6 14780 1.3930 1.605'3 13.2 
27 1.83 1C.30 13940 1.3138 ****** **** 15820 1.4910 ***** *tt 
28 1.78 10.59 15215 1.434u 1.4538 	1.4 15760 1.4853 1.7596 15.6 
SpECTRUM:3 	 SPECTRUM:4 
0 **** **fl **** *fl 0.3621 	 flfl* 	** 	0.8900 *** 
1 **' *fl* 	4037 0.3805 **t-* *** ***** *n *** ****** **** 
2 30.00 0.63 ***4" 	 0.3678 **fl 	9980 0.9406 0.8953 -5.1 
3 17.00 1.11 	4272 0.40-26 0.3799 -6.0 t**** **fl 	0.9063 *' 
4 12.80 1.47 4470 0.4213 0.3937 -7.0 	 **'4** 0.9186  
5 9.55 1.97 	4791 0.4515 0.4196 -7.6 10455 0.9854 0.9415 -4.7 
6 8.16 2.31 5165 0.4868 0.4415 -10.3 10755 1.0136 0.9606 -5.5 
7 7.00 2.69 	5536 0.5218 0.4714 -10.7 11080 1.0443 0.9861 -5.9 
8 6.33 2.98 5996 0.5651 0.4976 -13.6 11,508 1.0846 1.0078 -7.6 
9 5.50 3.43 	6360 0.5994 0.5480 -9.4 11974 1. 1285 1.0465 -7.8 
10 5.09 3.70 6770 0.6381 0.5873 -8.6 12352 1.1641 1.0732 -6.5 
11 4.40 4.28 	7226 0.6812 0.6426 -6.0 12880 1.2139 1.1369 -6.8 
12 4.13 4.56 7801: u.7351 0.7243 -1.5 13400 1.2629 1.1716 -7.8 
13 3.73 5.05 	8410 0.7926 0.8749 	9.4 13934 1.3132 1.2396 -5.9 
14 3.50 5.39 9030 0.8511 0.9806 13.2 14465 1.3633 1.2925 -5.5 
15 3.24 5.82 	9670 0.9114 1.1187 18.5 15080 1.4213 1.3733 -3.5 
16 3.07 6.14 10282 0.9691 1.2172 20.4 	*fl* **n** 1.4467 *** 
17 2.88 6.54 10888 1.0262 1.3288 22.8 fl** ***** 1.5613 
18 2.73 6.90 11607 1.0939 1.4157 22.7 ***** '*flt* 1.6842 ** 
19 2.60 1.25 12298 1.1591 1.4922 22.3 *** **t4*X' 1.8170 *t** 
20 2.47 7.63 13030 1.2280 1.5732 21.9 , *** t v **** 1.9755 *** 
21 2.31 8.16 13710 1.2921 1.6851 23.3 ***t* ***** 2.2095 ***' 
22 2.23 8.45 14670 1.3826 1.7481 20.9 	*** ****** 2.3446 **'" 
245. 
T ABLE :5.23 
t 	* * 	* * *4, 	LONGITUDNAL EXCITATION  
***** 	PARAMETRIC RESONANCE: INSTABILITY REGIONS 
***a*.*tt**COMPARI S ION OF EXPERIMENTAL AND CALCULATED VALUES *** 
* * * * * * * 	t FOR CONSTANT ACCELERATION(12.4G) Z * * 	* * t ' * 
BEAM NO l: ANGLE= 90DEGWIDTH 2.0;THJCKNESS 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=l) 
0 	34.1 0.02 
***4* ***** ****** *****t 0.9910 1.0089 *** **** 
1 89.8 0.06 	
**'4 ***4 *t**** 	0.9940 1.0059  
2 172.2 0.11 
****t ft**g** **** 0.9958 1.0042 *** **tt 
3 248.0 0.16 '*'' *t*** ****** ***t* 0.9961 1.0039 	
** 
4 321.6 0.21 ***** 	*fl3x ***fl* )&:i** 0.9961 1.0039 
5 405.0 0.25 *' **** t**** ***t* 0.9962 1.0037 **** **** 
6 509.6 C.33 *n* **t)*. 	 0.9965 1 .00 34 
 
1 602.8 0.39 600.0 605.5 0.9954 1.0045 0.9966 1.0034 0.12-0.10 
8 698.5 0.45 694.0 701.0 0.9936 1.0036 0.9955 1.0035 0.29-0.01 
9 814.9 0.52 810.9 818.8 0.9951 1.0048 0.9965 1.0035 0.14-0.12 
10 937.6 0.60 931.8 945.3 0.9938 1.0082 0.9963 1.0037 0.25-0.45 
11 1063.6 0.68 ****** ****** '**'*' '** 0.9958 1.0041 **** 
t*** 
12 1207.6 0.77 ***** ***** 	 *w' 0.9949 1.0051 
*flt **** 
13 1370.4 0.88 1359.7 1381 0.9922 1.0077 0.9919 1.0081 -0.03 0.03 
14 1540. C C. 99 	 **'*' ** 	
*4** 	0.9381 1.0583 **** **** 
15 1118.0 1.10 1699,8 1731.2 0.9894 1.0077 0.9924 1.0076 0.30-C.01 
16 1904.5 1.22 1895.8 1911.3 0,9954 1.0036 0. 9969 1.0030 0.15-0.05 
17 2080.0 1.33 	 ****** 	
*fl*** 0.9982 1.00 18 *** 
18 2310.5 1.48 2307.1 2312.7 0.9985 1.0010 0.9989 1.0011 0.04 0.01 
19 2514.5 1.61 2512.7 2516.2 0.9993 1.0007 0.9992 1.0008 -0.01 
20 2714.5 1.78 2772.6 2776.9 0.9993 1.0009 0.9995 1.0005 0.01-0.03 
* * * * * * * * * * 	* 
(CROSS- SECTIONAL MODES; N=2) 
2 571.0 0.37 *'* 	
)F*L*'* ***** 0.9996 1.0004 **** *** 
3 618.0 0.40 ***)* ***** ***.*** ***** 0.9993 1.0007  
4 671.2 0.43 	*' 	J&*t*4 '4**** 
rn$*4I 0.9989 1.0011 *** **fl 
• 5 728.4 0.47 At*4:k i4*k **k** ***t 0.9986 1.0014 
 
6 806.0 0.52 **4 ***.** ***'* ****** 0.9983 1.0011 
 
1 889.8 0.57 885.5 893.4 0.9952 1,0040 0.9980 1.0020 0.28-0.20 
8 982.8 0.63 976.1 989.2 0.9932 1.0065 0.9976 1.0024 0.45-0.41 
9 1088.0 0.70 n*.* *c * *** 4fl ****** 0.9972 1.0028 ** 
**t* 
10 1190.0 0.76 1188.1 1191.5 0.9984 1.0013 0.9964 1.0035 -0.20 0.23 
11 1324.2 0.85 1317.8 1330.4 0.9952 1,0047 0.9948 1.0051 -0.03 0.04 
12 1460.2 0.93 1445.8 1475.3 0.9901 1.0103 0.9888 100111 -0.14 0.08 
13 1612.5 1.03 1600.0 1636.0 0.9922 1.0146 0.9788 1.0207 -1.37 0.60 
14 1769.0 1.13 1748.8 1782.8 .0.9886 1.0078 0.9953 1.0047 0.68-0.31 
15 1937.0 1.24 1929.2 1945.0 009960 1.0041 0.9976 1.0024 0.17-0.18 
16 2122.0 1.36 *** 	***#*' 4***' * * * * * * 0.9986 1.0014 
t*** ,&*a 
17 2327.3 1.49 2324.5 2329.4 0.9988 1.0009 0.9991 100009 0.03 0.00 
18 2541.9 1.63 254.5 2544.0 0.9994 1.u008 0.9993 1.0007 -0.01-0.02 
19 2728.7 1.75 2721.0 2730.4 0.9994 1.0006 0.9995 1.0005 0.01-0.01 
20 2951.5 1.89 2956.0 2957.8 0.9995 1.0001 0.9996 1.0004 0.01 0.03 
246. 
T A B L E : 5.29 
	
* 	* LONGITUDNAL EXCITATION * * * * * * * * * * * * 
PARAMETRIC RESONANCE: INSTABILITY REGIONS *4*t****** 
** 4 4**1C0MPARISION OF EXPERIMENTAL AND CALCULATED VALUESt****** 
c * * * * * * * FOR CONSTANT ACCELERATION(12.40) * *** * * * r , 
BEAM NO 2: ANGLE= 900EC;WICTH 1.5;T}IICKNE-SS 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	
PERCENT 
M FREQ. RATIO LOWER 	
UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=1) 
C) 	38.8 0.02 *tn* *'a *n*** 
**t*tt 0.9931 1.0069 *** **** 
1 113.0 0.07 **'* *** 	*n 	
**** 0.9962 1.0038 ***4 *** 
2 208.5 0.13 203.8 27.2.4 0.9775 1.0187 0.9971 1 .00 29 1.97-1.58 
3 291.8 0.19 **** 	**** ****** ***** 0.9971 1.0029 
**** *w** 
4 381.7 0.25 385.8 389.5 0.9951 1.0046 0.9973 1.0027 0.22-0.19 
5 485.2 0.31 482.8 487.6 o.9951 1.049 0.9973 1.0027 0.22-0.22 
6 588.3 0.38 585.7 590.7 0.9956 1.0041 0.9973 1.0027 0.17-0.14 
7 69.8 0.44 691.6 698.0 0.9954 1.0146 C.9972 1.G027 fl.19-0. 1 9 
8 810.2 0.52 802.6 815.2 0.906 1.0062 0.9971 1.0029 0.65-0.33 
9 924.2 0.59 916.6 933.3 0.9918 1.0098 0.9969 1.0031 0.51-0.67 
10 1074.3 0.69 1068.6 1076.8 0.9947 1.0023 0.9965 1.0034 0.19 0.11 
11 1201.3 C.77 1199.0 1204.7 0.9981 1.0028 0.9957 1.0043 -0.24 0.14 
12 1348.8 0.86 1339.4 1357.6 0.9930 1.0065 0.9935 1.0065 0.05-C. 01 
13 3,507.5 0.96 1497.6 1519.4 0.9934 1.0079 0.9773 1.0222 -1.65 1.40 
14 1675.6 1.07 1657.8 1693.4 0.9894 1.0106 0.9902 1.0097 0.09-0.09 
15 1848.6 1.18 1838.6 1857.6 0.9946 1.0049 0.9965 1.0035 0.20-0.14 
16 2045.2 1.31 2040.9 2049.3 0.9979 1.0020 0.9982 1.0018 0.03-0.02 
17 2231.5 1.43 2227.9 2234.5 0.9984 1.0013 0.9988 1.0012 0.04-0.01 
18 2444.6 1,56 2442.3 2447.2 1.9991 1.')011 0.9992 1.0008 0.01-0.02 
19 2661.5 1.70 2659.4 2663.3 0.9992 1.0007 0.9994 1.0006 0.02-0.01 
2u 2889.7 1985 2887.6 2890.9 0.9993 1.u04 0.9995 1.0005 0.03 010 
21 3128.1 2.00 3126.8 3129.4 0.9996 1.0004 0.9996 1.0004 0.01-0.01 
* * * * 	* * * It * * * v * 
(CROSS-SECTIONAL MODES; N=2) 
3 926.4 0.59 ***** '*'' 	*4'.'* **'* 0.9996 1.0004 
**** **** 
4 989.7 0.63 984.9 993.5 0.9951 1.0038 0.9993 1.0007 0.42-0.32 
5 1046.8 0.67 ***** *** 	*** 	****** 0.9990 1.0010 
** *** 
6 1109.6 0.71 	 w* * ***4zk **k*** 0.9987 1.00 13 *** 
1 120C.5 0.77 1191.8 1202.0 0.9978 1.0012 0.9982 1.0018 0.04 0.06 
8 1291.9 0.83 1290.4 1254.6 0.9988 1.0021 0.9974 1.0026 -0.15 0.05 
9 1388.6 0.89 1384.0 1391.4 0.9967 1.0020 0.9951 1.0043 -0.10 0.23 
10 1493.6 0.96 1487.2 1496.8 0.9957 1.u4) 21 0.9888 1.0110 -0.69 0.88 
11 1618.4 1.04 1593.8 ***' 	0.9848 A I"c' 0.9864 1.0134 0.16 4*4* 
12 1745.4 1.12 1728.0 1755.7 0.9900 1.0059 0.9959 1.0040 01
•59-fl.19 
13 1887.6 1.21 1880.6 1894.1 0.9963 1.0034 0.9978 1.0022 0.15-0.12 
14 2035.0 1.30 2031.5 2038.4 0.9983 1.0017 0.9985 1.0015 0.03-0.02 
15 2218.2 1.42 	 •''***** ****** 
****** 019990 1.0010 "** *** 
16 2371.3 1.52 2369.0 2373.5 0.9990 1.0009 0.9992 1.0008 0.02-0.02 
17 2557.8 1.64 2555.8 2558.9 0.9992 1.0004 0.9994 1.0006 0.02 0.02 
iS 2606.0 1.67 *** ****** ***n* tCtM**4* 0.9994 1.0006 
**** **** 
19 2940.0 1.88 '**** ****** *4**t* **S*** 0.9996 1.0004 
**** **** 
0.9997 1.0003 
20 3156.0 2.02 ***** ****** 	
**** ** 
T A B L E : 5.30 
* * * 	s 	* * * * * * LONGITUDNAL EXCITATION t * :4' * * * * $ 
	;E 
PARAMETRIC RESONANCE: INSTABILITY REGIONS ** '* 
*******t**COMPARI SIGN OF EXPERIMENTAL AND CALCULATED VALUES±**.*;**t* 
* * * * * * FOR CONSTANT ACCELERATION(12.40) t * * 4 * * * * * 
BEAM NO 3:ANGLE= 90DEG;W1UTH 1.0;THICKNESS 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FRFQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=1) 
0 	54.4 0.03 **fl' 	**' 	*** **** 0.9965 1.0035 
 
1 188.6 0.12 	 ***** ****r* 	**** 0.9986 1.0014 	
** 
2 303.6 0.19 **" 	*** 	**'*' ** 	0.9986 1.0014 
**** ***r 
3 428.0 0.27 	*'*' <** ****** fl**** 0.9986 1.0014 
*n* ***& 
4 544.8 0.35 ***** ***4* ****-'* *** 0.9985 1.0015 **** *** 
5 684.2 0.44 	 ****)Z ****** 	 0.9985 1.0015 
 
6 825.2 0.53 **** '***'* 0.9984 1.0016 **** 
**t* 
7 967.0 0.62 *<** **** **** *'*t* 0.9981 1.0019 **** *** 
8 1111.8 0.71 1107.4 1117.7 0.9960 1.0053 0.9977 1.0023 0.17-d.30 
9 1263.2 0.81 **** ***•*** ****>* 
**4*** 0.9969 1.0031 **'W **' 
10 1421.2 0.91 1416.2 1427.4 0.9965 1.0c44 0.9939 1.0061 -0.26 0O17 
ii 1588.5 1.02 1576.2 1608.0 0.9923 1.0123 0.9692 1.0299 -2.38 1. 71 
12 1757.0 1.12 W** 1769.0 '** 	1.0068 0.9962 1.0t)37 fl*t-O.31 
13 1900.0 1.22 *'4 	**' *'4*t** 0.9979 140021 **a 
t*'* 
14 2130.5 1.36 2126.5 2134.5 0.9981 1.0019 0.9989 1.0011 0.08-0.08 
15 2323.2 1.49 2318.5 2326.0 0.9980 1.0012 0.9993 1.0007 0.13-0.05 
16 2528.6 1.62 2526.1 2531.1 0.9990 1.0010 0,9995 1.0005 0.04-0.04 
17 2740.4 1.75 ****** ***** ***t** *'**** 0.9996 1.0004 **** *** 
18 2956.4 1.89 	 'fl'k' 	 0.9997 1.0003 **** **** 
19 3183.J 2.C4 **** ****** ***#* 	 0.9997 1.0003 **** **** 
20 3420.8 2.19 **'''* ** *.**t** *ZC***t 0.9998 1.0002 *** **** 
21 3686.0 2.36 ****** *****'' *n** ****** 0.9998 1.0002 **** 
**V* 
22 3843.0 2.46 *****' ***' 	*"*' *'fl 0.9998 1.0002 
t*tt At& 
23 4163.0 2.66 
	0.9998 1.0002 **** ** 
24 4483.0 2.87 **** 	:**** *•*** ****I* C,9997 1.0003 
 
(CROSS-SECTIONAL MODES; N=2) 
5 2067.2 1.32 **fl** -***'%** ***** 	**' 0.9998 1.0002 **** **** 
6 2187.2 1940 **$¼** ***** ***** ****** 0.9998 1.0002 *4** **** 
7 2298.6 1.47 	 **3$***; ****** 	 0.9998 1.0002 	
** 
8 2442.6 1.56 0.9998 1.0002 **** *** 
9 2520.0 1.61 :***** 	*a 	 0.9998 1.0002 
**** c*t* 
10 2647.2 1.69 	 It*';" 	***$c:* ***a* 0.9998 1.0002 	
** 
11 2781.2 1.78 ***"* ***'* *'**'* ***4 0.9998 1.0002 **** ** 
12 2907.6 1.86 :c*:* ,*4*** **t*** ''* 0.9998 1.o002 	
,n** 
13 3042.0 1.95 tt**** ****** ****** *''*>** 0.9998 1.0002 *** *** 
14 3188.4 2.04 tt.**.**W 'P+*'S* 	4***. 	' 	0.9998 1.0002 
 
15 3362.4 2.15 	 *****' ****** ***** 0.9999 1.0001 
 
16 3530.8 2.26 ****** ****** ****** *4**** 0.9999 1.0001  
17 3714.0 2.38 *fl** #*t* ****** **** 	0.9999 1.0001 **** 
**4 
18 3 90 6. 4 2.50 	 ****** &*t*** ****** 0.9999 1.0001 **** **** 
19 4095.2 2.62 ****** **''** n**** *fl*** 009999 1.0001 **** 
20 4308.0 2.76 t***t* *****: 	'a 	'*' 0.9998 1.0002 
21 452190 2.89 t**n* *a*** ****** *'cc**** 0.9997 1.0003 
I A B 1 E : 5. 31 	
248. 
* 4 * * * * 	* 	* P * LONCITUONAL EXCITATION 
t * * * * * * * * * * * 
*t******** PARAMETRIC RESONANCE: INSTABILITY REGIONS 
***s****COMPARI SION OF EXPERIMENTAL AND CALCULATED VALUES******* 
* 	* 	* :4t * 	FOR CONSTANT ACCELERATICN(12.40) * * * * * * * * * 
BEAM NO 4:ANGLE I20DEG;WIOTH 2.0;THICKNESS 0.030;LENGTH 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	
PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=1) 
0 	30.0 0.02 ***** ***** ****** 
*>**tt 0.9884 1.0115 *** **** 
1 92.0 0.06 ***'' 	
**Ø* 3*'v4* lcc**** 0.9943 1.0057 *n* 
2 156.0 0.10 ***tt ***,A i*.***)k 	u.9949 1.0051 
 
3 228.0 0.15 ***' ***t* ****** *¼**** 0.9954 1,0046 *** **** 
4 300.0 0.19 *** 	
***** ****** *** 0.9955 1.0044 	**S 
5 371.5 0.24 370.2 372.0 0.9965 1.0013 0.9956 1.0044 -0.09 0.30 
6 471.2 0.30 468.5 413.7 0.9943 1.0053 0.60 1.0040 0.18-0.
1 3 
7 559.6 0.36 555.7 562.8 0.9930 1.0057 0.9961 1.0039 0.31-0.18 
8 662.4 0.42 658.1 665.7 0.9935 1.0050 0.9962 1.0038 0.27-0.12 
9 772.0 0. 49 765.7 777.6 u.9918 1,0073 0.9962 1.0038 0.44-0.35 
10 893.0 0.57 880.8 908.6 0.9863 1.0175 0.961 1.0039 0.98-1.35 
si 
123.8 0.66 1020.0 1028.2 r'.9963 1.0043 t;.9958 1.0042 -0.05-0.01 
12 1165.3 0.75 1157.1 1112.6 0.9930 1.0063 0.9950 1.0049 0.21-0.13 
13 1314.5 0.84 1303.3 1326.0 0.9915 1.0087 0.9931 1.0069 0.16-0.18 
14 1478.0 0.95 1455.0 1497.0 0.9844 1.0129 0,9822 1.0175 -0.23 O. A6 
15 1650.5 1006 1605.0 1686.0 0.9724 1.e215 0.9851 1.0147 1.28-0.67 
16 1833.5 1.17 1817.8 181,4.5 0.9914 1.0060 0,9958 1.0042 0.44-0.18 
17 2025.5 1.30 2016.6 2032.4 0.9956 1.0034 0.9978 1.0022 0.22-0.12 
*** * * ** ** t *** 
(CROSS-SECTIONAL MODES; N=2) 
2 516.0 0.33 ***' ***** 
w*** ****t* o.995 1.0005 **** **** 
a 574.0 0.37 ***** **** *n*a ***** 0.9992 1.0008 	
a* 
4 623.2 0.40 622.1 624.4 0.9982 
1.0019 0.9988 1.0(112 0.O6-).07 
5 678.2 0.43 676.1 679.8 0.9969 1.0024 0.9985 1.0015 0.16-0.08 
6 743.2 0.48 740.0 746.2 0.9957 1.0040 0.9981 1.0019 0.24-2.22 
7 810.2 0.52 806.9 811.9 0.9959 1.0021 0.9978 1.0022 0.18 0.01 
8 903.4 0.58 902.5 905.8 0.9990 1.0027 0.9975 1.0025 -0.15-).1 
9 997.3 0.64 995.9 998.4 0.9986 1.0011 0.9971 1.0029 -0.15 0018 
10 1104.8 0.71 1100.6 1109.4 0.9962 1.0042 0.9965 1.0034 0.04-0.07 
11 1223.0 0.78 1215.7 1228.0 0.9940 1.0041 0.9956 1.0044 0.16 0.03 
12 1350.0 0.86 1338.0 1359.0 0.9911 1.0067 0.9935 1.0065 0.24-0.02 
13 1492.0 0.95 1455.0 1530.0 0.9752 1.0255 0.9819 1.0178 0.68-0.76 
14 1642.5 1.05 *** *4** , * ***** *****t 
0.9855 1.0143 **** **** 
15 1802.0 1.15 1787.3 1812.6 0.9918 1.0059 0.9956 1.001,4 0.38-0.15 
16 1985.0 1.27 1977.6 1991.3 0.9963 1.0032 0.9978 1.0022 0.15-0.09 
17 2169.0 1.39 2165.8 2171.0 0.9985 1.0009 Q
0 9986 1 4 ,00 14 0.01 0.05 
18 2366.0 1.51 	 ****** 
	0.9990 1.0010  
19 2578.0 1.65 t***4 	** 	 0.9993 1.0007 
	*** *4* 
20 2796.0 1.79 **s*** ***** ***t** ****' 0.9995 1.0005 
t4t** ** 
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I f B L E : 5.32 
LONGITUONAL EXCITATION * * * * * * * * ** * * 
***<tt**** PARAMETRIC RESONANCE: INSTABILITY REGIONS t******fl** 
4**t*fl4COMPAR ISION OF EXPERIMENTAL AND CALCULATED VALUES *st*2h*** 
* 	* 	 FOR CONSTANT ACCELERATION(12.4G) * t 
* * * * * * * 
BEAM NO 5:ANGLE 120DEG;iICTH 1.5;THICKNESS 0,030;LENGTH. 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCRSIONAL MODES; N=1) 
0 	33.4 0.02 	**t 	***** ****** **** 0.9906 1.0093 
**** *** 
1 123.0 0.08 *4*** ****4 ****' 	0.9968 1.0032 
 
2 208.4 0.13 	 9'**fl ****** ****I 0.9971 1.0029 
 
3 294.2 0.19 *** ***** ****** *m** 0.9972 1.0028 
 
4 389.8 0.25 *-*** ***** ****4* $1****t 0.9973 1.0027 
***4 **** 
5 483.5 0.31 481.3 486.2 0.9954 1.0056 0.9973 1.0027 0.18-0.29 
6 585.4 0.37 582.5 588.4 ;.9950 1.Ci51 0.9973 1.0027 0.22-0.24 
7 691.6 0.44 687.9 694.0 0.9947 1.0035 0.9972 1.0028 0.26-0.07 
8 806.0 0.52 802.5 809.5 c..9957 1.0043 0.9971 1.0029 0.15-0.15 
9 923.8 0.59 918.7 927.8 0.9945 1.0043 0.9969 1.0031 0.24-0.12 
10 1051.0 0.67 1045.9 1055.3 0.9951 1.0041 0.9965 1.0035  
11 1200.5 0.77 ** 1207.6 	 1.0059 0.9957 1.0043 	*-0. 16 
12 1343.0 0.86 1327.5 1359.0 0.9885 1.0119 0.9936 1.0e64 0,52-.55 
13 1486.0 0.95 ****' ***** ***** ¼**** 0.9832 1.0166 
14 1668.0 1.07 ;¼***** 1690.0 ****t* 1.0132 0.9894 10105 **0.27 
15 1838.5 1.18 1826.5 1847.3 0.9935 1.0048 0.9964 1.0036 0.29-0.12 
16 2020.5 1.29 2015.8 2024.0 0.9977 1.0017 0.9980 1.0020 0.04 0.02 
17 2219.3 1.42 2216.0 2222.6 0.9985 1.0015 0.9988 1.0012 0.03-0.03 
18 2423.8 1.55 2421.8 2425.8 0.9992 1.0008 0.9991 1.0009 -0.00 0.00 
19 2633.6 1.69 ***** ****** *t** *'**' 	0.9994 1.0006 
**** **** 
* * 4 * 4 * It S X., * * * * * 
(CROSS-SECTIONA'L. MODES; N=2) 
4 979.0 0.63 	 ***** ***** *4*4*5 0.9993 1.0007 
 
5 1045.0 0.67 ****** *5*5*5 **5* 	)**4I** 019990 1.0010 
** **t* 
6 1123.2 0.72 ***fl* ****** **** *fl* 	0.9987 1.0013 	
** **** 
7 1192.0 0.76 1184.6 	 0.9938 ** 0.9982 1.0018 0.44 
** 
8 1279.4 0.82 ****** ****** ***** fl** 	0.9974 1.0026 
*t**  
9 13935 0.89 1383.1 1404.7 0.9925 1.0080 0.9956 1.0044 0.310.36 
10 1489.2 0.95 	* * *, *** ~ * ****** a*nt 0.9894 1.0104 
***t *n* 
11 1632.0 1.04 1611.0 1637.0 0.9871 1.0031 0.9893 1.0106 0.22 0.74 
12 1744.0 1.12 1731.6 1753.5 0.9929 1.1-054 0.9959 1.0041 0.30-0.14 
13 1885.0 1.21 1878.4 18'C.6 0.9965 1,0030 0.9978 1.0022 0.13-0.08 
14 2031.5 1.30 2025.1 2(35.6 0.9968 1.0020 0.9985 1.0015 0.17-0.05 
15 2189.0 1.40 2186.7 219C.4 0.9989 1.0006 0.9990 1.0010 0.00 0,04 
16 2352.0 1.51 t*:4*v.* •'i"*** 'fl**** **'4** 0.9992 1.0006 
**** *** 
17 2536.0 1.62 *** ****** ****t* *t** 	0.9994 1.0006 
 
18 2730.0 1.75 fl*a 	*''- 	°"* *"< 0.9995 1.0005 
*** **r5 
19 2934.8 1.88 **' **fl '''' *'* 0.9996 1.0004 
*** *4*5 
20 3151.4 2.02 ****** *5*55* 5*4*5* *t*'f** 0.9997 1.0003 
 
21 3384.6 2.17 ***** 5*55*5 ****** ***** 0.9997 1.0003 
5*t* ¼** 
22 3623.6 2.32 	 **t** **n** t**.**t 0.9998 1.0002 
**** **** 
250. 
T A I) L E 	5.33 
* * * * 	* * * * * * * LONGITUDNAL EXCITATION 
t * * * * * W * * * 4 t 
***4****** PARAMETRIC RESONANCE: INSTABILITY REGIONS 
*****fl**st* 
*******kCOMPARISION OF EXPERIMENTAL AND CALCULATED VALUESa****** 
* * * 	* * * 	FOR CONSTANT ACCELERATION(=I2.4G) * * * 	* * * -t * 
BEAM NO 6:ANGLE 120DEGICTH 1.0;THICKNESS= 0.030;LENGTH 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREG 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ, RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCRSICNAL MODES; N=1) 
o 	54.1 0.03 *** 	**** 4*4*4* 
*4*  0.9964 1.0035  
1 173.0 0.11 	 ***.z 
	0.9984 1.0016 *44* *4*4 
2 302.4 0.19 ***' 	***4* ***** 	*** 0.9986 1.0014 ***• *** 
3 429.0 0.27 	 **'' **' 
	0.9986 1.0014  
4 550.4 0.35 s **,&** **'¼*:** ,&*** 0.9985 1.00 15 
t*** *44* 
5 687.4 0,44 ***** ***** ***'' ***** 0.9985 1.0015 tç** **z* 
6 828.1 0.53 825.8 82997 0.9972 1.0019 0.9984 1.00 16 0. 11-110 03 
7 962.3 0,62 959.6 965.7 0.9972 1.0035 0.9981 1.0019 0.09-0.17 
8 1108.0 0.71 1103.8 1112.8 t,9962 1.0.'43 C.9977 1.0023 0.15-0.2]. 
9 1257.2 0.80 1250.8 1264.2 0.9949 1.0056 0.9969 190031 0.20-0.25 
10 1414.5 0.91 1401.7 1428.4 0.9910 1.0098 0.9941 1.0059 0.32-0,39 
11 1577.8 1.01 1535.0 1617.3 0.9729 .1.0250 0.9461 1.0511 -2.83 2.48 
12 1749.0 1.12 1734.8 1761.0 0.9919 1.0069 0.9960 1.0039 0.42-0,29 
13 1925.6 1.23 1918.4 1930.7 0.9963 1.0026 0.9981 1.0019 0.19-0.08 
14 2114.6 1.35 2110.5 2118.8 0.9981 1.0020 0.9989 1.0011 0.08-0.09 
15 2310.8 1.48 2307.5 2313.3 0.996 1.0011 0.9992 1.0008 0.07-0.03 
16 2513.9 1.61 2511.4 2516.4 0.9990 1.0010 0.9994 1.0006 3.04-0.04 
17 2710.0 1.73 ****** ***** t***** **'*** 0.9996 1.0004 	
*4*4 
18 2947.0 1.89 44**** ***'** ****'* **%*t* 0.9997 1.0003 
U*** *44* 
19 3178.0 2.03 	 ***** ***** 4*44*4 0,9997 1.0003 
 
20 3422,0 2.19 ****' *44*4* *S* ** 	0.9998 1.0002 
 
(CROSS-SECTIONAL MODES; N=2) 
7 2216,6 1.42 	 4 -i...-* 4* 	 *t*.*** 0,9998 1.0002 
 
8 2355.4 1.51 2355.8 2357.0 0.9997 1.0003 0.9998 1.0002 0.00-0.00 
9 2477.0 1.59 2476.7 2477.4 0.9999 1.0002 0.9998 1.0002 -0.01 0.00 
10 2589.8 1.66 t*t*** 	z**i ****' 	0.9998 1.0002 *** *** 
'11 2716.8 1.74 **-a ****$ *-**4' 4**4* 0.9998 1.0002 
12 2827.0 1.81 	 ***' **' 	 0.9998 1.0fl02 *** 
t*- 
13 2991.2 1.91 ***** ****** ***** *4*49* 0.9998 1.0002 
*44* **a* 
14 3146.4 2.01 #*** **nn ****** ***%: 0.9998 1.06 - 02 
15 3307.2 2.12 ****** ****** 4*4*4* ****t-$ 0.9998 1.0001 *** 
16 3485.6 2.23 *** 	*'r*'ttW *'*** 	 0,9999 1.0001 
 
17 3663.4 2,34 	*** *,**** 4*4*4* ***4** 0.9999 1.0001 
4*4* 4*4* 
18 3854.6 2.47 ****** *4*44* 4*44*4 *t*4t4 0.9999 1.0001 
19 4056.2 2.60 **** *****' ****** **'* 	0.9999 1.0001 *** 
20 4276.0 2.74 **;t*** *'' *"**"' 
*****' 0.9998 1.0002 **t* ***t 
21 4502.0 2.88 *** 	*** $***** ****** 0.9997 1.0003 **** 
4*4* 
251 
T A B I E : 5. 34 
* * 	4 	* 4c * * * * LONGITUDNAL EXCITATION t 	¼ * 4 * * * * * * t 
*s*fl4' PARAMETRIC RESONANCE: INSTABILITY REGIONS  
********CflMPARISI0N OF EXPERIMENTAL AND CALCULATED VALUESt'&**4** 
* * * * * * c 7i * FOR CONSTANT ACCELERATION(=12.4G) 	4 * * 	* * * 
BEAM NO 7:ANGLE 150DEG;WICTH= 2.0;IHICKNESS 0,030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREO 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCRSIONAL MODES; N=1) 
o 	31.0 0.02 ***** ***** ***<** *fl*** 0.9891 1.0107 *** **** 
1 94.8 0.06 ***** ***' ***'* 
*t*'' 0.9946 1.0053 n** 
2 	160.7 0.10 	159.'1 162.5 0.9919 1.flh12 0.9952 1.0048 0.33-0.64 
3 230.3 0.15 229.0 231.5 0.9944 1.0052 0.9955 1.0045 0.11-0.07 
4 303.8 0.19 3u1. 6 305.9 0.9928 1.0069 0.9956 1.0043 0.29-1.46 
5 384.0 0.25 381.5 386.5 0.9935 1.0065 0.9959 1.0041 0.24-0.24 
6 470.7 0.30 467.6 473.1 c.9934 1.0064 u.9960 1.004(1. 0.26-3.24 
7 564.4 0.36 560.5 568.0 0.9931 1.0064 0.9962 1.0038 0.31-0.25 
8 667.7 0.43 663.4 671.6 0.9936 190058 0.9962 1.0037 0.27-0.21 
g 777.0 0.50 771.3 783.0 0.9927 1.0077 0.9962 1.0038 0.36-0.60 
10 896.5 0.57 890.7 902.0 0.9935 1.0061 0.9961 1.0039 0.260.23 
11 1026.5 0.66 1022.0 1030.5 0.9956 1.0039 0.9958 1.0042 0.02 0.03 
12 1165.5 0.75 1149.5 1168.0 0.9863 1.0021 0.9950 1.0049 0.88 0.28 
13 1314.5 0.84 1300.5 1328.0 0.9893 1.0103 0.9931 1.0069 0.37-0.33 
14 1473.0 0.94 1437.0 1514.0 0.9756 1.0278 0.9830 1.0167 0.76-1.10 
15 1664.0 1.06 t**** **4*** **** *** 0.9873 1.0125 *** **** 
• 16 1833.0 1.17 1817.6 1844.4 0.9916 1.0062 0.9958 1.0042 0,42-0.20 
17 2021.0 1.29 2u13. 4 21'28.2 0.9962 1.0036 0.9978 1.0022 0.15-0013 
(CROSS-SECTIONAL MODES; N=2) 
3 526.8 0.34 	 *a ** 	**' 	009990 1.0010 
*z*c *t* 
4 599.1 0.38 597.8 600.3 0.9978 1.0020 0.9987 1.0013 0.09-0.07 
5 660.6 0.42 658.6 662.3 0.9970 1.0026 0.9984 1.0016 0.14-0.10 
6 730.7 0.47 728.4 732.6 0.9969 1.0026 0.9981 1.0019 0.12-0.07 
7 808.5 0.52 801.0 312.5 0.9907 1.0049 0.9978 1.0022 0.71-0.27 
8 899.8 0.58 893.0 903.0 0.9924 1.0036 0.9975 1.0025 0.50-0.10 
9 996.0 0.64 990.7 1)02. 19 0.9947 1.0069 0.9971 1.0029 0.24-0.40 
10 1106.8 0.71 1101.0 1112.2 0.9948 1.0049 0.9965 1.0034 0.18-0.14 
11 1221.6 0.78 1217.0 1226.6 0.9962 1.0041 0.9956 1.0044 -0.06 0.03 
12 1352.0 0.87 1341.4 1362.7 0.9922 1.0079 0.9934 1.0065 0.13-0.14 
13 1494.0 0.96 1487.0 15o7.0 0.9953 1.0087 0.9814 1.0182 -1.41 0.94 
14 1637.0 1.0 1608.0 1659.0 0.823 1.0134 0.9842 1.0155 0.20 0.20 
15 1804.0 1.15 1787.5 1816.1 0.99.;9 1.0067 0.9956 1.0043 0.48-13.24 
16 1974.0 1.26 1964.5 1981.3 0.9952 1.0037 0.9977 1.0023 0.25-0.14 
17 2160.0 1.38 2155.5 2162.5 0.9979 1.0012 0.9986 1.0014 0.06 0.03 
lB 2360.0 1.51 *** ****** ****** **** 0.9990 1.0010 **** ***. 
19 2553.8 1.63 ****** ****** ***** **** 0.9993 1.0007 \**t 
20 2767.4 1.77 **** *****4 ****** ****** 0,9994 1.0005  
252. 
T A B L E : 5.35 
* 4 t 4 * * * 4 * * * 4 LONGITUDNAL EXCITATION * * * 
4 4 * * * * * * * 
****4***** PARAMETRIC RESONANCE: INSTABILITY REGIONS *********** 
**9**+*****COMPARISION OF EXPERIMENTAL AND CALCULATED VALUESc****** 
* * * * * * * * * FOR CONSTANT ACCELERATION(12.4G) * * * 4 * t * 
BEAM NO 8:ANGLE= 150DEG;WICTH i.5;THICKNESS= 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM EREO INSTABLE FRED 	EXPERIMENT 	CALCULATED 	PERCENT 
M FRED. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=1) 
o 	42.0 0.03 *44*4 ***** ****a *****' 0.9941 1.0059 
**fl ** 
130.2 0.08 **fl* 	*** S**t-*tk *fl** 0.9972 1.0028 	
** **** 
2 218,4 0.14 **** ' *" 	(.9974 1.0026 **** **** 
3 306.8 0.20 *** ***** ***** a*'t** 0.9974 1.0026 ,z44* &*** 
4 402.4 0.26 *** *k*.* *4**Z* 	 0.9974 1.0025 
 
5 501.0 0.32 ***' 4*4*4 4*44*4 fl**** 0.9974 1,0025 *** **** 
6 606.2 0.39 *tfl* 	 *'* ***** 0.9974 1.0026 	
*** *** 
7 714.4 0.46 710.8 717.6 0.9950 1.0045 0.9974 1.0026 0.24-0.18 
8 829.2 0.53 825.5 831.2 0.9955 1.0024 0.9972 1.0028 0.17 0.04 
9 952.3 0.61 947.4 956.7 0.9949 1.0046 0.9970 1.0030 0.21-0.16 
10 1082.2 0.69 1076.6 1088.8 0.9948 1.0061 0.9965 1.0034 0.17-0.26 
11 1224.6 0.78 1215.6 1232.5.0.9921 1.0065 0.9956 1.0044 0.30-0.21 
12 1369.0 0.83 1354.7 1385.0 0.9896 1.0117 0.9931 1.0069 0.35-0.48 
13 1515.6 0.97 **** **** **'*' '°* 0.9737 1.0256 **** *44* 
14 1696.0 1.09 1659.0 1718.5 0.9782 1.0133 0.9920 1.0080 1.39-0.53 
15 1871.0 1.20 1858.9 1881.5 0.9935 1.0Q56 0.9969 1.0031 0.34-0.25 
16 2056.8 1.32 2049.4 2063.3 0.9954 1.0032 0.9982 1.0017 0.18-0.14 
17 2260.8 1.45 2255.8 2265.2 0.9978 1.00190,9989 1.0011 0.11-i.08 
18 2464.5 1.58 2461.2 2468.3 0.9987 1.0015 0.9992 1.0008 0.06-0.08 
19 2679.9 1.72 2678.6 2681.0 0.9995 1. 00u4 0.9994 1.3006 -U.0  u.02 
20 2908.6 1.86 ***** ***** ****V* ****t* 0.9996 1.0004  
21 3120.0 2.00 **** 	%z'.*4** ***** *#*#** y999 1.0004 **n **** 
22 3380.6 2.16 	** ***'** ''* 	 0.9997 1.0003 **** $*** 
23 3600.0 2.30 ***** ****** *4*4*4 *fl** 0.9997 1.0003 
24 3903.6 2.50 ****'* ****** *t**fl ***** 0.9998 1.0002 *** 
*4*4 
(CROSS-SECTIONAL MODES; N=2) 
5 985.4 0.63 *** 	**** ****a ****** 0.9990 1.0010 **** 
*44* 
6 1109.2 0.71 ****** ****** ****** 	***tt 0.9987 1,0013 4*4 *** 
7 1205.0 0.77 1200.7 1208.4 0.9964 1.0028 0.9982 1.0018 0.17-0.10 
8 1295.7 0.83 1289.7 1302.0 0.9954 1.0049 0.9973 1.0026 0.20-0422 
9 1404.8 0.90 1396.3 1413.5 0.9939 1.0062 0.9954 1.0046 0.14-0.16 
10 1515.9 0.97 1490.3 	 0.9831 **** 0.9841 1.0157 0.10 **** 
11 1661.0 1.06 1625.0 1683.0 0.9783 1.0132 0.9928 1.0072 1.46-0.60 
12 1773.5 1.14 1762.5 1782.4 0.9938 1.0050 0.9966 1.0034 0.28-0.16 
13 1930.8 1.24 1923.7 1936.5 0.9963 1.0030 0.9982 1.0018 0.18-0.11 
14 2090.4 1.34 2085.5 2094.4 0.9977 1.0019 0.9988 1.0012 0.11-0.07 
15 2236.4 1.43 2232.9 2239.4 0 .9984 1.0013 0.9991 1.0009 0.06-0.04 
16 2419.4 1.55 2415.8 2423.1 0.9985 1.0015 0.9993 1.0007 0.08-0.08 
17 2605.6 1.67 2603.4 2607.8 0.9992 1.0008 0.9995 1.0t05 0.03-0.03 
18 2771.2 1.77 ****** ****** *4*4*4 ***** 0.9996 1.0004 **** 
*44* 
19 3017.2 1.93 ***t ** 	 *** 	0.9997 1.0003 	
**t *44¼ 
20 3203.0 2.05 *****.* 44*44* ***** 
****:* C.9997 1.0003  
21 3456.4 2.21 ****** *t**** ***n* ***.**' 0.9998 .1.0002 
*t** **** 
22 3656.8 2.34 ***m *,"**** 	 *'*** 0.9998 1.0002 *** 
*t** 
23 3925.6 2.51 4*44*4 *44*4* *4*4*4 4*4*4* 0.9998 1.0002 	
* 
2). 
T A B L C 	5.36 
* * * * * * * * * * * * LONGITUDNAL EXCITATION 	* * 	t 	
* * 	* 
**t****** 	PARAMETRIC RESONANCE: INSTABILITY REGIONS 
IS ION OF EXPERIMENTAL AND CALCULATED VALUES 	nz*** 
FOR CONSTANT ACCELERATION(12.40) * * * * * t * * 
BEAM NO 9:ANGLE 150DEG;WICTH 1.0;Tt-IICKNESS= 0.030LENGTH 32 INCHES 
INSTABILITY REGION 
PARAM FRED INSTABLE FREG 	EXPERIMENT 	CALCULATED 	
PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=1) 
0 	59.8 0.04 	
***** X**?4** *-** 	0.9971 1.0029 **** **c* 
1 181.0 0.12 *** 	**** **** 
	***c** 0.9985 1.0015 
2 307.0 0.20 ***** **** 
	0.9986 1.0014 **** *t* 
3 441.4 0.28 '* 	
4&** , t *St** ****** 0,9967 1.0013 **** a 
4 570.6 0.37 **wc* ***** ****2* 	0.9986 1.0014 **** **** 
5 702.4 0.45 	 <** 	
*** 	 0,9985 1.0015 **** **n 
6 846.2 0. 54 
***** ****** 0.9984 1.00 16 **** **** 
7 98C.2 0.63 ** 	**** 	*' 	
0.9982 1.0018 **' 
8 1129.0 0.72 1124.5 1132.5 0.9960 1.0031 0.9977 1.0023 0.170.08 
9 1291.2 0.83 1284.6 1297.7 0.994 1.0050 0.9967 1.0033 0.18-0.18 
10 1432.5 C.92 1420.0 1441.6 0.9913 1.0064 0.9935 1.Uu65 0.22 C.<)1 
11 1600.0 1.02 1547.2 1633.0 0.9670 1.0206 0.9791 1.0205 1.24-0.02 
12 1774.3 1.14 176106 1783.5 0.9928 1.0052 0.9956 1.0034 0.38-0.18 
13 1952.2 1.25 
1945.6 1957.5 0,9966 1.0027 0.9983 1.0017 0.17-0.10 
14 2147.5 3.37 2142.8 2150.6 0.9978 1.0014 0.9990 1.0010 0.12-0.04 
15 2339.0 1.50 2336.4 2341.6 0.9989 1.0011 0.9993 1.0007 0.04-0.04 
16 2542.4 1.63 ***c' 
*n***4 *4't*** 	 0.9995 1.0005 **** **** 
17 2740.0 1.75 
	0.9996 1.0004 *m *** 
18 2979.4 1.91 *'' **t** 
	0.9997 1.0003 	 * 
19 3202.0 2.05 '*'' 	
*** 	*** 0.9997 1.0003 *** t*** 
20 3451.0 2.21 **' *,4: 	
,*tsk* 	0.9998 1.0002 ** 
21 3701.2 2,37 	' 
0.9998 1.0002 *** **** 
* * * * * * * * * 	* 	* 4t 
(CROSS-SECTIONAL MODES; N=2) 
0 	15.0 0.01 	 ***** 
*44.t** t***** 0.9528 1.0451 
1 92.8 0.06 **** ***** 
****t*t*tn&** 099944 1.00 56  
2 276.8 0.18 *** 	**t** 
	0.9963 1.0017  
3 546.8 0.35 	
*' ***fl' tfla* 0.9991 1.0009 **** **** 
4 874.2 0.56 *** 	**** **** 	
**4** 0.9993 1.0007 *** **** 
5 1189.2 0.76 ***:&* 
	0.9990 1.0010 	***S 
6 1529.0 0.98 *** 	ic*t*' ±* Att 
	 0.9917 1.0083 **t* 
7 1820.4 1.17 1815 a 9 1823.2 0.9975 1.0015 0.9991 1.0009 0.15-0.06 
8 2028.5 1.30 2026. 8 2030.2 0.9992 1.0Lt 8 0.9995 1-0 6 0 5 0.030.63 
9 2265.6 1.45 2264.8 2266.4 0.9996 1.0004 0.9997 1.0003 0.00-0.00 
10 2430.4 1. 56 **4:* fl**** *4**** *Ytt** 
0.9997 1.0003 *** *** 
ii 2591.6 1.66 **a4z* ****** t*á*** 
	0.9998 1.0002  
12 2746.6 1.76 **t'** ****** ****** *f"** 
0.9998 1.0002 **'* 
13 2900.2 1.86 ***** ****** **'' 	 0.9998 1.0002 **** 
t**t 
14 3063.2 1.96 *"'' 	*' 	
0.9998 1.0002 **** **** 
15 3240.0 2.07 ****** ****** ***** ****** 0.9998 1.0002 **** **** 
16 3419.4 2.19 **a** t****it *&**** ****** 0.9998 1.0002 	
** tnt 
17 366.0 2.31 	 *:t**** ****** ***fl¼ 0.9999 1.0001 0 
**s* 
18 3766.4 2.41 ****'" ***** 	
'*"' 0.9999 1.0001 
254. 
T A B L E : 5.37 
* * * 	* * * ;" * * * * LONGITUDNAL EXCITATION ' * ' * 4 * * 	* 4 $ 
PARAMETRIC RESONANCE: INSTABILITY REGIONS  
**'tn***COMPARISIJJN OF EXPERIMENTAL AND CALCULATED VALUES*.**** 
* * * * * * * * FOR CONSTANT ACCELERATION(=I2.4G) * * * * * * * * t& 
BEAM NO 10:ANGLE 	60DEG;WICTH= 2.0;THICKNESS 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCRSICNAL MODES; N=1) 
o 	26.8 0.02 *'-' "'**'' *** 	''**'* 0.9854 1.0144  
1 92.2 0.06 **** ***** **** ***** 0.9943 1.0056 
 
2 166.0 0.11 	 **t* *flfl* $c**n*t 0.9955 1.0045 
*** 
3 226.6 0.15 .fr* 	 0,9953 1.0047 
**** **** 
4 297.0 0.19 ***** ****'* ****** **-*** 0.9955 1.0045 **** **** 
5 371.6 0.24 	 ***' 	*-.*t*** t**fl 09956 1.0044 
 
6 458.0 0.29 **4* '**fl **"* ***a* 0.9958 1.0042  
7 550.0 0.35 **'* 	*'' gc**,k* 0.9960 1.0040 
8 654.0 0.42 	 0.9961 1.0039 
**** **** 
9 764.0 0.49 *t** *tt** ***** 0.9961 1.0038 
 
10 888.2 0.57 *flt ;k**** **** *;S*** 0.9961 1.0039 4*** **** 
11 1027.5 0.66 1019.4 1035.6 0.9921 1.0079 0.9958 1.0042 0.37-0.37 
12 1153.0 0.74 1142.0 '**' 	0.9905 	' 0.9951 1.0049 0.46 **** 
13 1315.8 0.84 1304.0 1330.3 0.9910 1.0110 0.9930 1.0069 0.20-0,41 
14 1466.0 0.94 1442. 6 4***** 0.9840 '** 	0.9841 1.0156 0.01 
15 1646.0 1.05 ***a* 1672.0 **'*** 1.0158 0.9842 1.0156 t*t*-0,02 
16 1846.0 1.18 1834.5 1855.4 0.9938 1.0051 0.9960 1.0040 0.23-0.11 
(CROSS-SECTIONAL MODES; N=2) 
1 486.4 0.31 ***4:* *fl** **'*fl v h~"**** 0.9998 1.0002 
**a ***t 
2 548.4 0.35 **** 	't'c**Z' *flt** ***t$ 0.9995 1.0005 
**** 
3 576.6 0. 37 ***** **S* ***,tz* 	 0,9992 1.0008 **** an 
4 617.6 0.40 **" ***** *'' ****** 0.9988 1.0012 
t** &*t* 
5 672.2 0.'t3 	 **** **fl*-* tko4: C.9984 1.00 16 
** 	*fl 
6 732.6 0.47 0.9981 1.0019 
 
7 809.0 0. 52 *'4c*c* **** ***** ***** 0.9978 1.0022 	nfl 
8 901.1 0.58 896.7 905.3 0.9951 1.0047 0.9975 1.0025 0.24-0.21 
9 997.8 0.64 991.9 1002.6 0.9941 1.0048 0.9971 1.0029 0.30-0.19 
10 1104.7 0.71 1095.2 1114.2 0.9914 1.0086 0.9965 1.0034 0.52-0.51 
11 1222.3 0.78 1216.9 1227.5 0.9956 1.0043 0.9956 1.0044 0.00 0601 
12 1351.6 0.57 1338.0 1366.0 0.9899 1.0107 0.9934 1.0065 0.35-0.41 
13 1479.6 0.95 **r4* * *a** *'4'* 	 0.9843 1.0154 **t 	* * * 
14 1637.5 1.G5 1623.7 ****** 0.9916 *****t 0.9844 1.0154 -0.73 **** 
15 1804.0 1.15 1791.5 1815.5 0.9931 1.0064 0.9956 1.0043 0.26-0.20 
16 1979.0 1.27 1971.7 1985.4 0.9963 1.0032 0.9977 1.0023 0.14-0.10 
255. 
T ABLE : 5.38 
* $ 	4' LONGITUONAL EXCITATION 	-* 4' 4' * * * * *. 	* 
********* PARAMETRIC RESONANCE: INSTABILITY REGIONS 
****Z*c*t***¼** 
******fl*tCOMPARI SION OF EXPERIMENTAL AND CALCULATED VALUESt1t**** 
* * k * * * 4* ' 	FOR CONSTANT ACCELERATION(12.4G) * * * * * * * * * 
BEAM NO 11:ANGLE 	oODEG;IDTH l.5;THICKMESS OoO3O;LENGTH= 32 INCHES 
INSTABILITY REGION 
	
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	
PERCENT 
M FREQ. RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=1) 
0 	36.0 0.02 	 ***' 	
** *** *V***t (.9928 1.0072 *n* 
1 115.4 0.07 **fl4' ***4'* **' 	** 	0.9964 1.0036  
2 199.0 0.13 	
***** ****** ****' 0.9968 1.0031  
3 281.8 0.18 ***** 4'**4' ****** ***** 0.9969 1.0031 
 
4 375.2 0.24 	4'4' 	**n 	'*** ****' 0.9971 1.0029 
 
5 468.4 0.30 fl* *4'*fl ***fl* '*4'* 0.9971 1.0029 *** 
t*** 
6 570.8 0.37 568.6 572.2 0.9961 1.0025 0.9972 1.00 23 0.10 0.04 
7 676,5 0.43 673.2 679.8 0.9951 1.e049 C.9971 1.0029 0.20-0.20 
8 791.5 0.51 787.0 796.3 0.9943 1.0061 0.9971 1.0029 0.27-0.31 
9 923.5 0.59 	**** 929.5 
***t'*t 1.0c65 0.9969 1.0031 ****-fl • 34 
10 1045.5 0.67 1041.5 1049.5 0.9962 1.0038 C.9965 1.0035 0.03-0,04 
111184.30.76 1177.5 1191.6 0.9943 1.0062 C.9958 1.0042 0.15'-0.19 
12 133.2 0.85 1319.8 1345.5 0.9907 1.0100 0.9938 1.0062 0.31-0.38 
13 11189.0 C.95 1452.0 * 	0.9752 °*** o.9826 1.0171 0.75 
fl$& 
14 1664.0 1.06 1621.0 161;0.5 0.9142 1.0159 0.9889 1.0110 1.49-0.49 
15 1840.5 1.18 1828.2 1850.6 0.9933 1.0055 0.9964 1.0036 0.31-0.19 
16 2029.5 1.30 2022.5 2036.0 0.9966 1.0032 0.9981 1.0019 0.15-0.13 
17 2226.2 1.42 2221.5 2230.5 0.99T9 1.0019 0.9988 1.0012 0.09-0.07 
18 2460.0 1.57 **4'4 $&t**** ****** ****** 0.9992 1.0008 **** a** 
19 2659.1 1.70 2656.5 2661.2 0.9990 1.0008 0.9994 1.0006 0.04-0.02 
20 2884.5 1.85 2882.8 2886.2 0.9994 1.0006 0.9995 1.0005 0.01-0.01 
* -t * * 8' * * * * S 	* * 
(CROSS-SECTIONAL MODES; N=2) 
3 961 • 8 C.62 ***4 	**** ****** **t*a 0.9996 1 • 00C4 
*fl* **** 
4 1011.6 0.65 **** ****** **** 	***** 0.9993 1.0007 
5 1073.3 0.69 1072.4 1073.9 0.9992 1.0006 0.9990 1.0010 -0.01 0.04 
6 1134.8 0.73 1132.8 1136.3 0.9982 1.0013 0.9987 1.0013 0.04 0.00 
7 1209.7 0.77 1207.7 1211.8 0.9983 1.0017 0.9982 1.0018 -0.02 0.01 
8 1304.6 0.83 1300.6 130908 0.9969 1.0040 0.9973 1.0027 0.04-0.13 
9 1395.0 0.89 1365.7 144.8 0.9933 1.0070 0.9956 1.0044 0.23-0.26 
10 1480.6 0.95 *$'**** -tn*4** ****** ****** 0.9904 1.0095 **** '*t* 
11 1618.7 1.Ci4 1583.0 1645." 0.9779 1.0162 0.9865 1.0133 0.87-0.29 
12 1741.5 1.12 1734.3 1758.4 0.9924 1.0062 0.9960 1.0040 0.36-0.22 
13 1898.5 1.22 1893.7 1902.4 0.9975 1.0021 0.9979 1.0021 0.C4 
fl•p(k 
14 2039.7 1.31 2035.0 2044.5 0.9977 1.0024 0.9986 1.0014 0.09-0.09 
15 2198.4 1.41 2194.6 2202.3 0.9983 1.0018 17, . 9990 1.0010 0.07-0.08 
16 2269.0 1.45 2266.0 2272.0 0.9987 1.0013 0.9990 1.0010 0.04-0.04 
17 2552.4 1.63 2549.9 2554.6 0.9990 1.0009 0.9994 1.0006 0.04-0.03 
18 2744.5 1.76 2742.6 2746.4 0.9993 1.0007 0.9995 1.0005 0.02-0.02 
19 2950.6 1.89 2949.8 2951.4 0.9997 1.0003 0.9996 1.0004 -0.01 0.03 
256. 
I A 13 L E : 5.39 
t * t * * * * * 4 * * * LONGITU[)NAL EXCITATION . ** 
 
PARAMETRIC RESONANCE: INSTABILITY REGIONS 
S , *** CDMPARISI0N OF EXPERIMENTAL AND CALCULATED VALUES * 
* 	* * * * * * * FOR CONSTANT ACCELE-RATION(12.4G) * * * * * * * w s 
BEAM NO 12:.ANGLE 	600EG;WICTH= 1.0;TH!CKNESS= 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCRSICNAL MODES; N=l) 
0 	41.4 0.03 ***' n*'* YX*) 	**** 0.9939 1.0060 *** **t* 
1 161.0 
 
1.10 009981 1.0019 **** **n 
2 290.8 0.19 	 **.fl* ***fl* -*'**' 0.9985 1.0015 
3 410.4 0.26 ***Z! nc*t* *** 	0.9985 1.0015 	** ** 
4 543.0 0.35 *'** 	*** **** 	*'Y*$t* 0.9985 1.0015 
 
5 636.8 0.41 	 ta.fl 
***n *.fl*t 0.9983 1.0017 
6 799.6 0.51 *n** ***fl fl**** **** 0.9983 1.0017 **t **t 
7 941.0 0.60 *** 	***** ****** *'*
Y, 0.9981 1.0019 
8 1076.8 0.69 1073.8 1080.2 0.9972 1.0032 0.9977 1.0023 0.05-0.09 
9 1231.8 0.79 1227.2 1237.2 0.9963 1.0044 0.9970 1.0030 0.01-0.4 
10 1389.5 0.89 1379.9 1400.6 0.9931 1.0080 0.9947 1.0052 0.16-0.27 
11 1560.0 1.00 1515.0 1601.6 0.9712 1.0267 0.5838 1.2881 -66.35 20.30 
12 1722.0 1.IU 1707.6 1732.4 0.9916 1.0060 0.9952 1.0048 0.36-0.12 
13 1901.5 1.22 1894.0 1907.5 0.9961 1.0032 0.9979 1.0021 0.19-0.3.1 
14 2090.8 1.34 2086.3 20S4.6 0.9978 1.0018 0.9988 1.0012 0.09-0.06 
15 2289.7 1.47 2286.7 22S2.6 C.9987 1.0013 0.9992 1.0008 0.05-0.05 
16 2494.8 1.60 2492.5 2497.1 0.9991 1.000' 9 0.9994 1.00f.'6 C.03-0.03 
17 2713.4 1.74 	 ***** ****r* Y4p7j** 0.9996 1.0004 **** *** 
18 2938.4 1.88 ***"k 	 0.9997 1.0003 *** *** 
(CROSS-SECTIONAL MODES; N=2) 
4 2626.0 1.30 	* 	'**'' 	'**** 	
'** 0.9999 1.00 01 ** **** 
5 2132.0 1.36 *'4*$* *?**** ****** *4*¼*t 0.9998 1.00 02 
6 2227.2 1.43 	 $J**** *** 	*** 0,9998 1.U002 **** **** 
1 2313.6 1.48 *** **** 0.9998 1.0002 
8 241692 1.55 2413.7 2417.4 0.9990 1.0U05 0.9998 1.0002 0.09-0.03 
9 2506.6 1.60 **fl* ****** **a n*** 0.9998 1.0002 **** 
10 2628.8 1.68 *** 	"'**** ** 	'***' 0.9998 1.6002 '** 
11 2731.2 1.75 ****** *t*** 	*** 	 0.9998 1.0002 *'** ****• 
12 2858.0 1.83 ****** ****** *x**** *** 	0.9998 1.0002 
13 2995.2 1.92 ***** 	
''' 0.9998 1.0002 
14 3139.8 2.01 *** 	*"'' 	'" **' 	0.9998 1.0002 **** 
fl** 
15 3319.0 2.12 t**#** ***** **** 	****** 0.9999 1.0001 **** 
**t 
16 3471.2 2.22 	** **** 	****** 
0.9999 1.0001 **t* ***t 
11 3664.0 2.34 *** *****i 0.9999 1.0001 
18 3841.4 2.46 **<' 	 *' 	0.9999 1.0001 **** 
257. 
T A B L E 	5.40 
* * * * * * * * * * 4 * LONGITUDNAL EXCITATION  
**tt***** PARAMETRIC RESONANCE: INSTABILITY REGIONS 
***n***t<tC0MPAR J StUN OF EXPERIMENTAL AND CALCULATED VALUEStaC*** 
* * 	* * 	* * * FOR CONSTANT ACCELERATION(=12.4G) * * * * * * * * * 
BEAM NO 13:ANGLE 	900EG;WIDTH 2.0;THICKNESS 0.060;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=l) 
o 	52.0 0.03 *** ***** t***%t* ****t* 0.9961 1.0038 **** **** 
1 180.8 0.12 *'* 	 **' 	 0.9985 1.0015 
4*4* 4c 
2 300.4 0.19 ****' **** ****fl ***'* 0.9986 1.0014 **** *** 
3 430.2 0.28 ****'k **:*** ***t** *iiSt4'*  0.9986 1.0014 	
*** *flC 
4 573.0 0.37 	
*t**S4* ****** 0.9986 1.0014 *** ** 
5 724.6 0,46 4******** 	 0,9986 1.0014 
 
6 891. 0.57 	
4*t *** *c*** 0.9985 1.00 15 *** ** 
7 1076.1 0.69 1074.0 1080.0 0.9980 1.0036 0.9982 1.0018 0.02-0.19 
8 1271.8 0.81 	 *;**** t***** **' 	6.9975 1.0025 
 
9 1488.5 0.95 1482.4 1496.2 0.959 1.0052 0.9914 1.0085 -0.45 0,33 
10 1125.0 1.10 1719.5 1729.3 0.9968 1.0025 0.9967 1.13033 -0.0, 1 005 
11 1984.3 1.27 1981.3 1987.4 0.9985 1.0016 0.9989 1.0011 0.04-0.05 
12 2251.2 1.44 2248.5 2252.5 0.9988 1.0006 0.9994 1.0006 0.06 0.00 
13 2544.4 1.63 ****** ****** ***** *** 	0,9996 1.0004  
14 2856.8 1.83 ***' 	 '"' 	0.9998 1.0002 **** 
4*4* 
15 3192.4 2.U4 *444*1' ****** ****** ****** 0.9998 1.0002 
*4*4 **** 
16 3520.0 2.25 tnXS*t *' 	****;&* 4t.*:*** 0.9999 1.0001 	
n' 
17 3923.0 2.51 sa* 	 "9999 1.0001 
*4*4 *** 
* * * * * * * * * 4 4 4 * 4 
(CROSS-SECTIONAL MODES; N=2) 
0 1236.2 0.79 ****X:# ****** ****4* **'<* 1.0000 1.0000 *** 
t*** 
2 972.2 0.62 ***** ***** ****'* *fl** 0.9998 1.0002 
	*** **+* 
3 1113.8 0.71 *** 
*4*44* ***** *t**** 0.9996 1.0004 *** **** 
4 1210.6 0.77 1204.0 1216.5 0.9945 1.0049 0.9993 1.0007 0.48-0.42 
5 1329.4 0.85 *a** ****** ***** ***''** 0.9988 1.0012 **'* *t*t 
6 1446.6 0.93 1444.8 1448.2 0.9988 1.00i1 0.9972 1.0027 -0.15 0.16 
7 1587.0 1.02 1513.') 16'j4. 0.9912 1.0307 0.9861 1.0137 -0.51 0,29 
8 1748.4 1.12 ''**fl* $***** ****** ****'* 0.9982 1.0018 *** •*** 
9 1942.0 1.24 1935.0 1947.2 0.9964 1.0O27 0.9991 1.0009 0.27-0,18 
10 2 148. 4 1.37 2141.0 2150.4 0.5993 1.0009 0.9995 1.0005 0.01-0.04 
11 2374.8 1.52 ****"- *4*4** ***** *4C**** 0.9996 1.0004 
44*4 *4 -4* 
12 2630.4 1.68 **t*4* ****** 44*44* *4*44* 0.9997 1.0003 
*s** k*** 
13 2907.0 1. 86 	 *W,41*** ***'* 	'**- 009998 1.0002 	
t* **4± 
14 3202.6 2.05 *** ***-** *t** *'* 	0.9999 1.0001 
 
15 3518.8 2.25 t"' ***** a*** ***a* 0.9999 1.0001 	an 
16 3857.0 2.47 **'' 	*,'**fl '** 	**'** 0.9999 1.0001 
*9*4 **** 
17 4217.2 2.70 ***** **** 	*** 	 0.9999 1.0001 *** 
	** 
258. 
T A B I E 	5. 41 
* * * t * *• * * * LONGITUDNAL EXCITATION  
PARAMETRIC RESONANCE: INSTABILITY REGIONS 
****4*4COMPARIST0N OF EXPERIMENTAL AND CALCULATED VALUES******** 
* 	á * 	* * * * FOR CONSTANT ACCELERATIDN(12.4G) 	* 
BEAM NO 14:ANGLE= 900E0;WICTH= 2.0;THICKNESS 0.050LENGTH 32 INCHES 
o 973.6 0.62 
1 1088.4 0.70 
3 893.4 0.57 
4 968.8 0.62 
5 1059.5 0.68 
6 1168.0 0.75 
7 1281.2 0.82 
8 1423.7 0.91 
9 1577.7 1.01 
10 1755.5 1.12 
11 1938.6 1.24 
12 2144.5 1.37 
13 2365,8 1.51 
14 2615.2 1.67 
INSTA8ILITY REGION 
INSTABLE FREO 	EXPERIMENT 	CALCULATED 
LOWER 
	
	UPPER LOWER UPPER LOWER UPPER 
(TORSIONAL MODES; N=1) 
**** *a** *t*** *tc** 0.9898 100101 ***** ***** ****** ***fl 0.9976 1.0024 
***** 	fl**fl jfl  0.9979 1.0021 
0.9980 1.0020 
456.3 469.0 0.9968 1,0026 0.9981 1.0019 
592.1 595.5 0.9970 1.o027 0,9981 1.0019 
727.1 731.6 0.9968 1.0030 0.9981 1.0019 
874.6 381.4 c.9961 1.0039 9980 1.0020 
1035.6 1044.8 0.9953 1.0041 0.9977 1.0023 
1197.5 1235.0 0.9832 1.0140 0,9970 1.0030 
1409.9 1416.1 0.9978 1.0022 0.9941 1,0058 
1597.0 1638.0 0.9854 1.0107 0.9870 1.0128 
**'V*** ****** ***** 0.9976 1.0024 
2083.6 2091.5 0.9981 1.001 0.9989 1.0011 
2341.1 2346.1 0.9990 1.0012 0.9994 1.0006 
* * * * 	• * * * 4: * * 1, * 
(CROSS-SECTIONAL MODES; N=2)  
1.0()00 1.0000 
****** ****** ****t* 	*' 0.9999 1.0001 
****** 0.9996 1.0004 
****4 ***** ****** ****** 0.9993 1.0007 
1057.9 1060.7 0.9985 1.0011 0.9990 1.0010 
1161.0 1173.5 0,9940 1.0047 0.9986 1.0013 **fl* **t**. ****** ***fl* 0,9980 1.0020 
1421.0 1427.0 0.9981 1.0023 0.9959 190041 
1547.6 1603.0 0.98c9 1.016d 0.9633 1.0354 
1752.1 1758.5 0.9981 1.0017 0.9973 1.0027 
1931.6 1943.9 0.9964 1.0u27 0.9987 1.0013 
2141.5 2147.3 0.9986 1.0013 0.9992 1.0008 
2363.8 2367.3 0.9992 1.0U06 0.9995 1.0u05 
2613.7 2616.2 0.9994 1.0004 0.9996 1.0004 
PARANI FREQ 
Ni FREQ. RATIO 
o 	32.0 0.02 
1 141.2 0.09 
2 243.4 0.16 
3 350.6 0.22 
4 467.8 0.30 
5 53,9 0.38 
6 729.4 0.47 
7 878.0 0.56 
8 1040.5 0.67 
9 1218.0 0.78 
10 1413.0 0.90 
11 1620.6 1.04 
12 1837.2 1.18 
13 2087.5 1.34 
14 2343.4 1.50 




0. 13-C. 06 




I • 39-1 • 1; 
-0.37 0.36 
0.16 0.21 













0 .0 3-0. ! 1 
0.02-0.00 
259. 
T A B L E 	5.42 
* * * * * * ** * * * * LONGITUDNAL EXCITATION 	* * * * * * * 	* 4 
****t****** PARAMETRIC RESONANCE: INSTABILITY REGIONS 
*i*t*.****M*COMPARISIIJN OF EXPERIMENTAL AND CALCULATED VALUES*Afl*t* 
FOR CONSTANT ACCELERATION(12.4G) * * * * * * * * t 
BEAM NO 15:ANGLE= 900EG;6IDTH= 2.0;THICKNESS= 0.030;LENGTH= 30 INCHES 
INSTABILITY REGION 
	
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 
M FREQ. RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER 
(TORSIONAL MODES; N=i) 
0 	31.8 0.02 *** 	*a4 *'*** ****** 0.9890 1 - 0109  
1 101.0 0.06 	4** ***** 	*&** *t*fl'' 0.9950 1.0050 
2 173.4 0.10 **** 	 *fl*** *'*** 0.9956 1.0044 
3 249.4 C.15 **' *fl*4 	'** **'*t 0.9959 1.00 41 
4 336.5 0.20 334.6 338.1 0.9944 1.048 0.9962 1.0038 
5 420.4 0.25 *** *t*** *'m*s *.ttt* 0.9963 1.0037 
6 526.0 0.32 523.5 529.3 0.9952 1.uC63 0.9966 1.0034 
7 634.2 0.38 630.6 638.0 0.9943 1.0060 0.9967 1.0033 
8 752.2 0.45 748.5 756.2 0.9951 1.0053 0.9968 1.0032 
9 881.3 0.53 875.6 885.8 0.9935 1.0051 0.9967 1.0033 
10 1022.0 0.61 1015.5 1030.5 0.9936 1.0083 0.9966 1.O03 
11 1173.0 0.70 1162.0 1186.7 0.9906 1.0117 0.9961 1.0039 
12 1337.0 0.80 1333.8 1342.0 0,9976 1.0037 0.9950 1.0050 
13 1509.4 C.91 1493.2 1526.0 0.9893 1.0110 0.9908 1.0091 
14 1695.0 1.02 *''' 	****** ****** ****** 0.9548 1.0432 
15 198.5 1.15 1894.7 1926.3 0.9928 1.0093 0.9956 1.0044 
16 2120.5 1.27 2112.8 2126.7 0.9,64 1.0029 0.9979 1.0021 
17 2335.6 1.40 2329.8 2339.e' 0.9975 1.015 0.9987 1.0012 
(CROSS-SECTIONAL MODES; N=2) 
0 636.4 0.38 **** 	***** ***'* '*** 1.0000 1.0000 
2 557.2 0.33 	*'* *** **** 	fl''* 0.9995 1.0005 
3 603.6 0.36 ***** ***** ****4* **4'** 0.9992 1.0008 
4 660.0 0.40 659.5 661.6 0.9992 1.0024 0.9989 1.0011 
5 726.4 0.44 724.8 728.4 0.9978 1. 002 8 0.9986 1.0014 
6 801.0 0.48 798.6 802.7 099970 1.0021 0.9983 1.0017 
7 892.2 0.54 889.9 894.6 0.9974 1.27 0.99W' 1.0020 
8 994.2 0.60 989.8 998.6 0.9956 1.0044 0.9977 1.0023 
9 1107.8 0.66 1100. 9 1114.6 0.9938 1.0('6 1  0.9973 1.0027 
10 1234.0 0.74 1215.0 1244.0 0.9846 1.0081 0.9967 1.0033 
11 1375.0 0.82 1369.8 1381.0 0.9962 1,6 1 44 0.9955 1.0045 
12 1526.0 0.92 1513.0 1574.0 0.9915 1.0315 0.9914 1.0085 
13 1687.0 1.01 1659.0 	** 0.9834 ***' 0.9445 1.0526 
14 1870.0 1.12 1842.2 1885.6 0.9851 1.0083 0.9951 1.0048 
15 2060.6 1.24 2051.3 2067.0 0.9955 1.0031 0.9977 1.0023 
16 2265.5 1.36 2261.3 2269.5 0.9981 1.0018 0.9987 1.0013 









0. 17-u. 21 
























T A B L F : 5.43 
	 260. 
$ * * * w t * c 4 LONGITUDNAL EXCITATION * * * * * * * * .t A 
PARAMETRIC RESONANCE: INSTABILITY REGIONS  
**wtfl**'COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES***t**** 
* t * * * * * M * FOR CONSTANT ACCELERATION(=12.4G) * * v V. * z t. * * 
BEAM NO 16:ANGLE= 90DEG;WICTH= 2.0;THICKNESS 0.030;LENGTH= 25 INCHES 
INSTABILITY REGION 
	
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREO, RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCRSIONAL MODES; N=1) 
0 	38.4 0.02 ***** '**< 	**** **'* 0.9909 1.0090 **** **** 
1 121.0 0.06 *'*fl *******'.*-t* -****** 0.9958 1.0042 **** *t 
2 210.0 0.10 	 **,** ***k* **''* 0.9964 1.0036 *'' Mc a* 
3 303.4 0.15 	C.9966 1.0033 *4** **** 
4 407.8 0.20 **'** *** 	***' 0.9969 1.0031 	*** tfl* 
5 520.0 0.26 **$-* *** *- x lk * *** 0.9971 1.0029 *** **** 
6 656.0 0.33 *fl* 	*** *** **** 	0.9973 1.0027 	%*t 
7 802.0 0.40 t*,:* c** *c** 	**** 0.9975 1.0025 *** * 
8 969.0 0.48 964.9 973.0 0.9958 1.0041 0.9976 1.0024 0.18-0.17 
9 1146.9 0.57 1141.0 1151.5 0.9949 1.0040 0.9975 1.0025 0.27-L.15 
10 1341.5 0.67 1335.5 1358.0 0.9955 1.0123 0.9973 1.0027 0.18-0.96 
11 1556.2 0.78 1549.8 1562.4 0.9959 1.0040 0.9966 1.0034 0.07-0.06 
12 1785.5 0.89 1172.7 1798.3 0.9928 1.0072 0.9940 1.0059 0.12-0.12 
13 2037.5 1.02 2000.0 208090 0.9816 1.0209 0.9708 1.0284 -1.12 0.73 
14 2284.5 1.14 2273.6 2293.4 0.9952 1.0039 0.9967 1.0033 0.15-0.06 
15 2585.5 1.29 2579.8 2590.5 0,9978 1.0019 0.9986 1.0014 0.08-0.06 
16 2899.1 1.45 2896.5 2902.4 0.9991 1.0011 0.9992 1.0008 0.01-0.04 
17 3202.6 1,60 ****'fl c*** 	M4* 	 0.9995 1.0005 **** **fl 
18 3520.0 1.76 t*** 	n*nfl *'k)* ****** 0.9996 1.0004 **** **** 
19 3893.0 1,95 **** *4 *4* ***1* 	 0.9997 1.0003 
20 4277.0 2.14 	 0.9998 1.0002 **** **** 
(CROSS-SECTIONAL MODES; N=2) 
2 578.6 0.29 **c*t ***** ***'*** ****' 0,9995 1.0005 *** **** 
4 708.6 0.35 ***9'* ***** ****'* **t*t1 009989 1.0011 **** t*n 
5 798.8 0.40 **fl* ***** ****** t*A** 0.9986 1.0014  
6 901.6 0.45 	'*' 	''fl ****** 0.9984 1.0016  
7 1034.2 0.52 1031.0 1037.3 0.9969 1.0030 0.9983 1.0017 0.13-0.13 
8 1180.6 0.59 1176.8 1184.3 0.9968 1.0031 0.9981 1.0019 0.13-0.12 
9 1331.4 0.67 	 *v**** ***** *** 0.9978 1.0022 **** **** 
10 1522.7 0.76 1518.8.1526.6 0.9974 1.0026 0.9972 1.0028 -0.02 0.02 
ii 1723.0 0.86 1711.5 1737.2 0.9933 1.082 0.9957 1.0042 5.24-0.41' 
12 1941.5 0.97 1899.0 1984.0 0.9781 1.0219 0.9820 1.0177 0.40-0.42 
13 2177.6 1.')9 2157.0 2194.0 0 .995 1.0u75 0.9948 1.0052 0.43-0.24 
14 2439.8 1.22 2432.0 2447.0 0.9968 1.0030 0.9982 1,0018 0.14-0.11 
15 2710.0 1.35 2706.0 2713.6 0.9985 1.0'l 3 C.999 1.0010 0.05-0.03 
16 3012.3 1.51 3010.5 3014.1 0.9994 1.0006 0.9994 1.0006 -0.00 0.00 
11 3310.4 1.66 ****4* *$:**** ***'%$* 	0.9996 1.0004 *** **** 
18 3620.0 1.81 s**vt *t**** ***t** *.*** 0.9997 1.0003  
19 3935.4 1.97 ****** ****** *4**** ****'* 009998 1.0002 tt** t*** 
20 4374.0 2.19 **.**** ****** ***** ****** 0.9998 1.0002 ***Z* **** 
261. 
T A B L E : 5.44 
* 	'** 4 * * * * 4: * LONGITUDNAL EXCITATION * * * * * 	* * * * * * 
***4t'**** PARAMETRIC RESONANCE: INSTABILITY REGIONS 
t**ta$****COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES***fl* 
* * * * 4 * * * 	FOR CONSTANT ACCELERATION(12.40) $ 	* S * * 	* 
BEAM NO 17:ANGLE= 90DEG;WIDTH= 2.0;THICKNESS= 0.030;LENGTH= 20 INCHES 
INSTABILITY REGION 
PARAM FREE) INSTABLE FREE) 	EXPERIMENT 	CALCULATED 	PERCENT 
NI FREE). RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=t) 
0 	49.8 0.02 *'*** 	 *** ***** 0.9933 1.0067  
1 154.2 0.06 *c*** '***t .**s*a 	 0.9968 1.0032 t% 
2 266.4 0.11 	*•r 	'*fl* *r*%*j9c**tz* 0. 99 72 1.0028 **** *fl* 
3 395.0 0.16 ***** ***** 1***** >¼***** 0.9975 1.0025 ***t *t** 
4 538.0 0.22 	**'' 4*' 'S' 	 0.9978 1.0022  
5 105.0 0.28 ***** ***** ****4 ****** 0.9980 1.0020 **** **** 
6 903,8 0.36 900.8 905.5 0.9967 1.0019 0.9982 1.0018 0.15-fl.01 
7 1121.0 0.45 1117.9 1123.7 0.9972 1.0024 0.9983 1.0017 0.11-0.07 
8 1362.4 0.54 1357.7 1366.6 0.9966 1.0031 0.9963 1.0017 0.18-0.14 
9 1631.6 0.65 1624.5 1639.3 0.9956 1.0047 0.9982 1,0018 0.26-0.29 
10 1930.5 0.71 1923.5 1938.5 0.9964 .1.0041 0.9976 1.0022 0.14-0,19 
11 2263.5 0.91 2241.5 2278.5 0.9903 1.0066 0.9956 1.0044 0.530.22 
12 2601.6 1.04 2576.4 2616.2 0.9903 1.0056 0.9913 1.0086 0.10 0.30 
13 3002.5 1.2G 2996.0 3U8.3 0.9976 1.0019 0,9986 1.0014 0.07-0.05 
14 3422.13 1.37 ***** ***** *4**:* ***** 0.9993 1.0007 *44* **4r 
15 395106 1. 58 *a**.*t *;t&S 	 **' 0.9997 1.0003  
16 441 8.6 1.77 *****t **4*** :**t* *t**** 0.9998 1.0002 	*** 
4 * * * 	4 4 4 * * * * * 
(CROSS-SECTIONAL MODES; N=2) 
2 610.8 0.24 **t 	*** ***''-t *** 0.9994 1.0006 **** *44* 
3 697.2 0.28 *4*4* 4*4*4 ****'* *4*4*4 0.9992 1.0008 *4* 4*4* 
4 809.6 0.32 IA******* ****fl *t*** 0.9989 1.0011 *<* 
5 949.6 0.38 	 *4*4*4 ****-4* 0.9988 1.0012 ** **** 
6 1115.6 CS+5 1112.9 1117.7 0.9976 1.0019 0.9987 1.0013 0.11-0.06 
7 1314.0 0,53 1311.0 1317.0 0.9977 1.0023 0,9986 1.0014 0.09-0.09 
8 1540.4 0.62 1536.0 1544.4 0.9971 1.0026 0.9985 1.0015 0.14-0.11 
9 1797.4 0.72 1792.3 1802.5 0.9972 1.0C28 0.9982 1.0018 0.11-0.11 
10 2080.5 0.83 2070.6 2090.2 0.9952 1.0047 0.9975 1.0025 0.22-0,21 
ii 2393.0 C.96 2349.2 *;'r*** 0.9817 **W* 0.9914 1.0085 0.98 t*** 
12 2746.1 1.10 2733.0 2756.6 0.9952 1.0038 0,9969 1.0031 0.16-0.07 
262. 
T A 13 1 E : 5•45 
* X 	* * 	* 4' 	LONGITUONAL EXCITATION 	* * * * * * t 	* , * 
******a** PARAMETRIC RESONANCE: INSTABILITY REGIONS **t 
****.C*fl*.*tCOMPAR [SHiN OF EXPERIMENTAL AND CALCULATED VALUESI'*t*±*** 
* * - * * 	* * FOR CONSTANT ACCELERATION(=12.4G) 	* * * * * * * * 
BEAM NO 18LANGLE= 900EG;WICT}i= 2.0;THICKNESS= 0.030;LENGTH= 15 INCHES 
INSTABILITY REGION 
PARAM FREO INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCRSICNAL MODES; N=l 
U 	68.4 0.02 *** ***.* ****** *4** 0.9953 1.0047 **** **** 
1 214.4 0.06 *'** 	**** 	 *'**" 0.9978 1.0022 **** **** 
2 379.4 0.11 ***** ***** ****** ****'* 0.9982 1.0018 **** **** 
3 576.8 0.17 	c ***** **zt**t ****4t 0.9984 1.0016 **** ** 
4 806.6 0.24 **** 	'** ****** 0.9987 1.0013 **** fl** 
5 1080.8 0.32 	 *'***'' ** *S*P** 0.9988 1.0012 fl 
6 1400.0 0.42 ***c** 4'**** ***** *A**** 0.9989 1.0011  
7 1769.8 0.53 1166.8 1772.4 0.9983 1,0015 0.9990 1.0010 0.07-0.05 
8 2181.5 0.65 2177.3 2185.5 0.9981 1.0018 O.9989 1.0011 0.08-0.08 
9 2646.8 0.79 2639.42654.7 0.9972 1.0030 0.9986 140014 0.14-0.16 
10 3176.0 C.95 3129.6 3218.0 0.9854 1.0132 0.9951 1.0049 0.98-0.83 
11 3760.0 1013 	 *4' 	** 	 0.9986 1.0014 **w4t **** 
12 4448.0 1.33 ****** ****** ****** t**** 0.9996 1.0004  
(CROSS-SECTIONAL MODES; N=2) 
2 493.2 0.15 ***$-* :**** r&*t)fl ***** 0.9989 1.0011 **** *** 
3 846.2 0.25 **'** *** 	***t** 	0.9992 1.0007 *a* 
4 1039.2 0.31 *'*< 	i"" ****** **-* 0.9992 1.0008  
5 1290.2 0.39 	 ****** 0.9991 1.0009 	** *** 
6 1587.4 0,48 1584. 8 1589.5 0.9984 1.Q013 0.9991 1.009 0.08-0.04 
7 1930.9 0.58 1929.5 1932.3 0.9993 1.0007 0.9991 1.0009 -0.02 0.02 
8 2335.0 C.70 2330.5 2339.6 0.9981 1.0020 0.9989 1.0011 O.09-u.09 
9 2789.5 0.84 2776.4 2801.2 0.9953 1.0042 0.9984 1.0016 0.31-0.26 
10 3305.0 0.99 3271.5 3321.4 0.9899 1.0050 0.9750 1.0244 -1.52 1.90 
263. 
I A B L E 	5.46 
	
LONGITULJNAL EXCITATION * Z * * * * t * * t 	* 
COMBINATION RESONANCE: INSTABILITY REGIONS 	
**** 
*S.n*****ttC0MPARI SION OF EXPERIMENTAL AND CALCULATED VALUES****-**** 
* 4 i * * * * * 4 FOR CONSTANT ACCELERATION(12.46) 	
* * z- * * it 
BEAM NO 1:ANGLE 	90DEG;WICTH 2.0;THICKNESS 0.030;LENGTEfr 32 INCHES 
INSTABILITY REGION 
NODES COMB FREQ INSTABLE FREQ 	EXPERIMENT 	
CALCULATED 	PERCENT 
Ml M2 FREQ RATIO LOWER 	
UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCRSIONAL MODES; N.=1) 
6 1 557.9 0.36 555.9 558.9 0.9964 1.0018 0.9985 1.0015 0.21-0.03 
7 8 65'.7 J.42 647.2 653.5 C. 9946  1.0043 0.9985 1.0015 0.39-0.28 
11 12 1140,5 0.73 1133.8 3143.9 0.9941 1.0030 0.9982 1.0018 0.41-0.12 
12 13 129f.2 0.83 1286.7 1292.5 0.9973 1.'O18 0.9977 1.023 0.04 0.06 
13 14 1455.4 0.93 1444.2 1461.8 0.9923 1.0044 0.9951 1.0049 0.28 0.05 
14 15 1627.2 1.04 1614.5 1635. 0.9922 1.u048 0.9932 1.u068 0,1c, u.20. 
15 16 1809.5 1.16 1805.1 1833.4 0.9976 1.0022 0.9985 1.0015 0.10-0,07 
810 	
819.5 0.52 818.4 820.4 0.9937 1.0011 .9999 1.L'01 0.13-0.1C 
11 13 1221.3 0.78 1217.8 1223.8 0.9971 1.0020 0.9998 1.0002 0.26-0.18 
13 15 1543.4 0.99 1531.8 1553.0 0.9925 1.0062 o.994 1.uOSl C.24-L.1l 
8 11 884.5 0.57 380.7 887.8 0.9957 1.0037 0.9998 1.0002 0,41-0.36 
10 13 1153.8 0.74 1149.0 1157.5 0.9958 1.0032 0.9998 j.0002 0.40'0.3 
11 14 1306.2 0.84 1303.6 1308.0 0.9980 1.0014 0.9998 1.0002 0.17-0.11 
a 10 724.5 0.46 722.1 ***'* 0.9967 ****'* 1.0000 1.0000 0.33 "* 
10 14 1239.2 0.79 1238.4 1240.2 0.9994 1.0008 0.9999 1.0001 0.06-0.07 
12 16 1557.0 1.00 1540.6 1568.6 0.9895 1.0015 0.9955 1.0045 0.61-0.29 
5 16 1164.4 0,75 *'* 	1166.3 
4*** 1.G016 1.0000 1.0000 *n**-0.16 
* * * * * * * * * * 4 * * 
(CROSS-SECTIONAL MODES; N=2) 
4 5 703.0 0.45 699.6 705.4 0.9952 1.0034 0.9995 1.0005 0.43-0.29 
6 7 647.8 0.54 846.0 848.5 0.9979 1.0008 0.9992 1.0008 0. 13-C.07; 
9 10 1131.8 0.73 1134.3 ''**' 0.9969 *'-*** 0.9987 1.0C13 0.18 **<* 
10 11 1255.2 0.80 1254.7 1259.3 0.9996 1.0033 0.9984 1.0016 -0.12-0.16 
11 12 1392.5 0.89 1388.2 1398.3 0.9969 1.0042 0.9974 1.0026 0.05-0.16 
12 13 1536.0 0.98 1521.2 1546.0. 0.9904 1.0065 0.9852 1.0148 -0.53 0.82 
13 14 169.5 1.u8 1684.6 1693.6 v.9965 1.0018 0.9973 1.0027 0.08 0,08 
14 15 1854.0 1.19 1851.8 1855.4 0.9988 1.0008 0.9990 1.0010 0.02 0.02 
7 9 988.3 0.63 987.t.: 	989.2 0.9987 1. 0009 
0,9999 1.ç110 1 0.13-0.08 
9 11 1205.3 0.77 1201.8 0.9971 *** 
	0,9998 1.0002 0.27 **t 
11 13 1467.8 394 1461.0 1474.8 0.9954 1.0048 r.9992 1.;eo8 0.39-0.4' 
14 16 1945.0 1.24 1944.5 1,946.2 0.9997 1.0006 0.9997 1.0003 -0.00-0.03 
15172122.51.362118.9 2126.20.9983 1.0017 0.9998 1.0;2 0.15-0.15 
17 19 2527.6 1.62 2526.6 2526.6 0.9996 1. 0, 004 0.9999 100001 0.02-0.02 
3 6 718.3 0.46 716.2 718.9 0.9971 1.0008 0.9999 1.0(01 0.29-C.(8 
4 7 781.7 0.50 **** 	*t'** **** 	**** 	0.9999 1.0001 
 
5 8 856.5 0.55 853.6 859.0 0.9966 1,0029 0.9999 1.0001 0.33-0.28 
6 9 945.0 0.60 940.1 947.4 0.9943 1.0025 0.9999 1.0001 0.51-0.24 
8 11 1153.8 0.74 114 9 . 0  1157.5 0.9958 1.0032 0.9999 1.0001 0.40-0.31 
9 12 1273.2 (1.81 127.8 1275.7 0.9981 1.0020 0.9998 1.0002 0.17--0.18 
12 15 1698.5 1.09 1696.2 1699.8 0.9986 1.0008 0.9998 1.0002 0.11-0.05 
14 17 204796 1.31 2 0 45.4 21449.1 0.9989 1.0007 1
.n00. e 1.0000 0.10-0.07 
6 tO 997.5 0.64 994.5 (;98.0 0.9970 1.0005 1.0000 1.0000 0.30-0.05 
7 11 1107.1 0.71 1105.6 11)7.8 0.9986 1.0006 1.0000 1.00CC) 0.13-0.06 
9 13 134.0 0.86 1347.4 1349.7 0.9988 1.0005 0. 9999 1.0001 0.11-0.04 
10 14 1478.8 0.95 1469.6 1489.4 0.9938 1.y072 0.9998 1.u02 0,600.69 
11 15 1631.0 1.04 ****- 1636.0 *** 1.0031 0.9997 1.0003 
 
8 13 12Q7.3 0.83 3296.7 1297.7 0.9995 1.0003 0,9999 1.0001 0,4-C.02 
9 14 1426.2 0.91 1425.6 1427.3 0.9996 1.0008 0.9999 1.0001 0.03-0.0 
6 12 1132.7 0.72 	*** 1134.1 **** 	
1.0012 1.0000 110000 ***.-0.12 
264. 
T A B L E : 5,47 
* * * * * * * * * * * * LONC-ITUDNAL EXCITATION * * * * * * * * * * * * 
COMBINATION RESONANCE: INSTABILITY REGIONS **$t********** 
4*********COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES"-******* 
* * * * * 4 41- FOR CONSTANT ACCELERATION(12.4G) * * * * * * * * * 
BEAM NO 2:ANGLE= 90DECWICTH 1.5;THICKNESS= 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
NODES COMB FREO INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
Ml M2 FREQ RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCP,SICNAL MODES; N=1) 
5 6 536.4 0.34 535.3 537.7 0.9979 1.0024 0.9988 1.0012 0.08-0.12 
6 7 641.7 0.41 639.7 643.5 0.9969 1.0028 0.9988 1.0012 0.19-0.16 
7 8 736.8 0.47 731.0 744.8 0.9921 1.010 0.9988 1.0012 0.66-0.96 
9 10 918.6 0.63 974.0 980.8 0.9953 1.0022 0.9987 1.0013 0.34-0.09 
11 12 1274.8 0.82 1268.4 **S* 0.9950 fl'** 0.9980 1.0020 0.31 **** 
12 13 1428.4 0.91 1422.8 1430.7 0.9961 1.0016 0.9964 1.0036 0.03 0.20 
13 14 1592.5 1.02 1587.8 1596.0 0.9970 1.0022 0.9864 1.0136 -1.08 1.13 
14 15 1762.6 1.13 1757.9 1706.1 0.9973 1.0020 0.9983 1.0017 0.10-0.03 
15 16 1946.8 1.25 1945.6 1947.5 0.9994 1.0004 0.9993 1.0007 -0.01 0.04 
1 3 203.4 0.13 192.8 209.7 0.9479 1.0310 0.999 13 1.0001 5.20-3.09 
5 7 599.5 0.38 599.1 599.7 0.9993 1.0003 1.000:0 1,0000 0,.C7C'.03 
8 10 941.8 0.60 938.9 fl**4 0.9969 **tfl 0.9999 1.0001 0.30 fl** 
9 11 1062.8 0.68 1056.2 1070.4 0,9938 1.CTh72 0.9999 1.0001 0.61-0.70 
10 12 1211.2 0.78 1207.4 1216.0 0.9969 1.00'0 .9998 1.0002 0.30-0.38 
6 9 756.4 0.48 748.8 762.4 0.9900 1.0079 0.9999 1.D001. 0.99-0.78 
7 10 884.8 0.57 881.4 687.2 0.9962 1.0027 0.9999 1.0001 0.37-0.26 
10 13 1290.4 0.83 1289.3 1292.2 0.9991 1.0014 0.9998 1.0002 0.06-0.12 
ii 14 1438.2 0.92 1436,6 1440.0 0.9989 1.0013 0,9996 1.0004 0.07-0.09 
12 15 1599.2 1.02 1596.0 1600.2 0.9980 1.0006 0.9990 1.0010 0.10 0.04 
14 17 1953.2 1.25 195.9 1953.6 0,9988 1.0002 0.9999 1.0001 0.11-0.02 
7 11 948.4 0.61 947.4 949.1 0.9989 1.0007 1.0000 1.0000 0.10-0.07 
8 12 1O8u.7 (k.69 1076.8 1082.8 0.9964 1.00191.0000 1.0000 0.36-0.19 
9 13 1215.2 0.78 1212.2 1211.5 0.9975 1.0019 1.0000 1.0000 0.24-0.18 
11 15 1525.5 0.98 1520.0 1530.5 0.9964 1.0033 0.9994 1.0006 0.30-0.27 
12 16 1698.0 1.09 1694.0 1699.2 0.9976 1.0007 0.9998 1.0002 0.22-0.05 
9 14 1299.0 0.83 1297.6 1300.2 0.9989 1.0009 0.9999 1.0001 0.10-0.08 
13 18 1975.4 1.26 1971.3 1977.6 0.9979 1.0011 1.0000 1.0000 0.21-0.11 
3 10 693.8 0.44 690.7 698.0 0.9955 1.0061 1.0000 1.0000 0.44-0.60 
4 12 874.8 0.56 868.2 878.2 0.9925 1.0039 1.0000 1.0000 0.75-0.39 
9 17 1578.0 1.01 1576.5 s579.8 0.9991 1.0011 0,9996 1.0004 0.05-0.08 
3 12 816.7 0.52 813.2 819.0 0.9957 1.0028 1.0000 1.0000 0.43-0.28 
4 13 941.2 0.61 946.4 548.4 0.9992 1.0013 1.0000 1.0000 0.08-0.13 
2 14 944.8 0.60 ***** 946.4 	k*** 1.0017 1.0000 1.0000 ****-0.17 
3 16 1185.5 0.76 1176.0 1193.7 0.9920 1.0069 1.0000 1.0000 0.80-0.69 
3 11 1278.5 0.82 1268.8 1287.5 'p.9924 1.0070 1.0000 1.0000 0.76-0.70 
3 19 1479.1 0.95 1417.6 1479.9 0.9990 1.0005 1.0000 1.0000 0.10-0.05 
3 20 1577.4 1.01 1575.8 1594.8 0.9993 1.0110 1.0000 1.0000 0.10-1.10 
3 21 1708.5 1.09 1697.2 1714.7 0.9934 1.0036 1.0000 1.0000 0,66-0.36 
* '' * * * v * * * * t 	* r 
(CROSS-SECTIONAL MODES; N=2) 
7 8 1243.8 0.80 1243.0 1250.7 0.9994 1.0055 0.9991 1.0009 -0.02-0.41 
8 9 134u,5 0.86 1334.2 1344.8 0.9953 1.0032 0.9987 1.0013 0.34-0419 
9 10 1440.4 0.92 14.8.2 1440.8 0,9985 1.0003 0.9977 1.0023 -0.08 0.20 
10 11 1562.5 1.0 1558.4 1565.2 0.9974 1.0017 ***INFINITE REGION***? 
12 13 1815,5 1.16 1814.0 1E17.8 0.9986 1.0007 0.9991 1.0009 0.04 0.02 
7 9 1293.7 0.83 1292.0 1296.7 0.9987 1.0023 0.9999 1.0001 0.12-0.22 
8 10 1393.0 0.89 1387.2 1398.5 0.9958 1.0C39 0.9997 1.0003 0.39-0.37 
5 	9 1221.2 0.78 1220.4 1221.8 '.9993 1.N5 1.0000 1.0000' 0.6-fl.r'5 
7 11 1407.2 0.90 	*1'*" 1419.0 4X**t 1,0084 0.9999 1.0001 ****_0,133 
8 12 1519.2 0.97 1514.8 1522.0 0.9971 1.0)18 0.9997. 1.0003 0,26-0.15 
9 13 1o38.6 1.05 1620.0 1658.0 0.9886 1.0118 0.9998 1.0002 1.12-1.16 
265. 
I A B L E 	5. 48 
* * * * * * * 4c t * 	* LONGITUDNAL EXCITATION * * * * 4 * c * * * * * 
COMBINATION RESONANCE: INSTABILITY REGIONS  
*4t.t****aCOMPARISI0N OF EXPERIMENTAL AND CALCULATED VALUES********* 
* * 	* * * 	 FOR CONSTANT ACCELERATION(12.4G) * * * * * * * * * 
INSTABILITY REGION 
NODES COMB FREO INSTABLE FREC 	EXPERIMENT 	CALCULATED 	PERCENT 
Ml M2 FREQ RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
BEAM NO 4: ANGLE= 120DEG;WICTH= 2.0;THICKNESS 0.030;LENGTH= 32 INCHES 
(TORSIONAL MODES; N=1) 
7 8 609.8 0.39 608.6 612.7 0.9980 1.0048 0.9983 1.0017 0.03-0.31 
8 9 711.4 0.46 713.6 718.9 0.9947 1.0021 0.9984 1.0016 0.37-0.05 
10 11 957.6 0.61 	 96L.4 	 1. (&29 0.9983 1.0017 *4*4-0,13 
12 13 1239.8 0.79 1232.8 *fl'** 0,9944 '* 0.9978 1.0022 0.35 4*4* 
13 14 1395.5 0.89 1390.8 14ne.1 (1.9966 1.0033 0.9964 1.0036 -0.02 0.03 
15 16 1741.0 1.11 1735.0 1748.0 0.9966 1.0040 0.9977 1.0023 0.12-0.17 
9 11 898.0 0.57 	 ****t **'*V ***** 0.9999 1.0001 **.** *4*4 
10 12 1028.5 0.66 1027.0 1030.5 0.9985 1.0019 0.9999 1.0001 0.13-0.18 
11 13 117093 0.75 1167.6 1171.6 0.9977 1.0011 0.9998 1.0002 0.21-0.09 
7 10 726.3 0'.46 721.7 729.6 0,9937 1.0045 0.9998 1.0002 0.61-0.43 
8 11 843.0 0.54 840.4 845.3 0.9969 1.0027 0.9998 1.0002 0.29-0.25 
9 12 968.0 0.62 961.9 977.2 0.9937 1.0095 0.9998 1.0002 0.61-0.93 
6 10 681.9 0444 677.4 	 0.9934 ****t* 1.0000 1.0000 0.66 4*4* 
8 12 913.4 0.58 912.1 914.6 0.9986 1.0013 1.0000 1.0000 0.14-0.13 
11 15 1336.2 0.86 1330.8 1340.0 0.9960 1.0028 0.9999 1.0001 0.39-0.27 
13 17 167'.5 1.u7 1664.0 1675.5 0.9961 1.0039 0.9997 1.&J03 0.36-0.27 
12 17 1541.6 0.99 nz*na **X*** 	***4 **,** 0.9991 1.0009 **** 4*44 
4 * * S * * * * * * S 4 * * 
(CROSS-SECTIONAL MODES; N=2) 
4 5 650.9 0.42 549.5 651.8 09978 1,0014 0.9994 1.0006 0.15-0.08 
5 6 711.0 C.46 7v7.4 713.0 0.9949 1,0028 0.9992 1.0008 0.43-0.21 
8 9 950.3 0.61 947.6 952.4 0.9972 1.0022 0.9989 1.0011 0.17-0.11 
9 10 10 51 .6 u.67 1048.4 11:53.3 O,997u 1.V016 0.9987 1,0013 0.18-0.03 
12 . 13 .141.8 0.91 1414.6 1424.3 0.9963 1.0032 0.9966 1.0034 0.02 0.03 
14 15 1122.0 1.10 1715.1D 1728.0 0.9959 1.0035 0.9977 1,t023 0.18-0,12 
6 8 822.7 0.53 821.7 825.2 0.9988 1.0030 1.0000 1.0000 0.12-0.30 
8 10 1004.2 (.64 1;jO1.6 1006.4 0.9974 1.0022 fl 4 9999 1.001 0.25-0.21 
10 12 1227.8 0.79 1221.0 1232.0 0.9945 1.0034 0.9998 1.0002 0.53-0.32 
o c 870.3 0,56 867.5 873.3 (j.9968 1.0034 0.9999 1.uu01 0.31-0.33 
7 10 957.4 0.61 951.2' 960.4, 0.9935 1.0031. 0.9999 1.0001 0.63-0.30 
6 10 924.0 0.59 **** #*a *** *nc*S* 1.0000 1 .c000 *** *44* 
9 13 1244.5 0.80 	 **;a' *** 	**' 0.9999 1.0000 	
*** *44* 
10 14 1374.7 0.88 1371.0 1378.5 0.9973 1.0028 0.9999 1.0001 0.26-0.27 
11 15 1511.0 0.97 *c**fl fl** ***** *'*•** 0.9996 1.0004 . ***•* 4*4* 
11 16 1603.5 1.03 *t*'** **1** *\t4** **t 0.9997 1.0003 **** *4*4 
4 11 922.8 t:.59 920.6 ***** 0.9976 *'4** 1.0000 1.0000 0.24 **** 
3 11 899.5 0.58 **-* •***** ***''.** ***4** 1.0000 1.0000  
* * * * * * 4 * * * * * * 
BEAM NO 5:ANGLE= 1200EG;hIDTH= 1.5;THICKNESS= 0.030;LENGTH= 32 INCHES 
(TORSIONAL MODES; N=1) 
14 15 1751.0 1.12 1747.5 1755.5 0.9980 1. 0026 0.9981 1.0019 0.01-0.07 
6 8 695.8 0.45 694.6 696.3 0.9983 1.0007 1.0000 1.0000 0.17-0.07 
(CROSS-SECTIONAL MODES; N=2) 
9 10 1448.0 0.3 1443.0 1449.8 0.9965 1.0012 0.9976 1.0024 0.10 0.12 
11 12 1688.0 1.08 1682.0 1690.2 0.9964 1.0013 0.9980 1.0020 0.15 0.07 
* '*4 *4* t t *4 * *4* 
BEAM NO 6:ANGLE= 1200EG;W!OTH= 1.0;THICKNESS 0.030;LENGTH= 32 INCHES 
TORSIONAL MODES; N=] 
7 8 1035.0 0.66 1034.9 1037.4 0.9999 1.0023 0.9992 1.0008 -0.07-0.15 
10 11 1496.5 0.96 148i .9 1505.0 0.9943 1.0057 0.9954 1.0046 0.11-0.10 
266. 
I A B I E : 549 
* * * 4 * * * * * * * * LONCITUDNAL EXCITATION * * * * * * * * * * * * 
************* COMBINATION RESONANCE: INSTABILITY REGIONS  
***n*****tCOMPARISION OF EXPERIMENTAL AND CALCULATED VALUES********** 
* * * * * * * * * FOR CONSTANT ACCELERATION(12.4G) * * * * * * * * * 
INSTABILITY REGION 
NODES COMB FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
Ml M2 FREG RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
BEAM NO 7:ANGLE= 15IDEG;WICTH 2.O;THICKNESS 0.030% ;LENGTH= 32 INCHES 
(TORSIONAL MODES; N=1) 
6 7 517.4 0.33 515.7 518.8 0.9967 1.0027 0.9983 1.0017 0.15-0.10 
8 9 722.2 0.46 720.4 724.2 0.9975 1.0028 0.9984 1.0016 0.09-0.12 
10 11 962.0 0.62 958.4 965.8 0.9963 1.0039 0.9984 1.0016 0.21-0.23 
12 13 1240.0 0.79 1236.0 1244.0 0.9968 1.0032 0.9978 1.0022 0.10-0.10 
13 14 1394.0 0.89 1386.8 1M)1.5 0.9948 1.0054 0.9965 1.0035 0016-0.18 
0 2 	96.4 0.06 	94.5 	98.1 0.9803 1.0176 0.9997 1.0003 1.94-4.73 
8 10 781.2 0.50 780.6 184.7 0.9992 1.0045 0.9999 1.0001 0.07-0.44 
7 11 795.3 0.51 791.7 8(1.0 0.955 1.0072 1.0000 1.0000 0.45-0472 
9 13 1045.5 0.67 1041.0 1050.5 0.9957 1.0048 1.0000 1.0000 0.43-0.48 
4 9 539.2 0.35 537.9 540.6 0.9976 1.th26 0.9999 1.00o1 0.23-0.25 
9 14 1125.2 0.72 1119.6 1130.5 0.9950 1.0047 0.9999 1.0001 0.49-0.46 
1 7 329.6 0.21 32993 330.3 0.9991 1.0021 1.00CC: 1.0000 0.09-0.21 * * * * % * * * * * * * W. * 
(CROSS-SECTIONAL MODES; N=2) 
9 10 1049.5 0.67 1050.0 1053.0 1.0005 1.0033 0.9987 10013 -0.18-0.20 
11 12 1287.5 0.82 1285.2 1290.8 0-9q82 1.0026 0.9980 1.0020 -0.02-0,06 
12 13 1423.0 0.91 1415.0 1432.0 0.9944 1.0063 0.9965 1.0035 0.21-0.28 
14 15 1720.0 1.10 1702.0 1727.5 0. 989 5 1.0044 0.9976 1.0024 0.81-0.20 
5 7 734.8 0.47 733.2 **t*1' 0,9978 ****'* 1.0000 1.0000 0.22 **** 
6 8 815.0 0,52 807.5 817.4 0.9908 1.0029 1.0000 1.0000 0.92-0.29 
7 9 902.0 0.58 9u1.0 92.7 0.9989 1.0008 0.9999 100001 0.11-0.07 
7 10 958.0 0.61 957.5 959.2 0.9995 1.0013 0.9999 1.0001 0.04-0.11 
5 9 018.0 0.52 816.0 822.5 0.9976 1.0055 1.0000 1.0000 0.24-0.55 
7 12 1081.0 0.69 1078.7 1084.0 0.9979 1. 0028 0.9999 1.0001 0.21-0.27 
11 17 1591.2 1.08 *°* 1696.0 **4 *' 1.;j028 0.9999 1.0001 	***-0.28 
9 15 1399.5 0.90 1395.0 1403.0 0.9968 1. 0025 0,9999 1.0000 0.32-0.25 
4 1.6 1284.6 0.82 1283.2 1286.6 0.9989 1.0016 1.0000 1.0000 0.11-0.16 
BEAM NO 8:ANGLE= 150DEC;WICTI -i= 1.5;THICKNESS 0.030;LENGTH= 32 INCHES 
(TORSIONAL MODES; N=1) 
7 8 772.0 0,49 769.8 772.4 1.9972 1.00('5 0.9988 1.0012 0.17 0.06 
13 14 1611.3 1.03 *****-t 1624.0 z¼w* 1.0079 0.9919 1.0081 t**'. 0.02 
(CROSS-SECTIONAL MODES; N=2) 
9 10 1460.0 0.93 1456.5 1464.0 0.9976 1.0027 0.9973 1.0027 -0.03-0.01 
10 11 1585.0 1.01. fl**** ****** ****** ****** 0.9885 1.0115 **** fl** * 	* * t * * * 
BEAM NO 9:ANGLE= 1500Ec-;WIETH= 1.0;THICKNESS 0,030;LENGTH= 32 INCHES 
(TORSIONAL MODES; N=1) 
12 13 1863.1 1.19 1859.6 1865.2 0.9981 1.0011 0.9993 1.0007 0.12-0.04 
267. 
I A B I E : 5. 50 
* * c * * * 9 * * * 4 * LONGITUDNAL EXCITATION * * * * * * * * * * * 
*******4***** COMBINATION RESONANCE: INSTABILITY REGIONS *fl***fl***** 
*t**s***i**COMPARISILN OF EXPERIMENTAL AND CALCULATED VALUES**t****** 
* * 4 * 	* 	* t FOR CONSTANT ACCELERATION(12.4G) * * 4 * * * * * * 
INSTABILITY REGION 
NUDES COMB FRFQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
Ml M2 FREQ RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
BEAM NO 1O:ANGLE= bODEG;WiOTH 290;THICKNESS 0.030;LENGTH= 32 INCHES 
(TORSIONAL MODES; N=i) 
4 5 338.2 0.22 	** 	::Pt* a**.IR* *2flC** C .9980 1 .0020  
11 12 1096.2 0.70 1094.1 1097.e 0.9981 1.0015 0.9982 1.0018 0.01 0.03 
12 13 1240.7 0.79 1236.5 1244.3 0.9966 1.0029 0.9978 1.0022 0.12-0.07 
15 16 1745.0 1.12 1736.1 1151.4 0,9949 1.0037 0.9978 1.0022 0.29-0015 
* * 4 * 	* * 	It * * * * 
(CROSS-SECTIONAL MODES; N=2) 
12 13 1421.6 0.91 1413.7 1429.1 0.9944 1.0053 0.9965 1.0035 0921-0.18 
14 15 1722.4 1.10 1716.8 1729.8 0.9967 1.0043 0.9977 1.0023 0.09-0.20 
10 12 1227.2 0.79 1226.0 1229.2 0.9990 1.0016 0.9998 1.0002 0.08-0.14 
9 12 1174.0 0.75 *tZ* 1181.5 ****** 1.0064 0.9998 1.0002 *4*4-0.,62 
BEAM NO 11:ANGLE= 60DEG;VJICTH= 1.5;THICKNESS= 0.030;LENGTH 32 INCHES 
(TORSIONAL MODES; N=1) 
6 7 623.4 0.40 *a** 628.0 **fl'* 1.0074 0.9987 1.0013 ****-0.61 
9 10 980,6 0.63 978.1 98206 0.9975 1.0020 0.9987 1.0013 0.12-0.07 
12 13 1411.5 0.90 1402.0 1423.0 0.9933 1.0081 0.9967 1.0033 0.34-0.48 
5 8 630.4 0.40 626.2 632.8 0.9933 1. 0038 0.9998 1.0002 0,65-0.37 
7 10 860.0 0.55 856.3 863.6 0.9957 1.0042 0.9999 1.0001 (13.42-(.4C 
10 14 1354.6 0.87 1352.9 1355.5 0.9987 1.0007 0.9999 1.0001 0.12-0,06 
* 4 * * * * * * * * * 4 * * 
(CROSS-SECTIONAL MODES; N=2) 
8 9 1350.2 0.86 1347.3 1352,5 0.9979 1.0017 0.9987 1.0013 0.08-0.04 
9 lu 1450.0 0.93 1440.9 1459.0 0.9937 1.0062 0.9975 1,0025 0.38-0.37 
12 13 1822.8 1.17 1819.6 1826.1 0.9982 1.0018 0.9991 1.0009 0.09-0.09 
810 1405.0 0.90 1401.5 1408.5 0.9975 1.0025 0.9997 1.0003 0.22-0.22 
* W * 	'  
BEAM NO 12:ANGLE= 60DEG;WIDTH= 1.o;THICKNESS= 0.030;LENGTH= 32 INCHES 
(TORSIONAL MODES; N=1) 
9 10 1311.1 0.84 1310.0 1313.0 0.9992 1.00140.99851.0015 -0.06 0.00 
lu 11 1469.5 0,94 1464.3 1475.1 0.9965 1.0038 0.9965 1.0035 0.01-0.03 
U 11 1314.6 0.84 1313.1 1314.1 0.9989 0.9996 0.9998 1.0002 0.10 0.05 
268. 
T ft B L E : 5. 51 
* * * * * * * * * * * 	LONGITUDNAL EXCITATION * * * * * * * * * * * *  
COMBINATION RESONANCE: INSTABILITY REGIONS  
**4*4***C0MPARISI0N OF EXPERIMENTAL.. AND CALCULATED VALUES********* 
* * - * * * * 4' * FOR CONSTANT ACCELERATION(=12.4G) * * * * * * * * * 
INSTABILITY REGION 
NODES COMB FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
Ml M2 FREQ RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
900EC;WIDTH 2.6;THICKNESS= 0.060;LENGTH= 32 INCHES 
LTORSIDNAL MODES; N=1) 
1599.5 1617.0 0.9953.1,0062 0.9953 1.0047 0.01-0.15 
1396.7 14u105 0.9984 1,0018 L1.9998 190002 0.15-0.16 
****-* ** .**** * * * 
(CROSS-SECTIONAL MODES; N=2) 
155e.7 1563.0 0.9983 1.0011 0.9914 1.0086 -0.70 0,75 
* * * * * * * * * * 	* w 
BEAM NO 13:ANGLE= 
9 10 1607.1 1.03 
7 10 1399.0 0.90 
5 8 1561.3 1.00 
BEAM NO 14:ANGLE 
10 11 1517.0 0.91 
11 12 1731.2 1.11 
8 10 1226.5 0.75 
9 11 1418.5 0.91 
10 12 1628.6 1.04 
11 13 1855.0 1.19 
8 11 1330.5 0.85 
9 12 1532.5 0.98 
8 12 1442.5 0,92 
9 13 1653.5 1.06 
7 8 1355.0 0.87 
8 9 1501.3 0.96 
9 10 1666.2 1.07 
7 9 1431.7 0.92 
8 10 1589.5 1.02 
5 8 1242.0 0.79 
6 10 1462.0 0.94 
8 12 1786.0 1.14 
900EG; WIDTH= 2.0;THICKNESS= 0.050;LENGTH 
(TCRSIONAL MODES; N=1) 
1509.7 1525.4 0.9952 1.0055 0.9935 1.0065 
1728.9 1733.5 0.9987 1.0013 0,9986 1.0014 
1218.0 1235.0 0.9931 1.0069 0.9999 1.0001 
1417.5 1421.0 0.9993 1.0018 0.996 1.0004 
1624.0 1633.0 0.9972 1.0027 0.9991 1.0009 
1852.0 1857.5 0.9984 1.0013 0.9998 1.0002 
1328.9 1332.5 0.9988 1.0015 0.9998 1.0002 
1529.0 1534.5 0.9977 1.0013 0.9991 1.0009 
1440.5 1444.4 0.9986 1. 0013 0.9999 1.0001 
1648.8 1657.4 0.9972 1.0024 0.9998 1.0002 
* * * * *- * * * t * * * * * 
(CROSS-SECTIONAL MODES; N=2) 
1353.0 1357.5 0,9985 1.0015 0.9989 1.0011 
1497.3 1505.3 0. 9 973 1.0027 0,9966 1.00 3 4 
1663.2 1668.7 u.9982 1.0U15 0.9982 1,001€ 
1429.8 1433.8 0.9987 1.0015 0.9997 1.0003 
1585.0 1596.0 0.9972 1.0041 0.9984 1.0016 
1236.5 1244.5 0.9956 1.0020 0.9999 1.0001 
1460.0 1463.2 0.9986 1.0008 0,9999 1.0001 





















I A B L E : 5.52 
* * * * * * * * * * t * LONGITUDNAL EXCITATION * * * * * * * * 4 * * * 
****** COMBINATION RESONANCE: INSTABILITY REGIONS **t******t*** 
**t***1*tCOMPARIS1DN OF EXPERIMENTAL AND CALCULATED VALUES********** 
FOR CONSTANT ACCELERATIDN(=12.4G) * * 4 * *. * * * 4 
INSTABILITY REGION 
NODES COMB FRE-Q INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
Ml M2 FPEQ RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
BEAM NO 15:ANGLE 	900EG;WICTH 2.0;TH!CKNESS 0.030;LENGTH 30 INCHES 
(TORSIONAL MODES; N=1) 
8 9 816.6 0.49 814.1 	818.8 0.9969 1.0027 0.9986 1.0014 0.17-0.13 
10 11 1098.6 0.66 1096.6 1100.5 0.9982 1.0017 0.9985 1.0015 0.04-0.03 
11 12 1255.9 0.75 1250.6 1261.0 0.9958 1.0041 0.9983 1.0017 0.25-0.24 
12 13 1423.4 0.85 1419.5 1421.7 0.9973 1.0030 0.9976 1.0024 0.03-0.06. 
14 15 1811.1 1.09 1800.0 1818.3 0.9939 1.0040 0.9973 1.0027 0.35-0.13 
15 16 2015.0 1.21 2011.8 2C18.4 0.9984 1.0011 0.9991 1.0009 0901-0.08 
8 lu 887.1 0.53 886.4 88893 0.9992 1.uu14 0.9999 1.0001 0.07-0.13 
11 13 1341.9 0.81 1338.6 1344.5 0.9975 1.00].9 0.9998 1.0002 0.22-0.17 
12 14 1601.7 0.96 1595.'i 1611.0 0.9958 1.0058 0.9987 1.o013 0.29-0.45 
2 5 303.1 0.18 302.8 304.7 0.9910 1,0033 0.9998 1.0002 0.21-0.31 
7 11 904.0 0.54 897.0 904.1 0.9923 1.00(4 1.0000 1.0000 0.77-0.01 
12 16 1729.2 1.04 ****** ***** ****** '**t* 0.9996 1.0004 **** *** * * * * * 4* 4*4* * ** 
(CROSS-SECTIONAL MODES; N=2) 
5 6 763.6 0.46 762.8 764.6 0.9990 1,0013 0.9993 1.0007 0.03-0.06 
6 1 846.3 0.51 844.6 848.5 P.998) 1.0026 0.9992 1.0008 0.12-0.18 
11 12 1453.5 0.87 1448.6 1458.0 0.9965 1.0031 0.9978 1.0022 0.12-0.09 
14 15 1965.0 1.18 1960.7 1 ca8. 3 0.9978 1.0011 0.9990 1.Cl0 0.12-0.07 
6 8 898.0 0.54 894.6 902.5 0.9962 1.0050 1.0000 1.0000 0.38-0.50 
8 11 1184.0 0.71 1181. 1187.7 0.9975 1.0031 09999 1.00(31 0.24-(!.30 
9 12 1320.0 0.79 1316.1 1323.0 0.9970 1.0023 0.9998 1.0002 0.28-0.21 
10 13 1460.1 0.88 1459.3 1460.7 0.9995 1.0004 0.9998 1.0002 0.03-0.02 
BEAM NO 16:ANGLE= 9DEG;WIOT11= 2.0;THICKNESS 0.030;LENGTH= 25 INCHES 
(TORSIONAL MODES; N=1) 
8 9 1058.0 0.53 1054.2 1062.8 (1.9964 1.0045 0.9990 1.0010 0.26-0.35 
11 12 1671.0 0.84 1665.8 1675.7 0.9969 1.0028 0,9984 1.0016 0.15-0.12 
12 13 191o.0 0.95 1896.0 1927.0 0.9927 1.1089 0.9953 1.0041 0.26-0.41 
10 12 1564.3 0.78 1562.4 1566.3 0. 9988 1. 0013 0.9998 1.0002 0.11-0.11 
7 10 1076.0 0.54 1u72.5 1079.6 1.9967 1.0033 0.9999 1.0001 0.31-0.32 
9 12 1467.0 0.73 1450.0 1475.0 0.9884 1.0055 0.9999 1.0001 1.15-0.53 
4 12 1097.0 0.55 1095.0 1099.2 0.9982 1.0020 1.0000 1.0000 0418-0.20 * * * *4*4 *** * * *4 
(CROSS-SECTIONAL MODES; N=2) 
7 8 1107.6 C.55 1102.2 1111.4 0.9951 1.0034 0.9992 1.0008 0.41-0.26 
11 12 183292 0.92 1828.0 1836.1 0,9977 1.0021 0.9976 1.0024 -0.02 0.03 
12 13 2u59.0 1.03 	**** **"**' 	 *3a* 0.9942 1.0058 	*** **** 
8 11 1450.0 0.72 1440.5 1470.0 0.9934 1 	0 .0138 .9999 1.0001 0.64-1.37 
BEAM NO 17:ANGLE= 90DEG;WIDTH= 2.0;THICkNESS 0.030;LENGTH= 20 INCHES 
(TORSIONAL MODES; N=1) 
7 8 1238.6 0.50 1235.7 ****"Y4' 0.9977 ****** 0.9993 1.0007 0016 
11 12 2428.5 0.97 2395.0 2460.0 0.9862 1.0130 0.9951 1.c049 0.90-0.81 
(CROSS-SECTIONAL MODES; N=2) 
9 10 1939.0 0.78 1935.5 194095 0.9987 1.0008 0.9992 1.0008 0.05 0.00 
10 11 2237.0 0.89 2231.1 2242.0 0.9974 1.0022 0.9986 1.0014 0.12-0.08 
(CROSS-SECTIONAL MODES; N=2) 
9 10 304795 0.91 3, 34.7 3058.3 0.9958 1.0035 0.9990 1.0010 0.32-0.25 
270. 
T A B L E : 553 
* * * * * * * 	* t * *TRANSVERSE EXCITATION * * * * * * * * * * * * * 
*x********t PARAMETRIC RESONANCE: INSTABILITY REGIONS  
*c*******CoMpARISION OF EXPERIMENTAL AND CALCULATED VALUES********** 
* * 	* 	* * * * FOR CONSTANT ACCELERATION(12.4G) * * *. * * * * * * 
BEAM NO 1:ANGLE= 90DEG;WIDTH 2.0;THICKNESS= 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREG INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ, RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=1) 
0 	34.1 	0.8 	**** *c*** *****t ***** 0.5391 1.3074 **** **** 
89.8 2.0 ***** ***** **** 	**t** 0.9535 1.0444  
2 172.2 	3.9 *'** *'** 	 ****' 0.9872 1.0126 **** **** 
3 248.0 5.6 t**** '*" "* 	0.9781 1.0215 **** **** 
4 321.6 	7.2 ***** ** 	fl** ***** 0.9881 1.0117 **** **** 
5 405.0 9.1 ***t* 	* '*' 	 009968 1.0032 
6 5(9.6 11.4 	 **** ***k** ''t*** fl.9983 1.0017 **** **** 
7 602.8 13.5 ***** tt*t***t** **** 	0.9985 1.0015  
8 698.5 15,7 	'** 	 0.9978 1.0(22 **** **** 
9 814.9 18.3 ***** ***** ****•** %*fl*t 0.9957 1.0043 	*** **** 
10 937.6 21.0 *' 	½rw* 	 0.9993 1.0007  
11 1063.6 23.8 **"** **** *C* ,4*t±** 0.9996 1.0004 *** **** 
12 1207.6 27.1 t*'*** n** ***t*'c **** 0.9997 1.0003 **** *fl 
13 1370.4 30.7 ****** ***** 	 **" 	0.9996 1.0004 **** **** 
14 1540.0 34.5 ****** ****** ****** ****-*t 0.9920 1.0080 *** *** 
15 1718.0 38.5 *fl*** **** **** ***'* 0.9998 1.0002 
16 1904.5 42.7 *** 	**k 	 ****'*- 0.9999 1.0001 '*** 
17 2080.0 46.6 ****** ****** ***tt* ****** 	1.0001 **** *** 
18 2310.5 51.8 	 **'a* *****t &*t*t 0.9999 1.0001 **** flAt 
19 2514.5 56.4 *'**4* *Sjfl ****** ****.** 0.9991 1.0009 **** **** 
20 2774.5 62.2 '**fl '**c" **'"k 	0.9999 1.0001  
* or 
(CROSS-SECTIONAL MODES; N=2) 
2 571.0 12.8 **** tS#** 	*** 	**** 0.9995 1.0005 **** **** 
3 618.0 13.9 *n** ***** ****** ****** 0.9992 1.0008 **** **** 
4 671.2 15.0 fl*t* fl** X***** *nc** 0.9986 1.0014 	*** **** 
5 728.4. 16.3 	 *** *'&* ****** 0.9970 1.0030 **** **** 
6 806.0 18.1 ***t ***t ****< 	0.9931 1.0069 **** *** 
7 889.8 19.9 	 z** • *$ t*i< t* ** 1.9985 1.0015 t*** flfl 
8 982.8 22.0 **** ***** ****** ***t** 0.9992 1.0008 ** 	*** 
9 1088.0 24.4 *fl**t* **** *fl** ***** 0.9994 1.0006  
10 1190.0 26.7 ****fl ***** 	**** ****** 0.9995 1.0005 **** *** 
11 1324.2 29.7 ****** ****** ****** *** 	0.9994 1.0006 ** **fl 
12 1460.2 32.7 ****** *fl** ****** '*"* 0.9987 1.0013 ** **** 
13 1612.5  36.1 	 ***t ; * ***** * *t*** 0.9990 1.0010 **** **** 
14 1769.0 39.6 **,k*t* **** **** ***** 0.9997 1.0003 *t** **** 
15 1937.0 43.4 	 ****n fl*tn **fl** 0.9998 1.0002 *fl# flfl 
16 2122.0 47.6 *nt** ****** ****** 0.9998 1.0002 **** **** 
17 2327.3 52.2 fl**** 	** **** **tc** 0.9997 1.0003 
18 2541.9 57.0 	** ftt,c't't' )&.** **** 0.9924 1.0076 **** *t*t 
19 2728.7 61.2 ****-t r¼*t*** ***** ****** 0.9998 1.0002  
20 2957,5 66.3 **** ***M **** **t*** 1.D000 1.0000  
271. 
T A B L E : 5.54 
* * * c * * ** * * W *TRANSVERSE EXCITATION * * * $ * * * * * * * * * 
PARAMETRIC RESONANCE: INSTABILITY REGIONS  
*****flfl*COMPARJSION OF EXPERIMENTAL AND CALCULATED VALUES********** 
* * * 4 * * * FOR CONSTANT ACCELERATION(12.4G) * * * * * * * * * 
BEAM NO 2:ANGLE= 90DEG;WICTH= 1.5;THICKNESS= 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ, RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=1) 
0 	38.8 	1.2 ***t**n** ****** a:*** 0,3316 1.3748 **** **** 
1 113.0 3.4 *** 	'* *'*' 	***'* 0.9857 1.0141 **** **** 
2 205.8 	6.1 *fl'* "***'c *xnw '** 0.8859 1.1024  
3 292.4 8.7 290.4 294.4 0.9932 1.3U68 0.9961 1.0039 0.30-0.30 
4 381.0 11.4 379.6 382.4 0.9963 1.0037 0.9980 1.0020 0.17-0.17 
5 477.8 14.3 475,9 479.1 u.996 1.t.;027 0.9981 1.)O19 U.21f,,t18 
6 579.3 17,3 578.7 57c.8 0.9990 1.0009 0.9823 1.0174 -1.70 1.63 
7 685.2 20.5 ***-* *w*w* *4*t*t *i** 0.9989 1.0011  
8 803.4 24.0 '"* 	*** 	 '**'' 	0.9995 1.0005  
9 940,0 28.1 **4* **** *w$* **'tt** 0.9996 1.0004 ** 	**** 
10 1052.2 31.4 ***<fl **** ***** ***'** 0.9994 1.0006 *** *n* 
11 1190.0 35.6 1187.0 1193.2 0.9975 1.0027 0.9988 190012 0.13-0.15 
12 1335.3 39.9 1333.1 1337.5 0.9984 1.0016 0.998 1.0002 0.14-0.14 
13 1491.5 44.6 *1* 	1503.2 ***' 	1.0078 0.9999 1.0001 ****-O,77 
14 1654.2 49.4 1647.8 1655.5 0.9961 1.0032 0.9999 1.0001 0.37-0.31 
15 1835.5 54.8 1829.4 1840.7 0.9967 1.0028 0.9996 1.0004 0.29-0.24 
16 2030.0 6u.7 2028.8 2u31.2 u.9994 1.0006 u.9998 1,0002 0.04-0,04 
:' * * * * * * * * t * * * * 
(CROSS-SECTIONAL MODES; N=2) 
4 995.6 29.8 ***** ***** **4* **fl** 0.9998 1.0002 *fl* **** 
5 1046.8 31.3 ****** ****** ***** **n 0.9997 1.0003 **** **** 
6 1109.6 33.2 ***** 	**** **** ****** 0.9990 1.0010 **** *4*4 
7 1190.2 35.6 **** 4**** '***** ***** 0.9989 1.0011  
•
8 1284.2 38.4 ****'* n**** ****** **fl** 0.9996 1.0004 **** **** 
9 1378.2 41.2 ****** M'*Z* ***** zfl*s 0.9997 1.0002  
10 1484.2 44.4 z***** *s*** a**S h¼***** 0.9998 1.0002 **** *4* 
ii 1611.6 48.2 1606,9 1614.7 0.9971 1.0019 0.9998 1.0002 0.27-0.17 
12 1732.5 51.8 1728.6 1736.4 0.9977 1.0023 0.9997 1..00Q3 0.19-0.19 
13 1873.2 56.0 1868.2 1877.3 0.9973 1.0022 0.9984 1.0016 0.11-0.06 
14 2022.0 60.4 **'c**' 	*fl* *fl**r n1** 0.9997 1.0003 *** **** 
15 2182.0 65.2 ****** ***** ****** ***'** 0.9999 1.0001 **** **** 
16 2356.0 70.4 **** **C*. **** **4** 1.0000 1,0000- **** *** 
17 2508.0 74.9 '***** <***** *fl*** **4* 1.0000 1.0000 	*** 4*4* 
18 2706.0 80.9 ****** 4*44*4 ****** t***n 0.9986 1.0014 
19 2940.0 87.9 ***;:** **fl** 4***4c n''*** 0.9978 1.0022 *4*4 4*4* 
20 3156.0 94.3 *c'*'*'t **i*fl ***t** ***** 1.0000 1.0000 *4*4 4*4* 
21 3386.0 101.2 ***** **Yt4** 4*4*4* *4*44* 0.9991 1.0009 **** **** 
22 3626.0 108.4 **i4t **** **** 	*-t** 1.0000 1.0000  
23 3876.0 115.8 	*' **.fl** ***#** *-**** 0.9389 1.0110 *44* ****• 
T A B I E- : 5.55 
	
272. 
* 4 	* * * * * * * 	*TRANSVERSE EXCITATION * * * * •t * * * * * * * * 
***s******* PARAMETRIC RESONANCE: INSTABILITY REGIONS  
*t**w***fl*COMPARISiON OF EXPERIMENTAL AND CALCULATED VALUESfl******* 
* 	* * * * 	* FOR CONSTANT ACCELERATION(12.4G) * * * * * * * * * 
BEAM NO 3: ANGLE= 90DEG;WIOTH= 1.0;THICKNESS 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
N FREQ, RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=1) 
o 	54.4 	2.4 **** *h'c<* **:**4 4*k4** (.9747 1.0247 **** **** 
1 188.6 8.5 '*'** *'*** *'** 	*fl ** 0.9968 1.0032  
2 300.6 13.5 ***** ***** 4***** ***** 0.9983 1.0017 **** **** 
3 422.6 18.9 ***** ***** n*t* **n** 0.9976 1.0024 **** **** 
4 544.8 24.4 ** *'*fl' **fl'fl' **" 0.9996 1.0004 **** **** 
5 672.5 3J.1 665.0 677.0 0.9888 1.0067 0.9996 1.0004 1.07-0.63 
6 816.8 36.6 ***** ***** 	** *''** 0.9994 1.0006 fl** *4<** 
7 956.4 42.9 nt** a** *wn* ;tc** 0.9998 1.0002  
8 1100.4 49.3 **'** 4$.**74:, t*'s**fl ****4* 0.9998 1.0002 **** *t** 
9 1251.9 56.1 1248.7 1255.5 C.9974 1.0029 0.9987 1.0013 0.13-0.16 
10 1407.4 63.1 *44k* ****** **** 	 019999 1.0001 *** **** 
11 1515.1 70.6 1568.8 1580.2 0.9960 1.032 0.9999 1.0001 0.39-0.32 
12 1745.0 78.2 1739.5 1749.5 0.9968 1.0026 0.9999 1.0001 0.30-0.25 
13 190000 85.2 ***'** ****** *****I ,Y**4:** 0.9856 1.0142 **** **** 
14 2132.4 95.6 **** ****** ****** **c**t 0.9998 1.0002 	*** **** 
15 2301.2 103.1 	 ***vn ****** ****** 1.0000 110000 **fl **** 
16 2490.0 111.6 **** ****** *** t**** 0.9941 1.0058 **** **** 
17 2740.4 122.8 ****** 	**' 	t*** 1.0000 100000 	*** n** 
18 2949.8 132.2 	0.9989 1.0011 **** **** 
(CROSS-SECTIONAL MODES; N=2) 
5 2067.2 92.7 ****'* *4** *4*4* **ã*** 1.0000 1.0000 **** **** 
6 Z187.2 98.0 ****** ****** ***** 	*x*A 0.9997 1.0003  
7 2298,6 103.0 ****** tfl*** ***** '*'*t* 1.0000 1.0000  
8 2442.6 109.5 **w; ****V* ****** ****** 0.9985 1.0015 **** **** 
9 2520.0 113,0 ****** ********-'$*** 4***' 0.9992 1.0008 **** **** 
10 2647.2 118.7 **-t t***) *''*** **tc** ?flfl? ?Tfl?? *'** **** 
11 2781.2 124.1 	 tt**** 	o'x* ****n 0.9998 1.0002  
12 2907.6 130.3 *tfl** tfl*** w** 	0.9988 1.0012 	*** 
13 3i,42.0 136.4 	*ck* 0.9997 1.0003 **** 
14 3188.4 142.9 ***** *>**** 	***** 0.9879 1.0119 **** **** 
15 3362.4 150.7 	 *' 	 ***t:A v 0.8808 1,1064 	** **** 
16 3530.8 158.3 *'W'* ****** ****E ***" ?????? ?fl??? **** **fl 
17 3714.0 166.5 ***** n-'** '*"fl '*n* t.9663 1.0326  
18 3906.4 175.1 **fl** fl**'* *fl*** 4**'* 100000 1.0000 ***$' **.** 
19 4095.2 183.6 ****** ****** ****** **)¼Y9* 0.8860 1.1022 	** *** 
20 4308.0 193.1 ****** fl**** ***** ****** ?????? 7????? **** *** 
21 4521.0 202.6 *fl* *'*.*"* n*z- **-*z"'*** 7????? fl??7? M** **** 




* * * * * * * * * * * *TRANSVERSE EXCITATION * * * * * * * 	* 12 * * * 
****t**** 	PARAMETRIC RESONANCE: INSTABILITY REGIONS  
*tv**'COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES'fl***** 
FOR CONSTANT ACCELERATION(12.4G) * * * * * * * * * 
BEAM NO 4:.ANGLE= 120DEG;WIDTH= 2.0;THICKNESS= 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREO 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=l) 
o 	30.0 	1.0 ***** ***'* ***** **' 	?????? 7????? **** **** 
1 91.9 2.9 	77.0 100.5 0.8379 1.0936 0.9711 1.0281 13.72-6.37 
.2 157.5 	5.0 141.0 173.0 0.8952 1.0984 0.9751 1.0242 8.19-7.24 
3 226.8 792 222.2 233.4 0.9797 1.0291 0.9793 1.0203 -0.05-0.86 
3\Q 	9.5 **.*** 	flJ 	fl*t ** 0.9951 1.0048 **1. 
5 379.6 12.0 378.4 381.6 0.9968 1.0053 0.9971 1.0029 0.02-0.23 
6 464.9 1.7 463.2 466.1 j.9963 1.'j026 0.9968 1.0032 0.04 0.06 
7 556.0 17.6 	 **'** **n* 	-X 7. 0.9138 1.0793 t'fl **** 
8 662.0 21.0 *'* **fl* 	*'* ,*''*r 0.9986 1.u014 xt*** **** 
9 772.0 24.5 *fl** c*** 4**"?* **tt*t 0.9993 1.0007 *c*'i **'* 
10 892.0 28.3 	 **.** ''* t*S7 	0.9994 1.0006 *** ** 
11 1028.0 32.6 ** 	*'**', *'*z'** ****** 0.9988 1.0012  
12 •1160 37.0 **** ****** ****** *n*** 0.9993 1.0007 	*4t 'r4t* 
13 1317.6 41.8 1315.1 1319.7 0.9981 1.0016 0.9998 1.0002 0.17-0.14 
14 1479.5 46.9 1467.3 1496.5 0.9918 3.0115 0.9998 1.0002 0.81-1.13 
15 1651.5 52.3 1636.0 1661.5 0.9906 1.0061 0.9997 1.0003 0.91-0.58 
16 1334.0 58.1 	 ***** 	 0.9994 1.0006 n* 
(CROSS-SECTIONAL MODES; N=2) 
2 516.0 16.4 *4*4s ***** fl*'** 4*+* 0.9988 1.0012 	*** **** 
3 574.0 18.2 4***t ***** tI*X** ***'* 0.9975 1,0025 •**** **** 
4 624.0 1.8 **t *: 	**** X'*** ***P.* 009991 1.0009 **** **** 
5 678.0 21.5 **** rfl*' **** **** 0.9994 1.0006 **n *a* 
6 744.0 23.6 **'** **' 	**'fl 	 0.9995 1.0004  
7 324.0 26.1 '3*** ***** *fl*** ****4* 0.9996 1.0004 **** **** 
8. 906.0 28.7 ***** **$** ****** **tfl 0.9996 1.0004 * 	**** 
9 998.0 31.6 	*** **4'* ****** *fl** 0.9993 1.0007 **** **** 
10 1106.0 35,1 **. **2* *** *t*flfl **** 0.9974 1.0026 M*** **** 
11 1224.0 38.8 ****** '***** *fl*- ***** 0.9996 1.0004 fl** **** 
12 1352.8 42.9 1350.5 1355.7 0.9983 1.0021 0.9998 1.0002 0.15-0.19 
13 1496.0 47.4 1477.5 1514.0 0,9876 1.0120 0.9998 1.0002 1.22-1.19 
14 1645,5 52.2 1628.5 1656.5 C.9897 1.0067 0.9997 1.0003 1.01-0.64 
15 1808.0 57,3 1801.9 1813.7 049966 1.t;032 0.9980 1.o020 u.14-0.12 
16 1983.5 62,9 1978.8 1988.5 0.9976 1.0025 0.9998 1.0001 0.22-0.24. 
17 2168.0 68.7 *tYtz* - ** 1" ***a* *'.t4 0.9999 1.OuOl 	*** 
18 2366.0 75.0 *** ***-t*'$ a*'*t *z*4:.* 0.9999 1.0001  
19 2578.0 81.7 *Vc 	S**wW ric*tW 	**X' 0.9993 1.0007  
20 2796.0 88.6 **a** **** ::4***t* **** 0.9994 1.0006 fl** **** 
21 3028.0 96.0 ****** ****** 4***** **'*"" 0.9999 1.0001 	'*$' 
22 3272.0 103.7 **:** ***4** *k*¼*Z( ***** 0.9995 1.0005 *$* )C*** 
23 3524.0 111.7 ***a 	 C*** **4*'* 0.9947 1.0053 t*** **** 
274. 
T ft B I E 	5.57 
* * * * * * * * * * * *TRANSVERSE EXCITATION * t * * # * 	* * * * * 
PARAMETRIC RESONANCE: INSTABILITY REGIONS *
** 
*4*COMPARISION OF EXPERIMENTAL AND CALCULATED vALUEs**aa***  
FOR CONSTANT ACCELERATION(12.40) * 4 * * * * * * * 
BEAM NO 5:ANGLE= 120DEGtIDTH= 1.5;THICKNESS 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
INSTABLE FREQ 	EXPERIMENT 	CALCULATED 
LOWER 
	
	UPPER LOWER UPPER . LOWER UPPER 
(TORSICNAL MODES; N=1) 
***c* *** ****** fl**** 0.7902 1.1729 
**'** 0.9819 1.0178 
****** 0.9943 1.0057 




.*a*** **'. ****s ***'* 0.9993 1.0007 
0.9962 1.0(338 
***** *** ****** ****** 0.9995 1.0005 
****** ,jcc*4** ,I,C**** 	0.9998 1.0002 
****** ***fl* ***** 	*** 0.9997 1.0003 
3 $i4'* W** *** *'** 0.9811 1.0185 
1456.0 1516.0 0.9782 1.0185 0.9998 1.0002 
**4*4t 1665.3 1.0071 1.0000 1.0000 
1821.5 1840,3 0.9949 i.U052 0.9999 1.00(1 
p 	 0.9956 1.0044 
3 **4* 
z**t* 1.GCOO 1.0000 
0.9992 1.0008 
(CROSS-SECTIONAL MODES; N=2) .s. 	0000 1 000  
4 979.0 41.4 2CW 
Z"Th e,7.r --n'-!--m sn-a'- 
5 1051.0 44.4 ***t** ***rt* ***** 
c**c** 0.9999 1.0001 
6 1123.2 47.5 *n*** *'***' **f 
****** 0.9999 1.0001 
7 12004 50.7 *** 
t***** (1.9999 1.0001 
8 1279.. 4 54.1 
009997 1.0003 
9 1381.2 56.4 *',"'** 
'*' **4 0.9994 1.()006 
10 1488.5 62.9 1456.0 1516.0 
0.9782 1.0185 0.9999 1.0001 
11 611.2 68.1 16 11 4.0 1616.6 L.9955 
1.0c34 o. 99  
12 1733.2 73.2 1726.0 1740.0 0.9958 
1.0039 1.0000 1.0000 
13 1874.0 79.2 1867.0 188C.6 0.9963 
1.035 0.9997 1.0003 
14 2019.4 85.3 **** 
V*tfl* **** '**S-* 0.9903 1.0096 
15 2181.4 92.2 ***** ** 
**** 0.9999 1.0001 
16 2352.0 99.4 ****** 
4**.** ****** *** 0.9992 1.0008 
17 2536.0 107.2 **;'* **4* 7r** 
****** 0.9986 1.0014 
18 2730.4 115.4 *** 
*****t t5t*c* 0.9900 1.0099 
19 2934.8 124.0 *k4* ;*** *****.c 
 0.9932 1.0068 
20 3151.4 133.2 **** 
****' ****' 1.0000 1,0000 
21 3384.6 143.0 t*,ctt.** ****** 
***c* ) **** 0.9931 1.0068 
22 3623.6 153.1 ***t** *'*fl s**t.* ***"f 0.8922 1.0973 
PARAM FREQ 
M 1-REQ. RATIO 
o 	36.2 	1.5 
1 121.6 5.1 
2 206.6 	8.7 
3 292.8 12.4 
4 362.0 16.1 
5 476.4 20.1 
6 578.6 24.5 
7 690.6 29.2 
8 198.0 33. 
9 912.0 38. 
10 1050.0 44. 
11 1200.6 50.1 
12 1343.0 56. 
13 1468.5 62.c 
14 1653.5 69.' 
15 1830.8 77,4 
16 2020.6 35.d 
17 2208.0 93. 































I A B I E 	5. 58 
* * * * * * * * * * * *TRANSVERSE EXCITATION 4 * * Xc * * * * * * * * * 
***t*t*t* PARAMETRIC RESONANCE: ItJSTABI LIT? REGIONS  
******.COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES****'***** 
* c 	* * * 4 	FOR CONSTANT ACCELERATION(12,4G) * 	* 4 * * * * * 
BEAM NO 6:ANGLE= 1200Ec-;WICTH= l.O;THICKNESS 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCRSIONAL MODES; N=1) 
0 	56.6 	3.6 ***** *4*4* 4**-4" 	***W* 0.9847 1.0151 **** 
*4*4 
1 184.2 11.7 *'*** 4*4*4 $*** ***** 0.9965 1.0035 **** **fl 
2 299.6 19.0 ***** 	'** **'* **** 0.9963 1.0037 *44* 4*4* 
3 423.3 26.8 *2$*** *fl** ****** ****** 0,9996 1.0004 **** 4*4* 
4 550.4 34.9 	**c *na 	4:**'*;*** 0,9961 1.0039 **** *4*4 
5 681.0 43.2 *$** *'* ''4'$' *<'*** 0.9997 1.0003 **** *4*4 
6 817.6 51.8 4*4*4 fl*** ****** 	 0.9996 1.0004  
7 954.0 60.5 	 itt4n t*9**Zc 0.9996 1.0004 •**** an 
8 1098.2 69.6 *4*4*4 **fl** ****** 1.0000 110000 **** *4*4 
9 1246.6 79.0 	h.9994 1.t1006 
 
10 1403.0 88.9 1382.0 1435.0 0.9850 1.0228 0.9992 1.0008 1.42-2.20 
11 3567.5 99.4 1551.0 1581.0 0.9895 1.0086 1.0000 1.0000 1.05-0.86 
12 1737.0 110.1 1728.5 1746.1 0.9951 1.0052 0.9990 1.0010 0.39-0.43 
13 1912.6 121.2 **' 	** 	* 	***' 0.9748 1.0246  
14 2101.6 133.2 ***** ****t* **** 4t**t 0,9997 1.0003 *4*4 *4*4 
15 2298.8 145.7 **tz** t***** c4*44t **t* 0.9631 1.0356  
16 2500. 8 158.5 *'*'<** ***n* ***** ****** ?????? 7????? *** *t** 
17 2710.0 171.8 *t**V.'** 	****' :'fl*** 0.9794 1.0202 	** *44* 
18 2934.4 186.0 ****a *n* t*44*Z' ;r*** 1.0000 i.00ca n** 4 * 4 * * * * * * * 4 * * * 
CROSS-SECTIONAL MODES; N=2) 
7 2216.6 140.5 ****'* ***** 	*****c c 0.9997 1.0003 **** 4*4* 
B 2356.4 149.4 ****** 4*4*4* ****fl '*t** 099661 1.0328 *4*4 *44* 
9 2477.0 157.0 **' 	*** 	**** **** 0.5919 1.2844 ******** 
10 2589.8 164.2 *>cfA* n**** ****** 	0.9403 1.0564  
11 2716,8 172.2 ***** ***n* 4***** *4*44* 1.0000 1.0000  
12 2027.0 179.2 4**** ****n ****'s n'avt 0.9973 1.0027 *** rxc** 
13 2991.2 189.6 **n.c 	 0.8528 1.1282 4*4* *4*4 
14 3146.4 199.4 	 **** ****v 4**n* 100000 1.0000 t*** *44* 
15 3301.2 239.6 *4*''/ ***' '*** **'* 0.9630 1.0357 *4*4 **** 
16 3485.6 221.0 **nc4* 	 ±** 	Ti'4t4 0.9655 1.0333 	w*** 
17 3663.4 23292 *;'c 4***'n4 	a' **-t* ?fl??? 7?????'c**. *** 
18 3854.6 244.3 **4tç** *4*4*4 ***fl* 4*4*4* 1.0000 1.Q000 **** 4*4* 
19 4056.2 257.1 **4* 'x-En** ,k***** ****** ???7?? 7????? **** ***t 
20 4276.0 271.1 ****** '*** **'** *** 140000 1.0000 4*4* *44* 
21 4502.0 285.4 *c''*4 4t*** ***** ***c ?fl7?? ??????  
276. 
T A B L C 	5.59 
* * * * * * * * * * * *TRANSVERSE EXCITATION * * * * * * * * * * * * * 
*t********* PARAMETRIC RESONANCE: INSTABILITY REGIONS *************** 
**s;*a**COMpARjSION OF EXPERIMENTAL AND CALCULATED VALUES********* 
* * * * * * FOR CONSTANT .ACCELERATiO14(12.4G) * 4 * * * * * * * 
BEAM NO 7:ANGLE= 150DEG;WIDTH= 2.;TH1CKt'JESS= 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
N EREQ, RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=1) 
0 	31.0 	1.9 	''' 	 *****t 0.7824 1.1780 ******** 
1 92.6 57 **4** *** **w** 	*:*t 0.9242 1.0704  
2 157.6 	9.6 **** *** t****t t***** 0.9893 1.0106 	*44* 
3 225.8 13.8 222.4 229.0 0.9849 1.0142 0.9926 1.0073 0.77-0.68 
4 238.4 14.6 ***a 'G'fl 	'**** **'s*t* 0.9884 1.0115 	*** **** 
5 377.6 23.1 fl* 	$nn* tr $**c* 0.9979 1.0021 **** *a* 
6 462.0 28.3 fl*** *U** •***** ***** 0.9985 1.0015 *** **** 
7 556.5 34.1 553.4 558.6 C.9944 1.0038 0.9816 1.0180 -1.30 1.40 
8 667.0 40.8 **** *** 	**c** t*.*t 0.9992 1.0008 *44* **** 
9 767.4 47.0 *'s* 	***** **' 	 0.9994 1.0006 v*** **** 
10 888.0 54.4 **fl* ***;t* ****9* ***** 0.9983 1.0012 **** *44* 
11 1015.0 62.1 *'"* t*4*E *''' 0.9995 1.0005 *t* ***v 
12 1165.0 71.3 	 *n*** ****** 0.9998 1.0002 *4*4 *44* 
13 1303.0 79.8 ***a* *4*$* ***** S*** 	0.9990 1.0010 	*** *** 
14 1462,4 89.5 1458.7 1466.1 0.9975 1.0025 0.9991 1.0009 0.16-0.16 
15 1 645.0 100,7 1636.0 1653.0 0.9945 1.0045 0.9983 1.0017 0.37-0.31 
16 1820.7 111.5 1814.1 1825.2 0.9964 1.c0', 25 u.9850 1.0148 -1.16 1.21 
17 2009.6 123.0 2004.7 2013.3 0.9976 1.0018 0.9999 1.0001 0.24-0.18 
* * * * *s* * * 4 4 * * * 
(CROSS-SECTIONAL MODES; N=2) 
3 526.8 32.3 $*** ***'v* *%)**C **t*t* 0.9997 1.0003 *** 4*4* 
4 593.2 36.3 ***** ***** *4i*** **** 0.9996 1.0004 *** *4*4 
6 653.6 40.0 *** ***' ****4 	0.9997 140003  
6 72398 44.3 **; ** Z'** :4*4* *fl** 009999 10 0Ocil 4*4* 4*4* 
7 801.8 49.1 799.4 804.6 0.9970 1.0035 0.9998 1.0002 0.28-0933 
8 890.4 54.5 **4", **'*' 	 *** 0.9994 1.0006 t*it* *4*4 
9 985.8 60.4 	 *4*4* **'n** ***** 0.9997 1.0003 *** **** 
10 1097.4 67.2 ***' 	**** 4 ***-* 	**'''* 1.0000 1.0000  
11 1211.6 74.2 **n's* ***n* *a'*** ***** 0.9998 1.0002 **** *44* 
12 1340.2 82.1 *4**'' 4*4*4* 	 0.9992 1.0008 	*4Sc **** 
12. 1483.6 90,8 1478.7 1488.9 0.9961 1.0036 0.9992 1.0008 0.25-0.28 
14 1621.4 99.3 1606.5 1631.0 0.9908 1.0059 0.9993 1.0007 0,85-0.52 
15 178840 1;9.5 1782.5 1793.4 tl, . 9969 1.u.30 0.9993 1.0007 0.24-0.24 
16 1961.1 120.1 1956.5 1965.6 0.9977 1.0023 0.9918 1.0081 -0.59 0.58. 
17 2160.0 132.3 	 *:k ?fl 	*'* v 0.9968 1.0032 **** *44* 
18 2340.0 143.3 *4*'** *$'* 	**'t **'"-* 0,9932 1.0068 **** 4*4* 
19 2553.8 156.4 ***c** 	i**A c*' '** 0.9405 1.0561  
20 2767.4 169.4 **** ****4* ***** ****'* 0.9906 1.0093 4*4* *4*4 
277. 
I A B L E 5.60 
* * * * * * 4 * * * 4 *TRANSVERSE EXCITATION * t * * * * * * * * * * * 
*t****fl*** PARAMETRIC RESONANCE: INSTABILITY REGIONS  
**** ,?.E*3CUMPARISIUN OF EXPERIMENTAL AND CALCULATED VALUES.***fl**** 
* * * * * FOR CONSTANT ACCELERATION(12.4G) * * * * * 4 * * * 
BEAM NO 8:ANGLE= 50DEG;WICTH 1.5;THICKNESS 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FRED 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TERSIONAL MODES; N=1) 
0 	41.4 	3.4 *fl** ***** *fl*' 	*** t 0.9586 1.0397 **t* **** 
1 126.4 10.3 	*$** ***fl 	''** :fln** 0.9904 1.0095 **** **** 
2 214.4 17.5 *4*** ***** ***** ***** 0.5413 1.3065 **** **** 
3 302.6 24.7 300.2 305.0 0.9921 1.0079 0.9987 1.0013 0.66-0.66 
4 396.3 32.4 39498 398.4 0.9962 1.*53 0.9974 1.0026 0.12-0.27 
5 492.5 40.2 481.5 505.0 C.9777 1.0254 0.9991 1.0009 2.14-2.44 
6 597.2 48.8 	 ***** rn*** 0.9993 1.0007 **** **** 
7 704.6 57.5 *4 	*'* t****' 1** 	0.9949 1.0051 t**w 
8 817.2 66.7 *** **'* **' ***t 0.9997 1.0UO3  
9 939.4 76.7 ***'* ***'%* **** *fl*** 0,9992 1.0008 **** an 
10 1.070.2 87.4 *** :" **t 	tn; *4 0.9948 1.0052  
11 1208.2 98.6 **4c******Z'* 2***** **** 	0.9977 1.0023 *** *4*4 
121351.2 110.8 1354.6 1359.3 0.9981 1.0015 0.9796 1.0200 1.881.81 
13 1513.5 123.6 1504.5 1528.0 0.9941 1.0096 0.9999 1.0001 0.59-0.95 
14 1682.3 137.3 1612.6 1689.0 0.9942 1.0040 0.9993 1.0007 0.50-0.32 
151858.0 151.7 1852.4 1864.0 0.9970 1.0032 0.6595 1.2510 -51.18 t9.81 
15 2040.5 166.6 2033.0 2048.0 0.9963 L.0037 0.9217 1.0726 -8.09 6.42 
17 2244.0 183.2 **tkt* 4*ax' *'*** ****n ?'fl??? 77???? **** 4"* 
18 2451.0 200.1 ****P* '*c** ***** )C'***** 0.9999 1.0001 
19 2669.4 217.9 
 
* * * * * * * * * * 	* * * 
(CROSS-SECTIONAL MODES; N=2) 
5 986.0 80.5 *** *** 	****** ****YI* 0.9998 1.0002 **t* **Xt* 
6 1089.4 88.9 *4*4*4 4*4*4* 4**4fl 	*4fl 0.9995 1.0005  
7 1190.8 97.2 **** 	 4***** ****** 0.9999 1.0001 	*** *44* 
8 1287.1 105.1 1285.1 1292.0 0.9984 1.0038 1.0000 1.0000 0.15-0.38 
9 1395.0 113.9 1393.5 1396.8 0.9989 1.0013 0.9929 1.0070 -0.60 0.57 
10 1510.5 123.3 1502.5 1517.5 0.9941 1.0046 0.9928 1.0071 -0,19 0.25 
11 1633.5 133.4 1623.6 14e.6 0.9939 1.'j43 1.tf•00 1.0000 0.60-0.43 
12 1758.2 143.5 1754.1 1762.2 0.9977 1.0023 0.9853 1.0145 -1.26 1.20 
13 1915.5 156.4 1912.4 1919.1 u.9984 1.?'19 0.912 1.0465 -4.96 4.26 
14 2069.0 158.9 2064.6 2075.5 0.9979 1.0031 0.9792 1,0203 -1.90 1.69 
15 2217.4 181.0 *cw*** a'**X' &<** n**** 0.5784 1.2905 **** *** 
16 2395.4 195.6 	 P1 *** ??fl?? 7????? 	*** *** 
17 2575.8 210.3 *c'* 	*** w' t** 7????? ?????? *W** ***t 
18 2771.2 226.2 *4*44* *44*4* 44*t*t **** 0.9351 1.0609 **** 4*4* 
19 2991.4 244.2 *t** **.**' **'* an ** 1,0000 1.0000 w*** *4*4 
2C 32)3.0 261.5 **'** **'3'* *t**** **t*** fl77?? 7????? **** **** 
21 3426.4 279.7 **M** '****4'i' 	*X***t* 2?????  
22 3656.8 298.5  
23 3925.6 320.5  
24 4184.4 341.6 ***' 	 *w**x 	7????? flfl7? fl*4 z**t 
25 4490.0 366.6 *n*•** *#**** ****** •4''fl 7????? 7????? **** 	** 
A 
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* A * * * TRANSVERSE EXCITATION * * * * * * * * * * * * * 
*****c***** PARAMETRIC RESONANCE: INSTABILITY REGIONS  
*t****n*t*COMPARISION LIE EXPERIMENTAL AND CALCULATED VALUES********** 
* 4Z * * * * * FOR CONSTANT ACCELERATION(12.4G) * * * * * * * * t 
BEAM NO 9:ANGLE= 1500EG;WICTH 1.0;THICKNESS= 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
	
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ, RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCRSIONAL MODES; P4=1) 
0 	61.0 	7.5 ***** 	'a ****** **** 0,9990 1.0010 **** **** 
1 184.0 22.5 ***** **** fl****fl*** 0.9950 1.0050 *** **** 
2 307.0 37.6 ***** ***** ****** **** 0.9986 1.0014 **** **** 
3 435.6 53.3 fl*fl *fl' ***a' ***'* 0.9984 1.0016 **** nn 
4 564.6 69.1 	 *',** ****' ****** 0.9999 1.0001 ** **** 
5 693.8 85.0 **** *** 	** 	 0.9887 1.0112 **** **** 
6 836.4 102.4a*** *X*r4'* ***Zt *c 4*tA** 0.9976 1.0024  
7 970.2 118.8 ***** *a** ***** v***** ???fl? 7????? **** **c 
8 1115.8 136.6 *;***** ****c* ***?*' *fla** 0.9986 1.0014  
9 1274.2 156.0 *3** 	V.*'fl 	S**w'.' ***t*.' c.5274 1.3122 **** nfl 
10 1423.0 174.3 1419.8 1426.0 0.9978 1.0021 0.9700 1.0291 -2,86 2.63 
11 1593.0 195.1 1586.0 16C5.5 0.9956 1.0078 ?????? ?????? **** nn 
12 1759.0 215.4 '***fl* ***#* **S).**. **** ??7??? ?fl??? 	*** **** 
13 1936.0 237.1 1926.0 1941.6 0.9948 1.tC 29 7????? ?????? ***• **n 
14 2122.6 259.9 **v*t* ***** **'* '**** ?????? ?????V fl 	fifl 
15 2319.2 284.0  
16 2524.6 309.2  
** * ** ** **** *** 
(CROSS-SECTIONAL MODES; N=2) 
o 	15.0 	1.8 *** 	*** 	**fl 	''*' ?????? ?????? fl* **** 
1 92.8 11.4 ***** fl fl*** 0.9870 1.0129 fl*E t*t* 
2 276.8 33.9 ***** *fl** 	 afl** 0.9966 10034  
3 546,8 67.0 *a* ***** ****t* ****** 1.0000 1,0000  
4 874.2 107.1 	*** 	 ***** **'*** 0.9995 1.0005 *fl* **** 
5 1189.2 145.6 ;'*'* *'**X' *** 	 0.9986 1,0014 **** **** 
6 1529.0 187.2 ****fl '***** *** *fl*** 0.8568 1.1251 **** **** 
7 1820.4 222.9 *** 	 ****X **fl** 0.8551 1.1264  
8 2028.5 248.4 	'' *•4'-**** ****** 7????? 7????? *** fl** 
9 2265.6 277.4 ****** t**w** *i** **t 	i.0000 1.0000 	an 
10 2431. 4 297.6 **:t 	:tr* *** nflt, 1.0000  
ii zs';i.o 317.4 ***fl* t**** .***** t*W** 7????? 7????? **** flfl 
12 2746.6 336.3 *'*'? **44 	*&*, 	 7????? 77???? fl** ** 
13 2900.2 355.2 	*** ***** **a** ****'* 7?????  
14 3063.2 375.1 ***** *** 	***sk 	7?????  
15 3243.0 396.8 ***'t** t***.Y **4**s **** ?????7 7????? **** **** 
16 3419.4 418.7 fl*v** ****' **c** 4**tc', 1.0000 1.0000 
17 3606.0 441.6 fl*** *w** ****** t**t** 7????? 7????? *fl* **** 
18 3166.4 461.2 *'$'flt4* ***.*** ****** t**' 	7????? 7????? 	**** 
T 4 0 1 E : 5.62 
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* It *TRANSVERSE EXCITATION  
*4**x****** PARAMETRIC RESONANCE: INSTABILITY REGIONS ******n*** 
****'c*'***tCfJMPARISION OF EXPERIMENTAL AND CALCULATED VALUES********** 
çt 4 s 	* 3t.,  * FOR CONSTANT ACCELERATION(=12.4G) * * * * * * * * * 
BEAM NO 10:ANGLE= 60DEG;WJDTH= 290;THICKNESS= 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCRSICNAL MODES; N=1) 
0 	26.8 	0.5 **#** *** .4* **t*v **** 0.6989 1.2295 ***t **** 
1 92.2 1.7 ***** ***** '** 	 0.9420 1.0549 **** **** 
2 166.0 	3.0 ***** ****4 ****** ****** 0.9857 1.0141 **** **** 
3 266.6 4.9 	'fl** *'t4*;' *t** **-c*,t* 0.9902 1.0097 d1c*** *c4* 
4 297.5 	5.4 291.0 30C.0 0.9782 1.c084 0.9814 1.0183 0.33 0.97 
5 312.3 6.8 363.0 378.0 0.9750 1.0153 0.9801 1.0195 0.51 0.42 
6 456.4 	8.4 451.5 459.5 0.9893 1.f;0 68 0.9959 1.0u40 u.67-0.27 
7 550.0 10.1 *** 	***** **** **** 0.9980 1.0020 **** ***t 
8 654.0 12.0 **'** ***** 	 0.9987 1.0013 
9 764.0 14.0 ***** ***** *fl*** ***t* 0.9987 1.0013  
10 888.2 16.3 	*'** ***** ***** **** 	0.9977 1.0023 **** **** 
11 1020.0 18.7 ****** ''4t** *'**4 'c'tfl** 0.9979 1.0021 **n **** 
12 1158.0 21.2 **:** tfl 	****** ****** 0.9995 1.0005  
13 130 9. 6 24.0 ***** ***** ****' ***** 0.9997 1.0003 **** **** 
14 1466.0 26.3 ***** 	** ***** :t*n* 0.9998 1.0002 *** **** 
15 1651.0 30.2 ***n.* ***;* ****** ****** 0.9997 1.0003 **c* **** 
16 1950.2 35.7 **fl** ***** ***St *t$*. 0.9995 1.0005 **t* **** 
* * * * * * * * * * * * * * 
(CROSS-SECTIONAL MODES; N=2) 
0 562.2 10.3 ***** fl*** *'*'>* **'*** 1.0000 1.0000 **** nn 
1 436.4 	8.9 ***** ***** '****4 ****** 0.9995 1.0005 ***t **** 
2 548.4 10.0 ***** .***a *** '4*fl' 	0.9992 1.0008  
3 576.6 10.6 **** ***'* **** *****t 0.9989 1.0011 **** **** 
4 617.6 11.3 *fl4* *z*-** ***4*.* t**t** 0.9986 1.0014 **** **** 
5 672.2 12.3 fl*t ***W4 **** **** 0.9983 1.0017 *** **** 
6 732.0 13.4 :**** ***** ****** *•t*** 0.9980 1.0019 *** **** 
7 809.0 14.8 fl'K** ***$'* **'** V*'Wn 0.9974 1.0025  
8 893.0 16.3 ***** ***** **tt** ***a** 0.9949 1,0051  
9 988.8 18.1 0.9901 1.0098 ** 	*fl* 
10 1095.4 20.0 **'&t** c***t* ***"fl ***** 0.9980 1.0020 **** **** 
ii 1212.8 22.2 ****** ****** ***t** ***t* 0.9990 100010 *** fl** 
12 1341.4 24.5 **4ct.t* '***** ***tts *** 0.9993 1.0007 **** **** 
13 1479.6 27.1 ***'<t* ****t* flflfl tt4* 0.9994 1.0006 **** **** 
14 1633.6 29.9 t*fl** ;\***** t***** ****** 0.9993 100007 **** **** 
15 1796.4 32.9 ***'z* 	 v*t 0.9984 1.0016 **** **** 
16 1969.6 36.0 'n** i.'** ***'a*t **** 0.9988 1.0012 **** *** 
17 2151.6 39,5 **fl** **a** **z"r** ****'* 0,9996 1.0004  
18 2358.0 43.1 * 	** 4'k *;*'* t'*zV* 	**** fl.9998 1.0002 w*** **** 
19 2562.0 46.9 tc* **t.n* **t*** *fl*-* 019998 1.0002 *** **** 
20 2786.8  51.0 c -4*,?*:i *w*n* ***t: tt* 0.9998 1.0002 **** fl** 
21 3018.6 55.2 ****** ****** ****44Z ***** 0,9993 1.0007 **** 4*fl 
280. 
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* * * t * * *TRANSVERSE EXCITATION* * * * * * * * * * * * * 
PARAMETRIC RESONANCE: INSTABILITY REGIONS ****t**4******* 
*******COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES*/****** 
* * * 4* * FOR CONSTANT ACCELERATION(12.4G) * * * * * * * *. * 
BEAM NO ll:ANGLE= 600EG;NIOTH= 1.5;THICKNESS= 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=1) 
O 	35.8 	0.9 **** 	**** *a*** ****** ?????? ???fl? **** *t** 
1 109.2 2.7 	'** ***** *'*** ;'**;4* 0.9816 1.0181  
2 196.6 	4,8 *'* **n' **M** **' 0.9886 1.0112 **** **** 
3 282.0 6.9 274.0 288.0 0.9716 1.0213 099839 1.0159 1.24-0.53 
4 369.4 	9.0 	*S3* ** 	 0.9971 1.0029 ***4 **** 
5 462.8 11.3 *'4*t ***** ***** 0.9984 1.0016  
6 566.0 13.8 563.0 568.0 0.9947 1.0G35 0.9985 1.0014 0.39-0.21 
7 668.6 16.3 *'** *fl** flt 	**** 0.9970 1.0030 **** *4** 
8 778.5 19.0 767.0 787.1 0.9852 1.0110 0.9980 1.0020 1.28-0.91 
9 904.0 22.1 	'p" 	 ''**** "**'** 0,9995 1.0005 **** **** 
10 1040.0 25.4 ****** ****** ****'n ***'.* 0.9997 1.0003 ***4 **** 
11 1168.0 28.5 ****** ****** *** 	*** 	0.9997 1.0003 **** **** 
12 1336.0 32.6 	*** 	** ****** ****** 0.9993 1.0007 *fl* *** 
13 1491.8 36.4 ****** ***** ***' *** 0.9995 1.0005 **** **** 
14 1750.0 42.1 	 *fl't** **7t 0.9999 1.0001 **n 
15 1838.2 44.8 *fl'* *Z* 	***-fl ****** 0.9999 1.0001 a** **** 
16 2030.8 495 ****** ***** **** 	*'*a 0.9999 1.0001 **** **** 
17 2226.4 54.3 **c4fl* '** *r't fl* 	0.9997 1.0003 	** **** 
18 2460.0 60.0 **t** "*'*'* **'* 	***' 0.9998 1.0002  
* * * * * * * * * * * * * * 
(CROSS-SECTIONAL MODES; N=2) 
0 991.6 24.2 ***fl **** *fl*' 	**fl 1.0000 1.0000 **** **** 
1 1019.2 24,9 ***** ** ***** ****** 0.9999 1.0001 **** 
2 1037.2 25.3 *"1*** * 4'* *%'w ***At*F w,*t** 1.0000 1.0000 **** **** 
3 96490 23.5 **t 	 **'* 0.9999 1.0001  
4 1011.6 24.7 '**** ***** fl*'x*' nfl** 0.9998 1.0002  
5 1Q67. 8 26,1 *:fl** 	*''" *fl*' 0.9998 1.0002 **** *t** 
6 1132.8 27.6 **fl********** *** 	***** 0.9997 1.0003 **** *** 
7 1205.6 29.4 fl*'* 'v** ****''*'t 0.9996 1.0004  
8 1291.2 31.5 ***** ***** ****n **** 0.9993 1.0007 **** **** 
9 1386.5 33.8 1383.4 '*t"'"'5 0.9978 **4*'n 0.9966 1,0034 -0.11 *a* 
10 1493.0 36.4 1491.4 1494.8 0.9989 1.0012 0.9991 1.0009 0.02-0.03 
11 1609.5 39.3 1604.4 1613.1 0.9968 1.0022 0.9996 1.0004 0.28-0.1.8 
12 1739.8 42,4 ****** **** *4*c** 	't' 0.9997 1.0003 **4 **** 
13 1875.0 45.7 ****** ****** ****** ***fl* 0.9998 1.0002 
14 2024.4 49.4 *4#*** ***** ****** ***'Vt* 0.9998 1.0002 *** *** 
15 2181.2 53.2 *'**** *** 	**SV'SN A***&* 0.9995 1.0005 **** **** 
16 2351.8 57.4 ****** t***** *4*t** ***** 0.9976 1.0024 ** **** 
17 2535.8 61.9 **'* 	****"* **** t**t'* 0.9997 1,0003  
18 2734.4 66.7 *fl*t* ****-***** ***n* 1.CftUO 1.0000 ***t **** 
19 2950.0 72.0 ***** 4%*** ***'* '*'n 0.9999 100001 **** **** 
20 3149,2 76.0 ***vfl ****"% **n*'t ***fl 6.9998 1.0002  
21 3376.2 82.4 *t**** **-***- n*** *** 0.9986 1.0014 ** C** 
22 3636.0 88.7 **V** 4**' 3.**t*W 	*' 0.9975 1,0025 	*t* *fl* 
23 3874.0 94.5 **4-t*'' **Wc** **** **4*"* 1.0000 1.0000 **** ** 
281 
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* * * 	* * 	* * * :4: *TRANSVERSE EXCITATION * 	* * * * * * * ' * 	* 
'4**w*$** PARAMETRIC RESONANCE: INSTABILITY REGIONS *****tv****** 
**c***t**CQMp4RjSION CF EXPERIMENTAL AND CALCULATED VALUES********** 
* * * * * * 	FOR CONSTANT ACCELERATICJN(=12.6G) * 4 * * * * 4 * * 
BEAM NO 12:ANGLE= oODEG;WICTH= l,O;THICKNESS= 0.030;LENGTH= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREO 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=1) 
t) 	41.4 	1.5 	*** ***a **''fr ***** 0.8619 1.1212 fl** **** 
1 161.0 5•9 *'* **' 	*4***v **4.*t 0.9778 1.0217 **** **** 
2 290.8 10.6 ***** ***** ***t** **'*** 0.9984 1.0016 **** **** 
3 405.6 14.8 ***** ***** '*' -*'''* 0.9984 1.0016  
4 535.2 19.6 4n** 	*)*flZ n** 	0.9981 1.0013 **** **** 
5 636.8 23.3 *fl'¼* **** 	*** 0.9996 1.0004 4O4 
6 790.0 28.9 783.5 793.0 0,9918 1.O38 0.9997 1.0003 	,79-0.35 
7 929.8 34.0 **4 	** 	t***r 'x:1c** 0.9966 1.0034 **** **fl 
8 1065.5 39.0 1062.8 1068.0 0.9975 1.0023 0.9998 1.0002 0.23-0.21 
9 1215.0 44,5 ****** *4**** **** tk.a*** 0.9999 1.0001 **** ***4 
10 1367.0 50.0 ****** ****** ****** ***** 0.9999 1.0001  
11 1529.2 56.0 **t*** ****n ****** :****** 0.9992 1.0008 **** *t** 
12 1718.0 62,9 **4*** :n**** **fl 	*ct 0.9999 1.0001 **** **** 
13 1819.2 68.8 ***** **t*'* ****** ****** 1.0000 1.0000 flfl 
14 2070.0 75.8 ****fl ****ww 	t** *t4* 0.9999 1.0001 ***4 **fl 
15 2299.6 84.2 *yfl ***9 **' 	''*'fl 0.9998 1.0002 **** **** 
16 2494.8 91.3 **nzc* **** t** , *t ***4 0.9999 1.0001 fl** **** 
17 2713.4 99.3 	 ****<' ?*#** ****'fl 0.9995 1.0005 **** **** 
18 2938.4 107.5 **•**** ****** ****** **t* 0.9992 1.0008 ***t **** 
(CROSS-SECTIONAL MODES; N=2) 
1 2303.2 84.3 ****** ***** ***n4* ***** 1.0000 190000 **** **** 
2 2366.6 86.6 	 0,9999 100001 **** tflt 
4 2026.0 74.1 fl*** *** 	*t**.v tn*** 1.0000 1.0000  
5 2133.0 78.1 **** 	t***** **4 	**t** 1.0(i11) 1.0000 **** **** 
6 2227.2 81.5 ***4** ****** *4:"c** **** 0.9999 1.0001 "** **** 
7 2313.6 84.7 	 '<***W* *W*** s***v 0.9883 1.0115 **** **** 
8 2405.6 88.0 ***** ***4** ****** *t**t* 0.9999 1.0001 	** **** 
9 2506.7 91.7 **: **t** 	.*t*** **** 0.9998 1.0002 **** **** 
10 2628.8 96.2 ****** '$***fl ****** ***** 0.9998 1.0002 'tfl* nn 
11 2731.2 100.0 **zv*** ct**zt* fl**** **t** 0.9993 1.0007 **** ** 
12 2858.0 104.6 ***Z** xfl** **n** t***t* 0.9995 1.0005 **** **fl 
13 2995.2 109.6 ****** ****** ****** **4:* 0.9948 1.0051  
14 3139.8 114.9 ****** ****n ***fl* **n* 0.9896 1.0103  
15 331990 121.5 **4*** **4'*fl ***4n **k' 0.9798 1.0198 #*** ****• 
16 3571.2 130.7 ***fl* ***** **** *fl' 0.9984 1.0016 fl** **** 
17 3664.0 134.1 ***-V4* %'t4*'* ***a **?*a 1.0000 1.0000 **n **** 
282. 
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* * * * * * * * * * * *TRANSVERSE EXCITATION* * * * 4' * * 	* * * * * 
*t**t****** PARAMETRIC RESONANCE: INSTABILITY REGIONS ************ 
c*********C0MPARISi0N OF EXPERIMENTAL AND CALCULATED VALUES****** 
* * * 	* * * FOR CONSTANT ACCELERATIONNI2.461 * * * * * * * * * 
BEAM NO 13:ANGLE= 90DEG;WICTH= 290;THICKNESS 0.060;LENGTI-l= 32 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FRED 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCRSICNAL MODES; N=1) 
0 	52.2 	1.2 ***** **'** ***** ***** 0.8095 1.1596 **** **** 
1 180.8 4.1 **'* 	"t*'* *** 	'4'**'' 0.9965 1.0035 **** **** 
2 300.4 	6.7 *"*** ****t **t.*** ***** 0.9913 1.0086 **** **** 
3 430. 2 9.6 	s*** **'i*'c 't*4**t 	0.9990 1.0010  
4 573.0 12.8 *Màt* ***** ***** flfl** 0.9994 1.0006  
5 725.6 16.3 	 0.9988 1.0012  
6 891.0 20.0 *'* *** 	**** 	z*n C.9995 1.0005 *** *rt** 
7 1073.0 24.0 *** 	 *'''* 0.9998 1.0002 *** **** 
81272.0 28.5 1270.0 1273.6 0.9984 1.0013 0.9999 1.0001 0.14-0.11 
9 1485.6 33.3 	 0.9996 1.0004 4** **** 
10 1724.4 38.6 ****** ****** *****r *'t*** 0.9999 1.0001 *** *** 
11 1976.4 44.3 2245.0 2252.2 1.1359 1,1395 1.0000 1.0000 -13.60-13.95 
12 2249.0 50.4 **4'*4 ***t***** 	1.0000 1.0000 **** **** 
13 2544.4 57.0 ***'** ***** ***** n**** 0.9987 1.0013 **** **** 
14 2856.7 54.0 *flY'-V 	** **t* m*c 1.0000 1.0000 **** *** 
15 3192.4 71.5 	 E**'/* ****** **t*** 1.0000 1.0(100 ***t ***t 
16 3520.0 78.9 **4' ***4fl ****' n'*** 1.0000 1.0000 **(* **** 
17 3923.0 87.9 **'* **tZ'* ****? ;t*** 0.9999 1.0001  
(CROSS-SECTIONAL MODES; N=2) 
0 1236.2 27.7 ***** *fl4' ***t4* fl**** 1.0000 1.0000  
3 1113.8 25.0 ****** ****4'* ****** 4**** 0.9999 1.0001 **# **** 
4 1207.8 27.1 ***** *** ****** 	 0.9999 1.0001 **** **** 
5 1329.4 29.8 	 *n** **'** ****4'4' 0.9999 1.0001  
6 1444.8 32.4 ****** ***** ***tt* t*n,t* 0.9997 1.0003 **** **** 
7 1588.6 35.6 *:** 	 **'* 	 0.9995 1.0005  
8 1748.4 39.2 	wr*% ***'u ****** ****** 0.9999 1.0001 **** **** 
9 1939,0 43.5 ** 	***S 	*)C**:** 0.9999 1.0001  
10 2146.8 48.1 *** 	 **4:'r ,rt:*w* 0.9999 1.0001 *m **** 
11 2372.8 53.2 ***fl* ***'* fl*4*'t t***** 0.9998 1.0002 	*** **** 
12 263094 59.0 	 '8*** 	***** ''* 0.9998 1.0002  
13 2907.4 65.2 *"*** *#**' **** '**fl* 1.0000 1.0000  
14 3202.6 71.8 **** *$t** r**fl* $'*wt* 1.0000 1.00(0  
15 3516.8 78.9 *fl ** *****t ****tt *xtt* 1.0000 1.0000  
16 3857.0 86.4 *n** ****** *****4' ****** 0.9990 1.0010 **** *** 
17 4217.2 94.5 ****** 7***** ****** *t**** 1.0000 1.0000 ***t **fl 
283. 
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* * 	* *TRANSVERSE EXCITATION * * * * S' 	* t * * * * * 
PARAMETRIC RESONANCE: INSTABILITY REGIONS *********n* 
***********COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES********* 
* * * * * * v 4 * FOR CONSTANT ACCELERATION(=12.4G) IV * * * * * * * 
BEAM NO 14:ANGLE= 90DEC;WIDTH= 2.0;THICKNESS= 0.050;LENGTH= 32 INCHES 
INSTABILITY REGION 
	
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ. RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=1) 
O 	32.0 	07 ***** *** 4**** ****** 0.5574 1.2997 $*** *•*** 
1 141.2 3.2 	fl** *'s*** *** 	'**S 	0.9925 1.0074 	gtt 
2 243.4 	5.5 fl' ***** *'**** ****** 0.9901 1.0098 **** **** 
3 350.6 7,9 ***;* :*** ***** 	*tt* 0.9967 1.0033 ** 	**** 
4 464.4 10.4 **c4* 	'**" ***%*W 4*;**t 0.9989 1.u011 **n **** 
5 589.0 13.2 	4: 4̀ v 	 0.9991 1.0009 **** **** 
6 725.0 16.2 *'** flw*' 'T* 0.9983 1.0017 	**:* 
7 872.8 19.6 ***fl **** ***at **'** 0.9992 1.0008 **** **** 
8 1033.2 23.2 ****** ****** ****** 	 0.9997 1.0003 fl** **** 
9 1212.9 27.2 1211.5 1213.9 0.9988 1.0008 0.9998 1.0002 0.10-0407 
10 1405.1 31.5 1398,5 1409.5 0.9953 1.0031 0.9997 1.0003 0.44-0.29 
11 113.7 36.2 1610.5 1618.0 0.9980 1.0027 0.9997 1.0003 0.17-0.23 
12 1838.0 41.2 1836.2 1840.1 0.9990 1.0011 0.9999 1.0001 0.09-0.11 
13 2c79.6 46.6 *n*** ****** ***** t*n** 0.9999 1.0001 *** *4** 
14 233890 52.4 fl*c4* **tt$ ****v .c$* 0.9999 1.0001  
15 2615.6 58.6 '*** 	*' 	*fl:zcv t**'i 0.9999 1.0001 **** **** 
16 2905.2 65.1 **** **" *** 	*'' 	1.0000 1.0000 *** *n* 
17 3232.8 72.5 **fl** *z4"$ *fl*'* **ta J,uQ 1.UUL?0 **** **** 
18 3513.2 78.7 ***** '*;k*** **4* **** 0.9999 1.0001 **** **** 
19 3898.2 87.4 4*';*** ****t* *t***t **' 0.9996 1.0004 	*** **** 
$ * * * * * * * * * * * 4 
(CROSS-SECTIONAL MODES; N=2) 
0 973.6 21.8 *S** ***z'* *w*** 	**** 1.0000 1.0000  
I IC- 04 24.4 ***,o3r* ***.*** ****** 1.0000 1.0000 **** *4*4 
3 893.4 20.0 *'4* ***** tn*''r tX(** 0.9997 1.0003 *z** *r** 
4 968.8 21.7 	<'* 	***' ****** ***** 0.9998 1.0002 sas **** 
5 1059.5 23.7 ***fl* ****** ****** 	 0.9998 1,0002 *** **** 
6 1168.0 26.2 *n* fl**t 	.$**tfl **:ct** 0.9998 1.0002  
7 1282.0 28.7 1279.7 1283.6 0.9982 1.0012 0.9998 1.0002 0.16-0.10 
8 1417.0 31.8 1414.0 1419.5 0.9979 1.t18 0.9996 1.0004 0.17-0.14 
9 1591.3 35.7 1590.7 1591.9 0.9996 1.0004 0.9993 1.0007 -0.04 0.04 
lu 1739.6 39.0 1738.5 1740.7 0.9994 1.0.L6 0.9998 1.Oc2 0.04-0,0, 4 
11 1929.3 43.2 1927.7 1930.7 0.9991 1.0006 0.9999 1.0001 0,08-0.05 
12 213 5.0 47.8 4*4*4* *4*4*4 ****t 	'*-t 0.9999 1.0001 	** **** 
13 2365.8 53.0 	* 4c lo,* ***** *flfl* **** 0.9998 1.0002 **** *44* 
14 2615.2 58.6 z***t* '** *'**fl 0.9997 1.0003 *4*4 **** 
15 2866.0 64.2 ****** ****** *4*4*4 *4**t* 0.9999 1.0001 *4*4 4*4* 
16 3144.0 70.5 ****'* ***# 	**4 	 1.0000 1.0000 z*** *4*4 
17 3442.2 77.1 **** fl**** **tfl* *4flC** 0.9999 1.0001 *** *4*4 
18 3757.4 84.2 ****** ***** 	fl** ** 0.9990 1.0002 #;** *n* 
284. 
I A B L E 	5.67 
* * * * * * * * * * * *TRANSVERSE EXCITATION * * * * * * . * :t * * * * 
PARAMETRIC RESONANCE: INSTABILITY REGIONS ***t********** 
sflcz*4****CQMpAR 
 
IS ION OF EXPERIMENTAL AND CALCULATED VALUESW***$***** 
* * * 	* 	* 	* FOR CONSTANT ACCELERATION(=12.4G) * * * * * * * * * 
BEAM NO 15:ANGLE= 90DEGrIDTH= 2.0;THICKNESS= 0.030;LENGTH= 30 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
H FREG, RATIO LOWER 
	
	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TORSIONAL MODES; N=1) 
O 	31.8 	0.6 	 **** *a**'t 	 0.6655 1.2479 **** **** 
1 10100 2.0 ***** ***** *****C t*Qtc** 0.9624 1.0362 
2 173.4 	34 ***** ***** *4***4 *** 0.9861 1.0137 t**t **** 
3 249.4 49 **z* ***** ****** ****** 0,9862 1.0137 	** **** 
4 331.4 	6.5 ***-* 4*** **t** 	***** 0.9546 1.0434 **** **** 
5 421.1 8.3 409.0 427.5 0.9713 1 .0 152 0.9957 1.0043 2.45-1,09 
6 519.0 10.2 **4** ***** a**** ****** 0.9980 1.0020 **** **** 
7 625.6 12.3 ***** ***** ****** **** 0.9986 1.0014  
8 744.4 14.7 *t*** *a** **** ****** 0.9985 1.0015 **** **** 
9 87390 17.2 	 **' 	**** *'**** 0.9917 1.0082 **** **hP 
1; 1012.6 19.9 ****** *** ***** **** 0.9991 1.0009 *••***• **** 
11 1158.0 22.8 *'"' '***** **t' ''r* 0.9996 1.0004 **** **** 
12 1328.1 2692 1322.5 1334.9 0.9958 1.0051 0.9997 1.0003 0.40-0.49 
13 1502.5 29.6 1494,5 1507.5 0.9947 1a0033 0.9997 1.0003 0.51-0.31 
14 1696.9 33.4 1651.4 17C t 1. 0.9968 1,0u24 0.9991 1.0009 0.23-0.15 
15 1896.5 37.4 1891.1 1901.6 0.9972 1.0027 0,9997 1.0002 0.26-0.24 
16 2104.7 41.5 2098.8 21C9.5 0.9972 1.0U23 0.9999 1.0001 	.27-0,22 
17 2322.0 45.7 	0,9999 1.0001 **4* **** 
18 2573.2 50.7 *** 	*** 	*fl 	*'*1* 0,9999 1.0001 **** flfl 
(CROSS-SECTIONAL MODES; N=2) 
2 557.2 11.0 *** 	*'* t ***** 	**** 09994 1.0006 **** **** 
3 603.6 11.9 ***** *'$** ***** t**xic* 0.9992 1.0008 **** **t* 
4 657.0 12.9 **4** **W 	*1k*** '*fl* 0.9989 1.0011 	**** 
5 722.8 14.2 ****4 ****' ****** c****t 0.9985 1.0015 t*** *t** 
6 795.2 15.7 **** *'ø*'* **#** y$r* 0.9976 1.0024 *** **** 
7 886.0 17.5 ***** ***** $*** *tt* 0.9563 1.0419 **** **** 
8 984,4 19.4 **** *fr*" *"'* ****<* 0.9980 1.0020 **** *** 
9 1098.2 21.6 ** -14: A'x ****** *fl*** ***** 0.9991 1.0009 **** **** 
10 1225.0 24.1 1222.9 1226.7 0.9983 1.0014 0.9994 1.0006 0.12-0.08 
11 1362.9 26.8 1355.5 1372.0 0.9946 1.0067 0.9995 1.0005 0.50-0.62 
12 1-516.5 29.9 1513.0 1519.5 0,9917 1.0020 0.9995 1.0005 0.18-0.14 
13 1677.7 33.0 1672.7 1682.0 0.9970 1.0026 0,9986 1.0014 0.16-0.12 
14 1857.0 36.6 1851.8 1861.7 0.9972 1.0025 0.9993 1.0007 0.21-0.18 
15 2o5 0 .2 40.4 2044.8 2055.5 0.9974 1.0026 0.9998 1.0002 0.24-0.23 
16 2253.2 44.4 ****4* ft***,1Xt **'** fl*''4'* 0.9998 1.0002 **** **** 
17 2472.6 48.7 **t** fl*4* ****** ***** 0.9998 1.0002 **** **** 
18 2704.0 53.3 ***t***** 	fl**** 0.9997 1.0003 *t** **t* 
19 2949.4 58.1 **''* ***' ,4*fl** -c***9.* 0.9994 1,0006 **** **** 
20 3207.6 63.2 **** '**fl* **k*** 	009999 1.0001 *fl* *** 
285. 
T A B L E : 5.68 
* * * * * * * * 	*TRANSVERSE EXCITATION * * * * * * * * * * * * * 
****ts****1 PARAMETRIC RESONANCE: INSTABILITY REGIONS ***********fl** 
*C**4***C0MPAR1SION OF EXPERIMENTAL AND CALCULATED VALUES********* 
FOR CONSTANT ACCELERATION(12.4G) * * * * * * * * * 
BEAM NO 16:ANGLE= 90DEG;WIDTH 2.0;THICKNESS= 0.030;LENGTH 25 INCHES 
INSTABILITY REGION 
PARAM FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 
M FREQ. RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER 
(TCRSIONAL MODES; N=1) 
0 	38.4 	0.5 ***** n*4 ****** ****** 0.8245 1.1490 
1 12190 1.7 *a** ***'* *t*Zr* 	*fl* 0.9566 1.0416 
2 210.0 	2.9 ***** ****-* ****** **4*t* 0.9882 1.0117 
3 30304 4.2 	**Z 3fl** ***- 	** 0.9918 1.0081 
4 407.8 	5.6 r**** *ri* v** - .fl**** 0.9861 1.0137 
5 525.8 7.2 503.5 ***4* C.9576 'fl** 0.9932 1.0067 
6 656.0 	9.0 *c* ***** *ntn:' ztfl*W* 0,9982 1.0018 
7 802.0 11.0 **** **-**-t ***t** ***tt 0.9991 1.0009 
8 961.8 13.2 *;* **** .*#cw*'s **v* 	0.9993 1.0007 
9 1140.2 15.6 *** ****** ***** ***** 0.9990 1.0010 
10 1336.0 18.3 1334.0 1339.1 0.9985 1.0023 0.9981 1.0019 
11 3548.0 21.2 1532.9 **D 0.9902 "***** 0.9997 1.0003 
12 1777.6 24.3 17á2.5 1788.0 0.9915 1.0058 0.9998 1.0002 
13 2024.2 27.7 2017.2 2030.2 0.9965 1.0030 0.9999 1.0001 
14 2280,0 31.2 **'* **' *** *3!**** 0,9998 1.0002 
15 z577.4 35.3 **** 	**** ***c** *****' 0.9995 1.0005 
16 2889.0 39.5 	 v 0.9999 1.0001 
(CROSS-SECTIONAL MODES; N=2) 
1 515.4 	7.1 **t* *,,*** #*tn **t-** 0,9987 1.0013 
2 578.6 7.9 ***** ***** ****** nc**** 0.9986 1.0014 
3 631.6 	8.6 '4*fl* 	**'V **Ifl'*t ***** 0.9985 1.0015 
4 7C8.6 9.7 *3*** '** (p.9986 1.0014 
5 798.8 10.9 **c** t**** '*'**' 	* ,u 0.9988 1.0012 
6 901,6 12.3 **t* 	k-, *v, ,  ***** ** 0.9988 1.0012 
7 1030.0 14.1 ***3c** Z'***'* ****': t',** n 0.9987 1.0013 
8 11 75.2 16.1 ****** :'4'**; ***** **n 0.9977 1.0023 
9 1333.1 18.2 1330.0 1335.0 0.9977 1.0014 0.9961 1.0039 
10 1515.2 20.7 1507.0 1524.0 0.9946 1.0058 0,9993 1.0007 
It 1715.7 23.5 1703.5 1724.5 0.9929 1.0051 0.9996 1.0004 
12 1934.0 26.5 1930.7 1936.6 0.9983 	001 	00997 1.uCO3 
13 2170.9 29.7 2166.4 2175.8 0.9979 1.0023 0.9997 1.0003 
14 2426.6 33.2 ****** **'** ***'< ***** 0.9991 110009 
15 2704.8 37.0 **** ****** **'*** ***<* 0.9997 1.0003 
16 3013.0 41.2 *4* ***t *s*** **'V** 0,9999 1.0001 































I A B L E : 5.69 
* * 	* * * * * * c *TRANSVERSE EXCITATION * * * * * * * * * * * * * 
t4c*$** *t-* PARAMETRIC RESONANCE: INSTABI LI TV REGIONS ******'r**'**** 
**;n*******C0MPARISION OF EXPERIMENTAL AND CALCULATED VALUES******fl* 
* * 	* * * * 	FOR CONSTANT ACCELERATION(12.4G) * * * * * * * * 14 
BEAM NO 17:ANGLE= 900EG;WICTH= 2.0;T}-IICKNESS= 0.030;LENGTH= 20 INCHES 
INSTABILITY REGION 
	
PARAM FREQ INSTABLE FREO 	EXPERIMENT 	CALCULATED 	PERCENT 
M FREQ, RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCRSIONAL MODES; N=1) 
O 	29.8 	0.3 *'4** ***** **t.fl **fl** 0.7667 1.1884 **** **** 
1 153.0 1.3 	 *$' 	 fl*** 0.9414 1.0554  
2 268.0 	2.3 253.5 *'*** 0.9459 ****''* 0.9896 1.0103 4442 **** 
3 395.0 3.5 392.0 397.4 0.9924 1.0061 0.9947 1.0053 0.23-0.08 
4 540.8 	4.7 537.9 543.4 u.9946 1.0048 0.9953 1,60,46 0.07-0.02 
5 707.0 6.2 699.3 715.0 0.9891 1.0113 0.9453 1.0518 -4.63 3.85 
6 897.2 	7,9 894.5 899,3 0.997') 1.w23 0.9982 1.0e18 c.13-0.06 
7 1112.4 9.7 1111 • 5 *'** 0.9992 '<***"o * 0.9994 1.0006 0.02 *** 
8 1355.1 11.9 1353.6 1356.2 0.9989 1.0008 0.9996 1.0004 0.07-0.04 
9 1623.0 14.2 1617.8 168.5 0,9968 1.0034 0.9996 1,0004 0.28-0.30 
10 1920.6 16.8 	 w*v; 	**'"" sflt* 0.9990 1.0010 **** **** 
11 2257.2 19.8 ****** ****** *t*t*' **** 0.9998 1.0002 ***t **** 
12 2603.4 22.8 ****** ****** ***** ***** 0.9999 1.0001  
13 3007.0 26.3 ***** 's** 	***** ****t* 0.9999 1.0001 **** an 
14 3422.8 30.0 *4i**' c*i*** $*c*** *4c*fl* 0.9999 1.0001 **** **** 
15 3950.6 34.6 	4'a** , * ***'** **4**t 0.9991 1.0009  
16 4418,6 38.7 ***$** *4** *n*''***t*t' 1.0000 1.0000  
(CROSS-SECTIONAL MODES; N=2) 
2 611.0 	5.3 609.8 612.3 0.9980 1.0021 0,9966 1.0033 -0.14 0.12 
3 696.9 6.1 693.4 701.3 0.9950 1.0063 0.9757 1.0238 -1.98 1.70 
4 80 7,7 	7.1 802.5 812.1 0.9936 1.0054 0.9948 1.0052 0.12-0.02 
5 946,3 8.3 945.0 947.5 0.9986 1.0013 0.9980 1.0020 -0.06 0.07 
6 1112.4 	9,7 **** 1113.6 is** 1.0011 0.9989 1.0011 *44t 0.00 
7 13u9.7 11.5 1309.0 131u.6 0.9995 1.0007 0.9992 1.0008 -0.02 0.01 
8 1541.8 13.5 c*r4* 	 ****-** *4t* 	0.9993 1.0007 fl** **** 
9 1789.0 15,7 *** ***fl'G *'" 	*****' 0.9990 1.0'DlO *** **** 
10 2072.6 18.1 **xci** 4**** **2*** :çi 0.9977 1.0023 **** **** 
11 2394,4 21.0 **** 	*' t** qY:** 	 0.9997 1.0003 
12 2749.0 24.1 ***W4* *fl*** ****:* ****** 0,9998 1.0002 ***' ***S 
287. 
I A B L E : 5.70 
* c * * 	4 * S * 	* TRANSVERSE EXCITATION * * * * * * * * * 4 * * * 
1c******** PARAMETRIC RESONANCE: INSTABILITY REGIONS *****fl5******* 
******.**1tCOMPARISION OF EXPERIMENTAL AND CALCULATED VALUES*4*nV**** 
* * * •* * * * FOR CONSTANT ACCELERATICN(=I2.4G) * * * * * * * * * 
BEAM NO 	18:ANGLE= 900EG;ICTH 2.0;THICKNESS= 0.030;LENGTH= 	15 INCHES 
INSTABILITY REGION 
PARAM FREQ 	INSTABLE FREQ EXPERIMENT CALCULATED PERCENT 
N FREQ. RATIO LOWER UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
(TCRSICNAL MODES; 	N=1) 
0 68.4 0.3 **' 4**** t***** ***:t* 0.9580 1.0403 **** **** 
1 215.0 1.1 180.0 229.0 C.8372 1.0651 0.7919 1.1717 -5.72 9.10 
2 379.4 1.9 **n* ***fl *ztc*** :c**** 0.9913 1.0086 **** **** 
3 576.8 2.8 'cr** fl'P* **•*** ****** 0.9968 1.0032 *** **** 
4 806.6 4.0 **t* ***fl ***** ****** 0.9980 1.0019 **** **t* 
5 1080.8 5.3 ***'* *** V** *t***.t***:* 0.9977 1.0023 <*** *fl* 
6 1 4C0.0 6.9 **** ****' ***')• *4 ****t 0,9979 1.0021 **t* **** 
7 1766.0 8.7 1756.0 1780.5 0.9943 1.0082 0•996.1 .0004 0.53-0.78 
9 2174.8 10.7 **** '**. )**** *t* 0.9998 1.0002 *** flfl 
9 2645.4 13.0 **** 8***** ***' ***$ 0.9999 1.0001  
10 3182.6 15.7 ***;cc, **,*W 'I*** W-$'-*'* 0.9998 .1.0002 **** **** 
(CROSS-SECTIONAL MODES; N=2) 
2 693.2 3.4 fl*** ***' **** **** 0.9980 1.0020  
3 846.2 4.2 ****$ :pt**c *t+V **t*.* 0.9975 1.0024 tfl **4t* 
4 1039.2 5.1 **fl *'*** ****** **a 0.9966 1.0034 **** **** 
5 1290.2 6.4 *****s ****** ****** 0.9672 1.0318 *** **** 
6 1587.6 7.8 **#*** ****** **t*' nflt* 0.9987 1.0013  
7 1933.4 9.5 1926.0 1941.4 0,9962 1,0041 0.9995 1.0005 0.33-0,36 
8 2336.4 11.5 ** ****'&* ***';* ***:t** 0,9997 1.0003 **** *4*4 
9 2789.0 13.7 ***' t***** ***** t-***** 0.9997 1.0003  
10 3298.4 16.2  0.9995 1.0005 *** *** 











BEAM NO 3:ANGLE= 
2 3 362.0 16.2 
1 4 368.5 16.5 
t 6 682.0 30.6 
3 7 690.0 30,9 
10 11 .1492.0 66.9 
288. 
T A B L E 	5.71 
* * * 	4 	* * * * t *TRANSVERSE EXCITATION •t * 4 t * .* * * * * * * * 
******* COMB(NATICN RESONANCE: INSTABILITY REGIONS **4*4**fl*** 
***fl***fl*COMPARISION OF EXPERIMENTAL AND CALCULATED VALUES**nfl*..t** 
* * 	* * * * * * FOR CONSTANT ACCELE-RATION(12.4G.) * * < * * 2v * * 
INSTABILITY REGION 
NODES COMB FREQ INSTABLE FREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
Ml M2 FREQ RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
BEAM NO 2:.ANGLE= 90DEG;WICTH= 1.5;THICKNESS= 0.030;LENGTH= 32 INCHES 
(TORSIONAL MODES; N=1) 
2 3 249.3 	7.4 246.0 251.3 &.i868 1.0080 0.9912 1.0088 0.44 0.08 
2 4 293.5 8.8 290,8 2i5.9 0.9908 1.0082 0.9949 1.0051 0.41-0.31 
3 4 335.8 10.0 334.1 338.5 0.9949 1.0080 0.9970 1.003v (.21-0.50 
2 5 342.0 10.2 340.1 343.5 0.991+4 1.0044 0.9988 1.0012 0.44-0.32 
3 5 385.2 11,5 383,4 386.0 0.9953 1.0021 0.9983 1.0017 0.30-0.04 
4 5 429.2 12.8 426.5 431.3 0.9937 1,0049 0.9978 1.0022 0.41-0.27 
3 6 436.0 13.0 432.6 438.0 0.9922 1,0046 0.9979 1.0021 0.57-0.24 
4 6 480.3 14.4 419.5 480.7 0.9983 1.0008 0.9996 1.0004 0.13-0.04 
3 7 489.2 14.6 487.3 490.2 0.9961 1.0020 0.9992 1.0008 0.31-0,12 
.5 6 523.8 15.7 521.5 52,5.8 0.9956 1.0038 0.9968 1.0032 0.12-0.07 
5 7 581.5 17.4 580.1 582.4 0.9976 1.0015 0.9861 1.0139 -1.16 1.22 
6 7 632.2 18.9 631.2 632.6 0.9984 1.0006 0.9971 1.0029 -0.13 0.23 
6 9 740.5. 22.1 734.9 742.7 0.9924 1,0030 0.9984 1.0016 0.60-0.14 
7 8 	141.1 22.1 737.6 748.8 u.9953 1.0104 0.9993 1.0007 0.40-0.97 
6 tO 815.2 24.4 813.7 815.5 0.9982 1.0004 0.9995 1.0005 0,13 0.01 
11 13 1339.7 40,0 1336.2 1342.4 0,9974 1.0220 r..9998 1.uUO2 0.24-0,18 
12 13 1411.6 42.21"406.2 1420.4 0.9962 1.0062 0.998 1.0002 0,36-0.61. 
11 15 1512.0 45.2 1506.0 1515.6 0.9960 1.Wj24 0.9996 1.0004 o.36-0,20 
13 14 1572.6 47.0 156.5 1575.4 0.9980 1.0018 0.9999 1.0001 0.18-0.16 
(CROSS-SECTIONAL MODES; N=2) 
8 10 1386.3 43.4 1381.(z 1388.8 0.9966 1.0018 0.9998 1.0002 0.32-0.16 
6 11 1360.3 40.6 1358.6 1361.8 0.9988 1.0011 0.9998 1.0002 0.11-0.09 
7 11 1401.2 41.9 1397.2 1405.6 0.9971 1.003). 0.9993 1.0007 0,22-0.24 
9 ii) 1431.8 42.8 1422.8 1439.2 ..9937 1.0152 u.9998 1.0002 0.61-0.49 
8 L1 1447.4 43.3 1443.2 1451.2 0.9971 1.0026 0.9996 1.0004 0.25-0.22 
8 12 1509.0 451 1504.2 1511.2 t:.9968 1.'U15 0.9995 1.0005 u.27-0. 10 
10 ii 1548.7 46.3 1545.9 1550.5 0.9982 1.0012 0.9998 1.0002 0.16-0.10 
* * * * * 1.11 * * * * * .* , * 
90DEC;WIOTH= 1.0;THICKNESS= 
(TCRSIONAL MODES; N=1) 
35e.0 364.8 0.9890 1.0077 
356.0 376.6 L.9661 1.022o 
674.0 684.0 0.9883 1.0029 
684.0 693,0 0.9913 1.0043 
1486.9 - 1497.6 0.9966 1.0038 
TABLE: 5.72 	 289. 
* * * * 	* t 	4t t. *TRANSVERSE EXCITATION * * * * * * * * * 	* * *  
COMBINATION RESONANCE: INSTABILITY REGIONS ************ 
****;COMPARJSIDN OF EXPERIMENTAL AND CALCULATED VALUES'Vn****** 
- 	* 'ci 	* 	 FOR CONSTANT ACCELERATION(12.4G) * 4  * * * * * * * 
INSTABILITY REGION 
NODES COMB FREO INSTABLE ERFO 	EXPERIMENT 	CALCULATED 	PERCENT 
Ml M2 FREQ RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
o 1 61.0 
2 3 192.2 
2 4 228.2 
3 4 258.0 
2 5 268.2 
4 6 382.0 
2 8 404.2 
5 6 422.0 
2 9 451.6 
5 7 468.6 
6 9 618.6 
7 8 610.3 
3 12 o76.0 
8 9 717.0 
13 14 1397.5 
5 6 710.6 
6 7 716.8 
5 8 79ti.o 
1200EG;WIDTH 2.0;THICKNESS= 0.030;LENGTH= 32 INCHES 






















BEAM NO 4:ANGLE= 
1.9 	57.5 	 . 	..-. -- 65.7 0.9426 1.0770 0.9805
201.4 0.9490 1.0479 0.9011 
233.2 0.9763 1.0219 0.9728 
**4* 0.9682 ***,?* 0.9902 
274.2 t**t* 1.0224 0.9993 
383.8 0.9961 1.0047 0.9977 
409.6 0.9871 1.<3134 0.9995 
424.0 0.9858 1.0047 0.9965 
456.(; v.9827 1 .Ch97 0.9995 
470.6 0.9936 1.0043 0.9997 
619.5 u.9964 1.015 v.9941 
***** 0.9974 *:At.:** 0.9969 
678.6 0.9929 1.0038 1.00flO 
725.0 0.9916 1.0112 0.9991 
1399.0 0.9981 1.0011 0.9998 
.4 * * * * t * ' * * * 
S-SECTIONAL MODES; N=2) 
713.2 6.9958 1.0037 0.9995 
778,0 0.9981 1.0015 0.9996 
792.5 0.9996 1,0i32 u.9993 
* * 4 * * * i * : 	* 
1.0192 3.89-5.67 
1.0989 -5.31 4.64 
1.0272 -0.36 0.51 







1.0059 -0.24 0.44 







BEAM NO 5:ANGLE= I200EG;WICTH 1.5;THICKNESS= 0.030;LENGTH= 32 INCHES 
(TORSIONAL MODES; N=1) 
14 15 1743.0 73.7 1739.0 1744.7 0.9977 1.0010 0.9998 1.0002 0.21-0.08 
* * * * : X * 4 * * * * * * 
BEAM NO 6:ANGLE= 1 
8 9 1173.1 74.4 
10 11 1485.0 94.1 
11 12 1652.4 104.7 
10 14 1752.1 111.1 
200E0;WI CTH= 1.0;TIIICKNESS 0.030;L 
(TORSIONAL MODES; N=1) 
1171.4 1174.2 0.9986 1.0009 0.9998 
1473.0 1493.5 0.9919 1.0057 0.9999 
1648.5 1654.0 u.9976 1.0vl0 0.9999 
1751.9 1752.4 0.9999 1.0002 0.9934 
* - * * 	* It * * * Y4 'V * 'V 




1.0066 -0.65 0.64 
BEAM NO 7:ANGLE= 1500EC;WTCTH= 2.0;THICKNESS= 0.030;LENGTH= 32 INCHES 
(TORSIONAL MODES; N=1) 
2 4 227.5 13.9 **:* 231.2 **'-* 1.0163 0.9985 1.0015 ****_1.48 
3 4 262.5 16.1 256.6 266.6 p.9775 1.0156 0.9868 1.u132 0.94-1.24 
6 7 509.6 31.2 507.4 511.8 0.9957 1.0043 0.9978 1.0022 0.21-0.21 
7 11 	786.0 48.1 782.6 789.2 0.9957 1.0041 0.9990 1.0010 0.340.31 
* ** * * * t* 4*4 * * * 
(CROSS-SECTIONAL MODES; N=2) 
6 8 807.3 49 9 4 802.0 *fl'' 0.9934 *z*t** 0.9999 1.0001 0.64 **** 
SEAM NO 8:ANGLE= I53DEG;WIOTH= 1.5;THICKNESS= 0.030aENGTH 32 INCHES 
(TCRSIONAL MODES; P4=1) 
2 4 305.3 24.9 302.9 3(8.5 0.9921 1.0105 0.9976 1.0024 0.55-0.81 
1 	5 	310.5 25.3 305.5 **?* 0.9839 ***2.*' 0.9983 1.0017 .1.44 ***' 
3 5 398.0 32.5 396.8 398.6 0.9970 1.o(;15 0.9954 1.0046 -0.16 0.31 
5 6 545.0 44.5 539,C 553.0 0.9890 1.0147 0.9995 1.0005 1.05-1.41 
5 7 595,c 	48.6 589.5 599.0 	 1 .c;67 0.9996 1,00i4 O.880. 63 
* 4 * ; * * * *, * * * * * * 
(CROSS-SECTIONAL MODES; 11=2) 
-)rt I r. "nn t mu. C, flflC 	1 t'nnt.  
BEAM NO 10:ANGLE= 
5 	6 414.5 796 
5 7 461.0 8.4 
2 12 670.7 12.3 
7 	8 852.0 15.6 
6 9 861.0 15.8 
290. 
I A B L E : 573 
* 	* 	* 	* 	* * *TRANSVERSE EXCITATION * * * * * * * * * 	* * 
************ COMBINATION RESONANCE: INSTABILITY REGIONS  
**n******COMPARISJ0N CF EXPERIMENTAL AND CALCULATED VALUES******** 
* A * S 	* * * * FOR CONSTANT ACCELERATION(12.40) * * * * 4 * * * * 
INSTABILITY REGION 
NODES COMB FREQ INSTABLE FREO 	EXPERIMENT 	CALCULATED 	PERCENT 
Ml M2 FREC RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
600EG;WICTH= 2,0;THICKNESS= 0.030 ;LENGTH= 32 INCHES 
(TORSIONAL MODES; N=l) 
4205 	 1.0145 0.9931 1.0069 ***.t-0,75 
**. -4r* 466.0 ***** 1,0108 0.9946 1.0054 t***-0.54 
668.0 671.8 0.9960 1.0016 0.9999 1.0001 0.46-0.16 
* ***** * A A  * * * 
(CROSS-SECTIONAL MODES; N=2) 
849.4 853.9 0.9969 1.0022 0.9960 1.0040 -0.10 0.18 
857.8 864,2 0.9963 1.0037 0.9934 1.0066 -0.29 0.29 
S * * * '' * * * * * * *. * 
BEAM NO 11 :ANGLE= 600E-G;WIDTH 1.5;THICKNESS 0.030;LENGTH= 32 INCHES 
(TORSIONAL MODES; N=1) 	 - 
2 3 239.4 	5.8 228.0 253.6 0.9524 1.0593 0.9804 1.0196 2.86-3.89 
2 4 284.4 6.9 274.5 289.4 0.9652 1.'A76 0.981 1.0199 1.52 0.22 
4 1 518.6 12.7 516.4 520.6 0.9958 1.0039 0.9984 1.0016 0.26-0.22 
6 9 737.5 18.0 732,0 744.0 0.9925 1.0088 0.9848 1,0152 -0.79 0,63 
5 10 745.0 18.2 742,5 749.0 0.9966 1.0054 0.9985 1,0015 0,19-0,39 
4 11 770.5 18.8 767.1 ***** 0.9956 *54*4* 0.9997 1.0003 0.42 *00 41 
1 18 1268.0 30,9 1265.9 1268.7 0.9983 1.0006 1.0000 1.0000 0.16-0.05 
10 14 1342.9 32.8 1341.0 1344.8 0.9986 1.0014 0.9977 1.0023 -0.09 0.09 
* * * * *- * * * * * * S * S 
(CROSS-SECTIONAL MODES; N=2) 
8 10 1393.0 34.0 1388.0 14C0.0 0.9964 1.0050 0,9929 1.0071 -0.35 0.21 
7 11 1401.0 34.3 1396.0 1416.6 0.9922 1.0068 0.8965 l.103 -10.67 8.7 
' * * * * ' * * * * '$ * * Vt 
BEAM NO 12:ANGLE 	60DEC;WIDTH i.0;THICKNESS 0.030;LENGTH= 32 INCHES 
(TORSIONAL MODES; N=1) 
2 5 436.5 16.0 426.5 450.0 0.9817 1.0309 0.9954. 1.0046 1.38-2.62 
2 	5 464.1 17.0 452.5 472.5 0.9750 1.C181 0.9888 1.0112 1.39-0.68 
5 7 779.5 28.5 76,5 794.0 0.9872 1.0186 0.9994 1.0006 1.22-1.80 
4 8 800.5 29.3 794.0 804.5 0.9919 1.0050 0.9992 floorS 0.73-0.42 
BEAM NO MANGLE= 900EC;WICTH= 2.0;THICKNFSS= 0,060;LENGTH= 32 INCHES 
(TORSIONAL MODES; N=1) 
4 5 652.0 14.6 648.5 655.5 0.9946 1.0054 0.9992 1.0008 
4 6 721.5 16.2 71.5.0 ***$ 0.9910 ****** 0.9997 1.0003 
(CROSS-SECTIONAL MODES; N=2) 
5 7 1459.1 32.7 *z'*<* 1459.4 :;4t*** 1.0002 0.9995 1.0005 
BEAM NO 14:ANGLE= 900EG;WIDTH= 2.0THICKNESS 0.500;LENGTH 32 
(TORSIONAL MODES; N=i) 
9 11 1413.4 31.7 1411.5 1414.0 0.9987 1.0004 0,9995 1.0005 







TAB LE 	5.74 
	 291 
* c * * 9 * * * t * * V TRANSVERSE EXCITATION * * * * * * * * * $ * * * 
****t*t COMBINATION RESONANCE: INSTABILITY REGIONS ****$******** 
*4*******4tCOMPARISION OF EXPERIMENTAL AND CALCULATED VALUESt*****n$* 
* * * * FOR CONSTANT ACCELERATION(12.4G) * * * * * * * * * 
INSTABILITY REGION 
NODES COMB FREQ INSTABLE EREQ 	EXPERIMENT 	CALCULATED 	PERCENT 
Ml >12 FREQ RATIO LOWER 	UPPER LOWER UPPER LOWER UPPER DIFFERENCE 
BEAM NO 15:ANGLE= 9ODECWICTH 2.0;THICKNESS= 0.030;LENGTH= 30 INCHES 
(TORSIONAL MODES N=1) 
4 6 427.0 	8.4 420.0 437.5 0.9836 1.0246 0.9944 1.0056 1.09-1.89 
9 1 	943.3 18.6 935.5 949.5 0.9917 1.'1u66 u.9973 1.0027 0.56-0.39 
8 11 957.5 18.9 **** 966.0 r** 	1.0089 0.9956 1.0044 ***_0.45 
12 14 1512.0 29.8 1509.0 1514.5 0.9980 1.0017 0.9995 1,0005 0.15-0,12 
Ii 15 1527.0 30.1 1525.5 1532.5 0.9990 1.0036 0.9993 140007 0.030.29 
15 17 2108.7 41.5 2105.0 2111.2 Q.9982 1.00120.9999 1.0001 0.17-0.11 
* 4, * * * * * 4 * * * * * * 
(CROSS- SECTIONAL MODES; N=2) 
7 8 936.2 18.4 932.0 944.0 0.9955 1.0083 0.9952 1.0048 -0.03-0.35 
6 9 946.9 18.7 ***** ***** ****** ****** 0.9922 1.0078 n** **** 
10 12 1370.6 27.0 1368.5 1373.0 0.9985 1.0018 0.9991 1.0009 0.07-0.09 
11 13 1520.1 29.9 1513.0 1524.0 0.9953 1.0026 0,9990 1.0010 0.37-0.16 
10 14 1541.1 30.4 1532.5 1548.5 0.9944 1.0048 0.9985 1.0015 0.41-0.33 
14 16 2056.1 40.5 2054.5 2057.5 0,9992 1.0007 0.9997 1.0003 0.05-0.04 
* ** ******** *** 
BEAM NO 16:ANGLE 	900E0;'iUCTH= 2.0;THICKNESS= 0.030;LENGTH 25 INCHES 
(TORSIONAL MODES; N=1) 
2 7 514.0 	7.0 509.0 518.0 0.9903 1.0078 0.9995 1.0005 0.92-0.73 
4 6 537.0 7.3 ***** ***** fl4** ****' 0.9923 1.0077 *** 	*** 
2 8 687.1 	9.4 577.5 **n 0.8405 **** 1.0000 1.0000 15.95 **** 
9 10 1238.3 16.9 1227.5 1246.5 0.9913 1.0066 0.9968 1.0032 0.56-0.34 
8 11 1255.2 17.2 	 1259.8 ****a 1.0037 0.9908 1.0092 **** 0.54 
9 12 1458.3 19.9 1455.5 1451.0 0.9981 1.(019 0.9988 1,0012 0907-0.06 
(CROSS-SECTIONAL MODES; N=2) 
8 9 1253.9 17.2 1248.0 ***'* 0.9953 ****** 0.9912 1.0088 -0.41 $*** 
7 tO 1272.2 i74 1267.8 1275.4 0.9965 1.0025 0.9568 1.0432 -4.16 3.90 
8 11 1444.2 19.8 1441.5 1447.2 0.9981 1.0021 0.9974 1.0026 -0.07 0.05 
9 11 1525.1 20.9 1520.5 1528.3 0.9970 1.0021 0.9991 1.0009 0.210.12 
* * * * * * * 4 * * * * * * 
BEAM NO 17: ANGLE= 90DEG;IDTH= 2.0;THICKNESS= 0.030;LENGTH= 20 INCHES 
(TCRSIONAL MODES; N=l) 
1 3 273.0 	2.4 ***** 283.0 ****** 1.0366 0.9978 1.0022 *.**'4-3 • 43 
4 6 718.7 6.3 711.5 727.7 0.9900 L.0125 0.7956 1.2044 -24.44 15. 
5 6 804.5 	7.0 801.3 803.8 0.9960 0.9991 0.9963 1.0037 0.03 0.46 
8 9 1488.6 13.0 147€.0 150 9. 0 0.9929 1.0137 0.9995 1.0005 0.67-1.32 
7 10 1516.1 13.3 1490.5 1530.5 0.9831 1.0095 099995 1.0005 1.64-0.90 
(CROSS-SECTIONAL MODES; N=2) 
3 5 822.0 	7.2 819.0 824.0 .9964 1.0324 0.9941 1.0059 -0.23 0.34 
7 9 1549.6 13.6 ****4c4 *'z*e't 1*)*4* t.4*t*'k 0.9997 1.0003 *v** 	** 
7 8 1425.5 12.5 1423.6 1429.4 0.9987 1.0C27 0.9991 1.0009 0.04-0.18 
6 9 1451.0 12.7 1448.8 1453.3 0.9985 1.0016 0.9992 1.0008 0.07-0.08 
* * * 	* , * ; * * * * * * 
BEAM NO 18: ANGLE= 900EG;WICTH= 2.0;THICKNESS= 0.030;LENGTH 15 INCHES 
(TORSIONAL MODES; N=1) 
6 	7 1583.4 	7.8 1580.3 1586.4 009980 1.0019 0.9993 1.0007 0.13-0.12 
(CROSS-SECTIONAL MODES; N=2) 
5 7 1610.8 	7.9 1607.6 1614.4 0.9980 1.0022 0.9983 1.0017 0.03-0.05 
6 8 1960.4 9.7 191.0 1971.0 0.9952 1.0054 0.9993 1.0007 0.41-0.47 
